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Chapter 5

Applications of
the Definite
Integral

5.1 Area Between Curves
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12. Area = / (cosz — sinx)dx
0

57 /4
+ / (sinz — cos x)dx
w/4
27
+ / (cosx — sinx)dx
57 /4
= (sinz + cosz)|7/*

57 /4
/4

+(sinx + cos $)|§:/4

=42

+(—cosz — sinx)|
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0
13. Area = / (1—2?) — e¥dx
7145

3
= (—em +z— x_)
3 /1 s

(=140—0) — (—1.08235)
08235

0

-1 -0.8 -0.6 -0.4 -0.2 0 0.2
x

0.72449
14. Area =~ / [(1—2)—z
—1.2207

~ 1.845787

8767
15. Area = / (sinx — 332) dx
0

3 8767
X
= —COSX — —

135697
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2172 2175
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18. Area / nz — (2% — 2)]dx
0.13793

~ 1.124448



5.1. AREA BETWEEN CURVES 307
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Area of Trapazium = 1 (a + b)(h ! 32
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2
32
24. Area = / (4—yHdy = =
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In2
25. Area = / (de™® —e%)dr = 1
0

L L o
0.0 0.25 0.5 0.75 1.0 1.25 1.5

4
1 1-—
26. Area= [ (_) da
1 T 2 +1

In?2 1 !
== —tan + = Injz? +1|

2 2 1

In* ta: 14_~_1n17_|_71' In2

= —-— — 1n— —_— —_—
2 2 4 2

Q

27/fc

00— T

{fc( ) +4fe(1)

+ 2f.(. )+4fc( 3) + fo(4)} =291.67
[ 5w~ a0 +arn)
N 2£.(.2) 3) + fo(4)} =102.33

_ 291.67 — 102.33
291.67

%491 = .3508,

cpche proportion of energy retained is about

35.08%.

pergy  do (@) = fe(@)]da
N AP
_J fe@yde [ fe(a)de
I fe(x)dz [ fola)da
_ 1 Jo Jew)dz
fom fe(z)dx
0.18
fe(z)dz
O 045

——[fe(0) + 4£.(0.045) + 2£.(0.09)

+ 4fc(0.135) + f.(0.18)]
_ %[O + 4(200) + 2(500) + 4(1000)
+1800]

=114
0.18

fe(x)dz

O 045 ———[fc(0) + 4f.(0.045) + 2£.(0.09)

n 4fe(0.135) + £.(0.18)]
- %(o 4 4(125) + 2(350) + 4(700)

+ 1800)
= 87

Putting these together gives the proportion of
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29.

30.

31. A

energy lost as
87
Energy ~ 1 — — =~ 0.2368.

114
/ o)~ o L0) +41,(75)
+2f,(1.5) + 41,(2.25) + f,(3)} = 860

/ e {fr( )+ 4£,(75)

+ 2fr(1.5) + 4fr(2.25) + £+(3)} = 800

860 — 800
1— (=22 = 9302
( 860 )

Energy returned by the tendon is 93.02%.

As in Exercise 28, the proportion of energy re-
turned by the arch is given by

B fos fs (x)dx
NG

/fs )dx

OD[\.')

= g[O + 4(300) + 2(1000) 4 4(1800) + 3500]
~ 8366.67

[ae
%f,n( ) +41r(2) +2f2(4) +4£,(6) @

= g[0+4(150) +2(700) + 4(13 0]
~ 7133.33

Putting these together gi@e proportion of
energy lost as

7133.33
E ~1-— ~ 0.1474.
TeTEy 836667 - 0T
3
/ flz)de = —— 2 dx
. .
1 3 27
- =L _0=3
<3 3 > o 9

Relative to the interval [0,3], the inequality
2?2 < 3 holds only on the subinterval [0,/3).
We find

32.

*0\

/Oﬁ(3—x2)dx: (3

=(3V3-V3) -

= 2V/3, whereas

0—

/jg (2° = 3)dz = (;1;3 - 3x>

T
3

0)

3

V3

0

V3

33.
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=(9-9) - (V3-
= 2\/3, the same.

3V/3)

Draw the graphs of the given functions,

_ 2x
(@2 +1)

for z > 0.

It may be@%d from the graph that these

functio ach other at a single point at

T = xrom the graph it is observed that
2
the, cisve y = ———— lies above the curve
Q (x+1)
2

ﬁfor() <z < 1, forz > 1,

2
= ———— lies above the curve y = ——
Y= @it YT @t

Let us find the area bounded by these curves

between x = 0 and x = 1. It is given by
1

!((xin N (1:2211)>dx

—1In (xQ —|—1))‘

= (ln (x+ 1)2 ;

=In2>1In
=0<t<1
Therefore

In (2) :0/t<(:c—2kl) - (wffr 1)>d$
e 2)- )]

0
or In (g) —In <$2++1£>

=32 +3=2t2+t+1)
ie. t=24+3

But as 0 < t < 1, we consider t =2 — /3

Let y; = ax® +bx + ¢, y» = ma +n, and
u = y1 — y2. If we assume that a < 0, then
y1 > y2 on (A, B) and the area between the
curves is given by the integral
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34.

CHAPTER 5. APPLICATIONS OF THE DEFINITE INTEGRAL

B
/ (y1 — y2)dz
A
B B
:/ udx = ux|§—/ xdu.
A A

By assumption, u is zero (y; = y2) at both A
and B, so the first part of the last expression
is zero. We must now show that

B B
f/ xdu = 7/ z[2ax + (b — m)|dx
A A
is the same as
jal(B — A)°/6
= |a|(B® —3B*A + 3BA? — A%)/6.

But again because u = 0 at both A and B, we
know that
aA% +bA + ¢ =mA+n and
aB? 4+ bB +c¢=mB +n.
By subtraction of the first from second, fac-
toring out (and canceling) B — A, we learn
a(B + A) = m — b, so that our target inte-
gral is %lso given by
—2a/ x(x — At B)d$

A 2

= lal{2(B° -

A%)/3 - (A+ B)(B? — A%)/2}

tially different.

han-
irst, the

Perhaps the most straightforward
dle this problem is by brute fo

area is given by \

Area::I:/ az® + b
A
— (kx?® + max +n)] dx

=gy R )

(C m)(BQ_A2)+(d_
We can set up equations for the fact that the
graphs meet at A and B. At A and B, we set
the functions equal. At B, we set the deriva-
tives equal.

aA® 4+ bA? +cA+d=kA? +mA+n

aB® +bB* 4+ c¢B+d=kB*+mB+n
3aB*+2bB +c=2kB+m

We now have a system of equations. We solve
the last equation for m and plug the result
in for m in the previous two equations. This
transforms the three equations to

aA3 + (b—k)A? — 3aAB?
—2(b—k)AB+d—n=0

+ n)(B — A).

35.

—2aB3— (b—k)B*+d—n=0

m =3aB?+2(b—k)B +c.

We solve the second equation for n and plug
the result into the first equation which then

gives

aA®+ (b—k)A? — 2(b— k)AB — 3aAB?
+2aB?*+ (b—k)B?2=0

n=—2aB%— (b—k)B%+d

m =3aB?+2(b—k)B +c.

Finally, solving the first equation for k gives
k=aA+2aB+b.

We now substitute m, then n and then finally
k in to the equation for area. After simplifying
this finally gives

+ A B)*
Area = ——— o

bola be
=+ h and let the lower be
v. They are to meet at x = w/2,

Let the uppe
Y= &
y= yz

SO W have
q = pw? /4, hence
Q —q)w?/4 or (q — p)w? = —4h.

ng symmetry, the area between the curves

TS Qs given by the integral

and the student who cares enough can finis
the details.

The case in which a > 0(y2 > y1) is not e s@

36.

37.

w/2
2 (Y1 — y2)dw
0

w/2
= 2/ [h+ (¢ — p)a?|dx

= 2[h2y/2 + (g — p)w®/24]
= wlh + (¢ — p)w?/12]
= w[h —4h/12] = (2/3)wh

Solve the equation 2 — 22 = ma we get

m+v/m?2+8

So the area between y =2 — 22 and y =
/(m+\/m2+8)/2
(

mx is

(2 — 2% — ma)dx

m—v/m?2+8)/2
(2 23 me) ‘(m+vm2+8)/2
r— - —
3 2 (m—+vm?2+8)/2
1
_ E(mQ + 8)3/2

The minimum of (m? + 8)%/2/6 happens when
m = 0 and then

L5 a2 _ 1 o3 8V2
z ] —-.g32 -2V~
g T =5 3
Solve for z in z — 2% = L we get

1++v1—-4L
r=——""

2
(1—vI=4L)/2
Aq :/ L — (z — 2%)|dx
0
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38.

39.

22 23 (1-v1-4L)/2
=|(Lr— —+ —
2 3

0

(1+v1—4L)/2
Ao :/ [(z — 2?) — L)dx
(1—vI—4L)/2
(1+vI—4L)/2

2 3
(20
2 3 (1-vI=1L)/2

By setting A1 = Ay, we get the final answer

=1

3
Solve for z in  — 22 = kx we get
r=0x=1—k

And the areas are

1
A1+A2:/ (x—x2)dx:1
0 6

1—k 1
As = / kxdx + / (z — 2%)dx
0 1

—k

1k+<l‘2_.’L‘3>
o 2 3

2
O S S S

B kz?

2 6 2 3

=S -k

that is,
1-(1-k)3P==

1
Lk= s \

2
(a) Consider [ (2z —2?)dz
0

The integrand consists of the two curves
y = 2z and y = 22. Both these curves
intersect, when 2z = z? i.e. whenz =
0 orx = 2. therefore The given integral
represents the area between the curves

y = 2z and y = 22 Which is As.
2
(b) Consider [ (4 —2?) dx
0

The integrand consists of two curves y = 4
and y = z2. Both these curves intersect
when 4 = 22 i.e. when z = —2 orz = 2.
But we consider x+ = 2, as the area lies
in the 1st Quadrant therefore the given
integral represents the area between the

curves y = 4 and y = z? which is 4; + As.

O oth these curves intersect, when 5

.
We want Ay = Ao, that is, we want Ay = 1/1?Q

311

(¢) Consider ]1 (2— %) dy

Here the limits of integration correspond
to the y-coordinates of the point of inter-
section of the two curves. This is because
here the variable is y and not x. The in-
tegrand consists of two curves x = 2 and
z =y (le.y = 2?withz > 0). Both
these curves intersect, when 2 = /y
i.e. when y = 4. therefore The given in-
tegral represents the area between the
curves = 2 and x = ,/y which is A3
4

(d) Consider/(\/@— %)dy

Here the loimits of integration correspond
to the y-geordinates of the point of in-
tersectio the two curves. This is be-
caus the variable is y and not .
Tha,i rand consists of two curves x =

ey = z?withx > 0) and ¢ =
Y

(AN

Vy ie. wheny? —4y = Oie aty =
Oandy = 4. therefore the given integral

represents the area between the curves

r =y and r = g which is As(same

as part (a)).

@Q 40. (a) Consider the area Az + As. It may be ob-

served from the part (a) of the Exercise
39 that, Ay is the area bounded by the
curves y = 2z, y = 22 between the or-
dinates x = 0 and x = 2. It may also
be observed from the part (c) of the Ex-
ercise 39 that, As is the area bounded by
the curvesz = 2and y = 2?ie.x = /i
therefore from the given figure Ay + As is
the area bounded by the curves y = 2z

ie. x = % and z = 2. therefore

4

Ay + As = /(2—%)0@.

0
Note that here we have y as the variable.

(b) Consider the area Ay + As, refer part (b)
of the Exercise 39 It is in fact the converse
of that part.

(c) Consider the area Aj, from the given fig-
ure it may be observed that, A; is the area
bounded by curves y = 4 and y = 2x. Be-
tween the ordinatgs z = 0and x = 2.

Therefore A1 = [ (4 —2x)dx
0
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(d) As refer part (c) or the Exercise 39. Note
that here we have y as the variable.

41. The area between two curves y = sin” (z) and
y=1, for0<x<t1sglvenby
t

f(t):/(l—smx /cosax

0

1
5/ 1+ cos2z)d
10
=3 2]l + = [sin 2z,
1 1
= f(t)==t+ —sin2t

2 4

For finding the critical points,
1’ (t) =0, therefore

1 1

3 + Zcos2t~ (2) =0.

= 14cos2t=0

orcos2t = —1

= 2t=mnmfor n=1,3,5,......
ort= % forn=1,3,5,......

Now, f”(t) = —sin 2t substituting the value
of t in f”(t), we get f”(t) = 0. Therefore, 4

44.

45.

t = nzi forn = 1,3,5,...... are the points o \‘
inflection. 2

42. Given g (x) is a continuous function of,
x> 0and |g(x)] <1. f(¢)is the are
y =g and y =1 for 0 < z <t fore
¢
ft) =

0f(l —g(x))dx. Asﬂ
maxima at = a, g’ (a) :@ g" (a) <0.

s the local

Now from (1)
ff)=0-g(@)

= f"(t)=—g'(t)

= f"(a) = ~¢'(a) =0
also f' (a) = (1 —g(a)) > 0.

Thus f (t) has an point of inflection at x = a
and a need not be the critical point, it is only
if g (a) = 1. If there is a local minima at x = a,
then ¢’ (a) = 0 and ¢” (a) > 0. This does not
affect the answer.

43. f(4) =16.1e7® = 21.3
g(4) = 21.3¢944=4) = 213
21.3 represents the consumption rate (million
barrels per year) at time ¢ =4 (1/1/74).

10
/ (16.16-0” — 21.3e'04<t—4>) dt
4

10
- (230e~°7t - 532.5@04“*4))’

4
= 14.4 million barrels saved

48.

. Without formulae or tables,
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10

Area = [76e%-03F — (50 — 6e°99%)] dt

~ 483.616(5)

This area represents amount of wood used
by firewood that was not replaced with new
growth.

For t > 0,
b(t) _ 2€'O4t Z 26'02t _ d(t)
10
/ (26.04t _ 26.02t)dt
0
— (5O€.O4t _ 1006.02t) (1)0

= 2.45 million people.

This number represents births minus deaths,
hence population growth over the ten-year in-
terval.

<T
ease in population from 0 < ¢t < T
alise b(t) < d(t) in this time period).
area between the curves for T < t < 30
he increase in population from T < t < 30
(because b(t) > d(t) in this time period).
The change in population is given by the inte-
gral:

3
AP = /0 [b(t) — d(t))] dt

3
260'04t

— 4202 gt
0
~ 7.3120 million people

only rough or
qualitative estimates are possible.

[ time [ 1 [ 2] 3 [ 4] 5]
[ amount [ 397 [ 403 | 401 [ 412 [ 455 |

V(3) ~ 374,V (4) = 374,V (5) ~ 404

time

The change in amount of water is equal to the
integral of the difference between the functions
(the rate in minus the rate out). Approximat-
ing this integral:

1
/ (Into — Out) dt ~ 0

0
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2 - 51. The curves, meeting as they do at 2 and 5, rep-
/0 (Into — Out) dt ~ —§ resent the derivatives C' and R’. The area (a)
3 between the curves over the interval [0, 2] is the
/0 (Into — Out) dt ~ 26 loss resulting from the production of the first
4 2000 items. The area (b) between the curves
/ (Into — Out) dt ~ —26 over the interval [2,5] is the profit resulting
%5 from the production of the next 3000 items.
/ (Into — Out) dt ~ 4 The area (c), as the sum of the two previous
o (call it (a) + (b)), is without meaning. How-
Therefore V(1) = 400, V(2) ~ 392, ever, the difference (b) — (a) would be the total

V(3) = 374, V(4) = 374, V(5) ~ 404. profit on the first 5000 items, or, if negative,

would represent the loss. The area (d) between
the curves over the interval [5, 6] represents the
loss attributable to the (unprofitable) produc-
tion of the next thousand items after the first

5000.
52. Profit increa hen revenue is larger than
cost. The = 2 represents a local min-

local imum in profit.

imum L\ » The point x = 5 represents a

49. In this set-up, p is price and ¢ is quantity. We 5 olume: SliCing,
find that D(q) = S(q) OTY if D(q) = 5(q). Disks and Washers
q q
10— —=2+— 3
02 120+ om0 ‘Q\ / oz = [ (@ +2)ds
12000 — 30g = 2400 + 10q + ¢* 2‘ -1
g% + 40q — 9600 = 0 _(37 2$> :<9+6>_<1_2)
(¢ —80)(g+120) =0 2 . 2 2
within the range of the plctur =12
Thus ¢* = 80 and p* = " 10
Consumer surplus, as an that part of 2.V = / 10e°91% dy = (1000€%01)
the picture below the D above p = p*, 0 o1 0
and to the left of Q = ¢*. =1000(e™" — 1)
Numerically in this case the consumer surplus 2 7r 9
is 3. V:W/ (4 — x)%de = ——(4—95)3‘
/q* 80 q ) 0 3 0
[D(q)—p*]dq=/ 2-—-)dq
0 0 ( 40 :7f(8,64):56l
150 3 3
—261—%O — 160 — 80 = 80. s
4.V = [ 2x+1)%dx
The units are dollars (¢ counting items, p in i
dollars per item). = [ (22® + 42 +2)dz =78
50. The intersection point is approximately !
(¢*,p*) = (76,8). Therefore 5. (a) f(0) =750, f(500) =0
q" 75
PS =p'q* — / S(q)dg f(@) = =g + 750
0 500 2
76 2 75
_ q q V= / <:1: + 750) dx
= — 2+ — d
(8)(76) /0 ( ST 1200) v 0 50
86849 50 (7503 3
_ ~ =—.(———0]) =093,750,000 ft
=995 ™ 386.00. 75 < 3 , 10U,
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10.

60 6
.V:/ 7T.%‘2dy=71'/
0 0

CHAPTER 5. APPLICATIONS OF THE DEFINITE INTEGRAL

(b) In this case, essentially the same integral
is set up as in Part (a):

250 2
750 )
= —_— —_ d
v (b)) o0

= 82,031, 250 cubic feet

. f(0) =300, £(160) = 0

1
f(z) = —§5x + 300

1 15 2
V:/ 60 (—w+300> dz
o 8
8 /3003 5
= (= _0) =4 ft
= ( 5 o> ,800, 000

This volume is one-eighth of the volume in Ex-
ample 2.1.

The key observation in this problem is that by
simple proportions, had the steeple continued
to a point it would have had height 36, hence
6 extra feet. One can copy the integration
method, integrating only to 30, or one can sub-
tract the volume of the missing “point” from
the full pyramid. Either way the answer is

236 (1) 6 _ 215
3 2) 3 2

. This volume is easily computed using el

tary geometry formulas. Using calcultg a
the triangular cross sections, the ar

sections is 150, so the total volu %
60

V= / 150dz = 9000. \&
0

N0oy

60[60 — y]dy

2160
— 607 [GOy - y} — 607 {602 _ 2
2 0

3
= 80 08000m ft?

The radius of the cross-section is given by
r = x, therefore the volume is given by

120 120

V= /ﬂx2dy =7 / 120 (120 — y)dy
0

54120
= 1207 - [120y ~ y]
2 0

1202
= 1207 [1202 — 0]
_120°7

5 = 864, 0007 ft3.

27 T 2
11.V:7r/ (4+Sin—) da
0 2

27
:w/ (16+SSin§+sin2£> dx
0 2 2

2m

1 1
= (1633— lﬁcosg + ix— 2sinx>

0

= 3372 + 327 in®

g C)V: 2W7T<4—sing)2dx

0

27
2/0 77(16—85ing—i—sin2 g) dzr

= 3372 — 327 in®

1
13. V= [ A(x)dz
0

~ 397 AO) + 440D +24(2)
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1.2 s
14. V ;2/0 A(x)dx (0) V= / (4- x2)2 - (xz)Qdm
~ S (£(0.0) +47(0.2) + 2£(0.4) v
+4£(0.6) + 2£(0.8) + 4£(1.0) _ (64\&)
+ £(1.2)] 3

_ %[o 1 4(0.2) + 2(0.3) + 4(0.2)
+2(0.4) + 4(0.2) + 0]

~ 0.253333. . <y5> 321
15. V = /QA(x)dx ° ) 0 °
% [A(0) + 4A(5) + 24(1) (b) V= ”/0 (2‘) dy
HA(LS) + A(2)] - 77/0 (4—y*)%dy
—or /2@+82)dy
0.8 =7 Y
16. V = / Az ‘b‘ N
3 £(0.0) +4£(0.1) + 2£(0.2) ~ 5+3>0
+4F£(0.3) + 2£(0.4) + 4£(0.5) @K—‘? + 634) 0+ 0)}
+2£(0.6) + 4£(0.7) + £(0.8)] O ol
_ %[2.0+4(1.8)+2(1.7)+4(1.6) . C) -4
+2(1.8) +4(2.0) + 2(2.1) + 4(2.2) \’ ! 1
+2.4] a - 200 — 2)2
~ 1.533333 @Q 20. (a) V /(x/ﬂ) dy O/(y ) dy

17. (a) V=7r/02(2—x)2dx %Q -
:_W<(2—x>3)2 (Q -
_ & >l \ 3

2 1
_ 2 _fa_ (9 _ 2
(b)V—w/O 3~ (3 (2 2)})do V:W/ dy_ﬂ/l_ﬂgdy
2
:7T/ [9_{1+x}2]dx 10
0
s (1+a)?| :ﬁ/ y' =2y —y+2yy)
=7 |95 —
3 0 0 1
5 23 2 A2
3 _13 2 — y _ 2y v Y
S PP _ 8 ”(5 3 23
3 3
(12 1,4y _ux
V2 ) ) “"\573 273) 7 30
18. (a) V :ﬂ/ {(47:102) f(xz)}dx ,
-2 21. (a) V:47re277r/ (Iny)3dy
81’3 \/5 2 1
—7T|:]_6(E3:| = dme e?
—V2 — [y(ny)* — 2yIny + 24|

— <m> = 4me? — (2% - 2)

=2m(e? + 1).
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2x
=7 (e_ +4e$>
2 0
4 1
[(5+)- 39
4 9
=7 (% + 4e% — 5)

/4
22. (a) V= 7r/ [22 — (2 — secz)?]dx
—m/4

w/4
= 477/ sec zdx
—m/4
=— <7r tan:c|7:/ﬂ4/4>
~ 15.868
/4
(b) V= 7r/ sec® xdx

—m/4
= tanx|iir4/4 =27

25 Vs (%)Zm
,00

™ 2 1
= §ln|x —|—2||0

T 3

1 ™ 2
_ 2 _ .
(b) V—7T/O [3 (3 x2—|—2)
1
T 3x
—7r/0 (6”—x2+2_m2+2>dx
1
| x
—6’/T o mdl’

1

:—%rln|x2+2|

0
~ 7.4721

24. ¢ = 22 when z ~ +0.753

(a) V= / e - ())2)da

753
~ 3.113

0.753
(b) V= 7.(-/0.753 [(e * 1)

— (2® + 1)?|dx

~ 9.266

[TT T T T IO T T T T T T T1T17]
-1.0 -0.5 0.0 0.5 1.0

=n [ (16 — 16z + 42°)dx
0 2

2 3

— 160 — 165 4 227
2 3 1,

32 327

=7 |32-32+ | ==
loe-me )=

NLH
<
I

Il
3

\w O\N

Il
3
—r— O

w —
[N} (=2
I &
|

|>-lk

w

| IS |

o L&)

Il
3

—
o
—
<
Il

2
7(8 — 22)°dx — [ w(4)%dx
/

(64 — 322 + 4a* — 16)dx

=T

\w O\w

0
2 432
— |48z — 320 4 22
2 " 3,
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32
:w[96—64+§}=— 27. (a) V=

1 431% 51
:w[ély——-y—] :wx— —_
4 31 5, 5
16 327
=7 (16— —| === 1 )
3773 (c)vz/m—@ dy
b s 2 q
— _ 1/2
(f) V:/W<Ty> dy—/w(2)2dy —W/O (1 2y"/ +y)dy
1
(i 2 :7r<y 43/2+y_> =7
64 — 16y +y 2 ), 6
=7 f—él dy L
0 d) Vv (1)%de— [ w(1-22)"de
T y2 8 4 0 0
=— |64 —16—+——16] 1
4[ Y 2 3 g b /(2x2—x4)dﬂc
64] 2567 0
=7m|64+ —| = 2 S\ Tn
3 3 23 -7
. 3 5), 15

=
Il <
‘g I
~
3 \\N
[\
3
—
D
|
8
[\v)
N~—
[\
|
[\
EN
—~
=
N—
< Il
Il B
o— >
-2
)
—
8 wl
© S
T
— o
S—
Q. S
S [\
N———
(e}
|
D

1
R :71'/ (374+2x2)dx
14087 0 1
4 5 3 )|, 15
©V=[ xle+vi?-- vy 1
4 4 28. (a V:/ rrldr =
_/ 8ﬂ.yl/2dy_Eﬂ,y3/2 () 0
0 3 0 0
_%W (b) V:/ 7r[1—(1+y)2]dy
= 1_1
f 4 . - ay + [ m[1-(1-y)?dy
_ (4 — 0
v 407T[(+\/?7) ( l/@)]y _%r o _dn
—/ 167 y1/2dy—¥7ry3/2 3 1 3 3
0 0 2 2
c) V= 1+ —(1-— d
256 (c) |4’ - (- a)d
=57 =27
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29.

30.

31.

32.

33.

34.
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h 2
e ()
0 a
h 2
T mh
=7/ ydy = ——
a Jo 2a

The volume of a cylinder of height A and ra-

dius \/% is h- 77(\/%)2 -

The confusing thing here is that the h of Exer- &

V =
2a 2a3

We can choose either z or y to be o‘@%

tion variable,

1
V:’/T/ dz = ma|" 1=
—1

This is, of course, a solid ; Notice that

1—x2
47

V= 2y = =8
/ Jdr =3

1—3:

The line connecting the two points (0,1) and
(1,—1) has equation

l-y
y=—-2rx+lorzx=——.

oL (5

v 2\
:”(4‘4+1Q
The fact that the ratios is 3 : 2 :

. 4
confirm since we know the volumes are 2w, —

27
d ==
an 3

2T

4 3

1 is easy to

cise 29 is not the h of this problem. Realizin
this, %
m(h/a)® Lhz @

— —
Z= SNV
= =\
49 Z = SN
= S
= =

VT
JITITEITIR
WIS

Y
RN

N

N

Qe compute the two volumes using disks par-
1 to the base, we have identical cross sec-
1ons so the volumes are the same.

L 2

8. They have the same areas. This can be seen
by using elementary geometrical formulas for
area or by considering integrals. The area of
the parallelograms is given by the integral of
the heights of the line segments from 0 to 5.
The heights of the line segments are equal.

39. (a) If each of these line segments is the base
of square, then the cross-sectional area is

evidently

A(z) = 4(1 — 2?).

The volume would be
16

MR .
3/l 37

These segments I, cannot be the literal
“bases” of circles, because circles “sit” on
a single point of tangency. They could
however be diameters. Assuming so, the
cross sectional area would be “r/2 times
radius-squared” or 7(1 — x2)/2. The re-
sulting volume would be 7/8 times the
previous case, or 27 /3.

0 ) 4
/ 2(z+ 1)) de = 3

—1

1

40. (a) V =
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(b) Note that the area of an equilateral tri-
angle with side length 1 is v/312/4. This
means that for a slice we have
Az) = V3(z +1)%/4
and

/ O V3(z 4 1) V3
= ——dr = —
_ 12
41. Reasoning as in Exercise 39, the line segment
I, is [2%,2 — 2?%],(1 < o < 1). The length of
this segment is
(2 —2?) — 22 = 2(1 — 2?),
hence in case (a)
A(z) = 4(1 — 22 = 4(1 — 22 + ).

The volume would again be

V:Q/OlA(ac)dx

2 1 64
== 1—7 — = —.
8( 3+5) 15

With the same provisos as in Exercise 39, the
answer to (b) would be 7/8 times the (a)-case,
or 87/15.

For (c), the volume would be v/3/4 times theQ

(a)-case, or 161/3/15.

42. (a) In this case, A(z) = (Inx)? and Q
V= / (Inz)*dx @

$..

ln2 —41In2+ 2.

(b) In this case, A(z) =

[

(In2)?2 In2 1
4 2 4
43. This time the line segment I, is [0,e72%], (0 <
x <Inb). If (a) this is the base of a square, the
cross-sectional area is A(r) = (e72%)? = e42,
The volume V, would be the integral

Inb5
/ A(x)dx
0
Inb _ —dx Inb5
= / e dr = ¢
0 4
1- (5" 156
=50 — T — 2496.
4 625

In the (b)-case, the segment I, is the base of
a semicircle, so the cross-sectional area would

3
‘ 9(3)(6)

319

be

B () -G

The resulting volume V;, would be

39
(7/8)V, = ﬁ ~ .09802.

44. (a) In this case, A(z) = (z* — Vz)? and
1
V:/ (2% — V) lde = —
0
(b) In this case,

Aw) = (—ﬁ) and

2
9
der = —
v (5 ) -
45. We must esti@:r fo r))%dz.
The given% n be extended to give these

respectiye s for

44, .81,.16,1.0, 1.96, 2.56.

’s approximation to the integral would

{4+ 4(1.44) + 2(.81)
+ 4(.16) + 2(1.0) +4(1.96) + 2.56} .

The sum in the braces is 24.42, and this must
be multiplied by 7/6 giving a final answer of
12.786.

46. Use Simpson’s rule.

= [

~ %5)[(4 0)? +4(3.6)% +2(3.4)2
+4(3.2)% +2(3.5)% + 4(3.8)? + 2(4.2)?
+4(4.6)2 + (5.0)?]

~ 94.01216

47. In this problem, let = g(y) be the equation
of the given curve describing the shape of the
container. For each height y, let V(y) be the
volume of fluid in the container when the depth
is y. Later we will estimate V (y). For now, one
knows that V (y) is the integral of [g(y)]?, or

by the fundamental theorem of calculus, that
V= nloty)P?
dy =mg\y)l -

In actual practice, y and hence V are functions
of ¢t (time). Our primary interest is in y as a
function of ¢, but we will obtain this informa-
tion indirectly, first finding V' as a function of y.
It appears that g(y) is about 2y for 0 < y < 1,
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which leads to [g(y)]? = 4y?, V(y) = 47y3/3
(on 0 <y <1),and V(1) =4n/3 = 4.2. We'll
keep the formula in mind for later, but for now

2 yilhugh thEatalil at sl s dlahd fheeradglirape-

zoidal estimate

V(y+1) =V(y) +7lg*(y) + g*(y +1)]/2
to compile the following table:

(w9 W]V |

11 2 4 4.2

2| 2 9 24.6
31 3 9 52.9
41 3 9 81.2
51 4 16 | 120.4

The assumption of uniform flow rate amounts
to dV/dt = constant, and if we start the clock
(t = 0) as we begin the flow, we get V = kt
for some k. The above table, supplemented by
the formula when y < 1, can be read to give
y (vertical) as a function of V' (horizontal).
But because V = kt, the graph looks exactly
the same if the horizontal units are time. In
the following picture, we have scaled it on the
assumption of a flow rate of 120.4 cubic units
per minute, a rate which requires one minute
to fill the container. The previous formula

Amy? /3 = V(= kt = (120.4)t) (on 0 < y < 1)@0 Vi= w/ (1-2?)de=m

becomes y = (3.06)t!/? for very small t,

tangent at ¢ = 0.

accounts for the (barely discernible) @

«

height

S = NN W R W
f ! f f i

time

48.

«

IS

4

<

N

= Y T T T O B

o

vvvvvvvvvvvvvvvvvvvv

49.

T T T 7 T 199 Zﬁ
-2 - =
x —0.4—
—0.8—

For the points of intersection, solve
1—(z—1)°=1—2?
thatis,z? — 2z 4+ 1 = 22

V3

or r = 5 = Yy 7
The desire% e V is the sum of the volume

revolving the arc of the circle
about the x-axis from x = % to
ald the volumeV; generated by revolv-
Marc of the circle (z — 1)>+y2 = 1 about

x-axis from x = 0 to x =

1
3
. O'Fherefore V =V; + V5 where,
1 N
Lo
(%)

1/2

1/2

1 1 1 5T
=T 1—=)—(=-—-—— = —
[( 3) (2 24)] 24
1/2
andV2:7r/(1—($—1)2)dx
0
1/2 41172
=7r/(23:—x2)dx:7r {xQ—}
3 110
0
51

50.

The required region is formed by intersection
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of revolving circle 22 + y? = 4 about y-axis
and revolving z = 1,—4 < y < 4about y-axis.
Desired volume V is the volume obtained by
revolving the shaded region R about the x-axis
where R is bounded by x = 0,2 = 1 and the
arc of the circle 22 + 4% =4

r=1=y= +v/3

R=R;i+ Rx+ R3

R1 is bounded by z = 0,22 + 2 = 4,y = /3
R2 is bounded by 2 = 0,y = v3,y = —V/3

R3 is bounded by x = 0,22 + 3% =4,y = —/3
Let V1 ,V2 V3 be the respective volumes ob-
tained by revolving R1 , R2 | R3 about y-axis

V3
Vo=m / 1dy:27r\/§
f

Vs=Wy
V=Vi+V+V;
T

5.3 Volumes by
Cylindrical Shells

1. Radius of a shell: r =2 —
Height of a shell: h = 22 \
V= / —z)x 2dac

2. Radius of a shell: r =2+«
Height of a shell: h = 22

A

?IIII$IIDI ||||I||||AI

1
V= / 21 (2 + 2)x?dr = 8%

. Radius of a shell: »r =z

Height of a shell: h = 2x

vz/olm(@

TT T [T T T T [T T T T [T T TT
(] .25 0.5 0.75 1o

. Radius of a shell: » =2 — z.

Height of a shell: h = 2z.
1
8
V= / 27(2 — x)(2z)dx = ?ﬂ-
0

1.0

o
(4
Ll

b
o

TT T [T T T T[T T T T [T TTT
0 .25 0.5 0.75 1/0

.?IIII$IIDI

. Radius of a shell: » = z.

eight of a shell: h = f(z) =
4

2mx v/ x2 + 1dx

2+ 1.

321
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4
:71'/256 22 + 1dx
0

3 4
2

2
G I |

3

/2 144.7076

6. Radius of a shell: r =2 — z.
Height of a shell: h = f(z) =

r?dr = 8?”

1
V:_f127r(2—ac)

7. Radius of a shell: r =2 —y.
Height of a shell: h = f(y) =2
1

V:/27r (2—y)2v1—y2dy
21

O
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BT T T T e e e e S IS S ST

-1.0 -0.5 olo 05 1.0
< ~0.2

—0.4

—0.6+

-0.8

—1.01

8. Radius of a shell: r =4 —y.
Height of a shell: h = f(y) = 24/4 — y2.
2

V=/27r 4 —y) 24— y2dy
—47r @%dy

/mdy 2 / yV/A— gy

2 (8w 271' —0 =322

= | ) | | o | -
-2 -1 K 1 2
—0.4—]

X

—1.6—

—2%) —2%)da

1—y2. 3 B
327
3
1
10 V:/ 2r(2 — 2) ((2 — 2%) — 2?) dz
-1
1
:27r/ (4 2¢ — 4x° + 2x )daz
-1
1
yV'1—y?dy

4x x*

=2 dr — % — = 4+ ==

7r<x x 3—1—2)
i
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2 4
11. V = / 2m(2+y)(4 - y*)dy = 2%/ (29 — 4y)dy
—92 2
28 y*\|* 3 4
_ 2
_27T<8y+2y —T—Z =927 <2i_2y2)
s 3
1287 2
=3 _ 80
3
2 ) 2
12 V:[22w(2—y)(4—y)dy (b) V:/ 2m(z) (4 — (4 —2))dzx
0
2%yt i
=27 <8y—2 2—?"‘1 ., = 27‘(:13)(4—1‘)([%
128 2 ENE
Bt e (a2
0 3 2

=27 [{[(41‘)636362—1-@34

<262_4+§_6>_(4_3)} . 0 —7 [ (16 =8y +y*)dy

14. V = /2 2m(3 — 2)(x — (a2 — 2))dz @Q\’ - W/; (=16 + 8y)dy

! =7 (~16y + 4y%)|, = 167
:271'/ (642 — 42° + 2°)da Q 4
-1 (d)V:/2ﬂ4—y y— 4 —y))dy
NI, Carta—pw-a-y)
=or (6p+ > — — 4+ 4
23 4L 27r/ (—2y* + 12y — 16)dy
451 2 .
21 (—%—1—6342 —16y>

15. V = / 27(5— )9 — (y — 1)2dy 167
3

™
&,

2

-2 =

0

;4 v, 4 18. (a) V= 71'/ [(z+4)* = (—2)%] dz
<1——+y +40y) 0_2
-2 = 77/ (8 + 16)dx

= 2887 —2

4 =7 (42 + 163U)|(i2

16. V = / 27(3+y)[9 — (y — 1)%]dy =327

_ /4(_y3 7+ 4y 4 24)d (b) V = 2ﬂ12(2+x)'[(:1:+2)—(—x—2)]d1:
- <_y_4—y—3+7y2+24y> 4 :ZW/_Q(%ZJF&%)M

43 o , 0
= 2887 =27 (2% +42% + 83:)

—2

4
1r<wV=L2mw@—m—wMy _
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0 5 3 2
c =27 —z)-|(z —(—x — T =7 vy v 2
© v 20/_2< ) [z +2) — (~a—2)d ( / 3+3y+sy>_1
=27 —22% — 4x)dx _ 17w
/—2( - 5

2
(b) V=2w/_1<y+1>[<<2+y> Py

_ 167 =27r/ (=9 + 3y + 2)dy
- -1
5 0 y4 3y2 2
(d)V:w/_Q(az+2)2dm =2m _Z+7+2y )
0 27
=7T/ (2% + 4o + 4)dx :Tﬂ
-2

0

= (2 42 4 day ©V —w/ (44 )° - (7 +2))dy

-2
_8r —77/ — 3% + 8y + 12)dy

19. (a) Method3 of shells. \@ y® + 4y? —|—12y)
= (3 — x)[x — (2* — 6))dx
V= / 2n(3—a)la — (o2 — 6)d @

—1

2m(—a% — 42 — 3z + 18)dx )
-2 —27r/ (y+2)[(2 +y) - y?ldy
6257 * -1

_ Deom 2
6 ¢ =27T/ (=9 =y + 4y +4)dy
(b) Method of washers. Q\ -1

2

Y.
V= — 2%]dx =2 (-2 — = + 2% + 4y
Q 4 3 1
_ / ﬂ.( @ 45T
—2

— 1322 + 36)dx

2507T

(¢) Method of shells. @ 1
— (2

V = / 27(3 + x)[x

:/ 2m (23 — 22 + 9z + 18)dx
-2

1
4
8757 —7T/0 x dx
6 Looa
(d) Method of washers. = W/O (2" 4+ 2° — 4o+ 4)dx
5 3 1
V= / [(6+ 2)? — (z%)%]da :W<fv_+fv__2m2+4x>
5 3 0
=/ m(—x* + 2% 4+ 122 + 36)dx 397
= T 15
5007 1
-3 (b)V:/ch(Q—:c—xQ)d:z:
0
2 1
20. (a) V= 7r/ (34 ¥)* — (v*+ 1)%)dy = 27r/ (22 — 2% —2%) da

2 I R
:W/ (—y* — 9?4+ 6y + 8)dy :2W<$2_?_Z>

—1
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5% 1
=% :7r/ (z* — 72 — 22 + 8)dx
! 01“5 Ta3
(C)V=/27r(1—x)(2—x—x2)dx :7T<E—T—x2+8x>dx
0
1
= 27r/ (m3 — 3z +2)dx _ 187m
0 L 60
x* 3x?
B (Z —_ T —+ 227) . 2.0—_
3 ]
= 7 1.5
1 9 ]
(d) Vz/ T (2—22%)" da 10]
0 ]
1 ]
:/ T(2—(2— ) da 0s]
o 1 .
=7T/ (x4—4x2—|—4)d:r—7r/ 22dx ool
0 0 0.0 0.‘25 015‘ o ‘o.‘75‘ o ‘1‘.0
1 X
:7‘[’/
0

y(2—y—y’)dy
0

1
7T/ (—y® —y* + 2y)dy
0

1
_ y33 + y2>

Il
3
N
8
at —~
8
| [
.
bR
Hq; +
B
SN— \i
= 8

[\

«
=
SN~—

i(

4
4

0

2
T

64m
i il
= 271'/ (=3 — 22 4 22)dx 15
0
4 3
=27 (—% %—l—:p2> dx 2
3 1

(c) V= 271'/01(x—|— D2 - 2% —z)dzx

i
= 27r/ (=23 — 22% + = + 2)dx
0

223 g2
—2%(—1—?+?+2$>d1
_ 217
10




326 CHAPTER 5.
~ 6.20
0.89
25. (a) V ~2r (2—1x)- (cosx — zt) dx
—0.89 o7
~ 16.72
0.89
(b) Var [(2 —2%)? — (2 — cosz)?]dx
—0.89
~ 12.64
0.89
(c) V= 7r/ [(cosz)? — (2*)?]dx
—0.89
~ 4.09
0.89
(d) V=227 z(cosz — z*)dx \0
~299 ' ZQ
28
0.85
26. (a) V=7 [(1 —2%)? — (1 —sinz)?|dx
~ 057
0.85
(b) Va2r (1—2)- (sinz — 2?)dz
~ 0.47 ’
0.85
(¢c) Va2r z(sinx — 2%)dr
~038
0.85
d) Var [(sinz)? — (22)%]dx 29
~ 0.28 ‘

APPLICATIONS OF THE DEFINITE INTEGRAL

. Axis of revolution: y-axis
Region boun

=y, =y

. Axis of revolution: y-axis
Region bounded by:
r=4—y*2=0,y=0

N

j

I I B

"

I ° I T

o

vvvvvvvvvvvvvvvvvvvv

o

. Axis of revolution: y-axis
Region bounded by: y = x,y = 22
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30.

31.

32.

33.

Axis of revolution: y = 4
Region bounded by:
y=x,y=-1,y=2

"
"

"

N T T ® L Y S 7}

o
LS L '

|
N
|
-
g
% ot 11
.
N

If the r-interval [0, R] is partitioned by poift,
r;, the circular band

{T? <a2?+ y2 < 7”1'24-1}

has approximate area c¢(r;

thickness). The limit of th

is A = lim Y e(r;)Ar; ;%c(r)dr Because
i=1

we know that ¢(r) = 27r,
we can evaluate the integral, getting
R
= mR?%.
0

gth times
f these areas

2

.

27
™9

If we think of the area of a circle of radius R
as being built up as described in Problem 61,
then

R
A= / 2nrdr Viewed as a function of R, the
0

derivative is

TR 27 R so this is, of course, not a coinci-
dence.

The volume that we are looking for is twice
the volume of a shell with radius  and height
V1— 22

In other words, The bead is mathematically

327

the solid formed up from revolving the region
bounded by y = V1 — 22,2 =1/2

and the z-axis around the y-axis.

Therefore

1

V:Qo/ 2rxy/ 1 — x?dx
1/2

Let w =1— 22, du = —2zdx,

1
and V = 471'/ v 1 — 22dx
1/2

1 0
= —7471'/ u'?du
2 3/4

:2’”—‘2”3/2‘3/4
3 0
_ V3r 3
2

. The size of tP@lere is 47/3 cm?, so we look

for the val uch that

1
47T/ i\

c

2
r2dx = §7T'

V1 — 22dx

2
. G- =g

\0

36.

Hence we want the size of the hole to be

/ 1
c= 1—\/51%0.6cm.

®Q 35. V= /01 z(1 — 2%)dx
1

:/0 (z — 23)dx

I
7 N
l\D‘HM

|
NN
~
o —

I
P

Vi= [ z(1—2%)dx

xzc xt ! 1 2 &
(24)C42+4
We want )
V-Vvi= 1—OV
Then
@ 41
2 4 40

2

Let u=1—¢*/16,du = —ydy/8
0

V= —32\/%7T/ u?du
1
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2 6430 =4/12 —
:32\/2%7?5: \/3 T \/1 (In2 —1In1)2
+ /12 + (In3 — In2)2
~ 2.296
For n = 4, the evaluation points are
1,1.5,2,2.5,3
4

s~ Zsi ~ 4.161

5. This is a straight line segment from (0,1) to
(2,5). As such, its length is

=/(6-1)2+(2-0)
20 = 2v/5

1 2
5.4 Arc Length and 6. 82[1\/1+1f7dx
1

Surface Area

1. For n = 2, the evaluations points are 0,0.5,1
S~ ST+ 89 _

= /(0= 0.5)2+ [f(0) — £(0.5)]2
\/( ) 0 (05 L 6x'/2, the arc length integrand is
+/(1-05)2+[f(1) - £(0.5)] LW = I+ 36z

=/0.52 + 0.5% + 1/0.52 + 0.752 et u =1+ 36z then

~ 1.460 ® s = / v1+ 36xdx

For n = 4, the evaluations points:
0,0,25,0.5,0.75, 1 _ / Ju [

4 Q 37 36
s~ s; ~ 1.474 73

; ®' _2 32
. . 3(36) a7
2. For n = 2, the evaluations poinfs‘are 0,0.5, 1 1
5~ 81 + 89 ~ 1.566 \ :—(73\/73737\/377)

. 54
For n = 4, the evaluatmn@fsz ~ 7.3824

0,0,25,0.5,0.75, 1
4

X $2
s~ Y s~ 1591 8. s—/ \/1 (e27 — e=27)°dy
=1

1=
3. For n = 2, the evaluations points are = / Vett — 14 e tedy
0,7/2, 7 0
S~ S+ 89 =~ 3.056
= /(7/2)2 + [cos(7/2) — cos 0]2 9. y’(x)zzj_izl x_l
4 20 2 x
+ V/(7/2)2 + [cos m — cos(m/2)]? 1 1
N2 _ = 2 i
=724+ 4~3.724 L+ () —1+4<x 2+x2)
For n = 4, the evaluations points: 1 1
0,7/4,7/2,3n /4, = (z24+2+ =
k) 4’ K K 4 1‘2
=1 =|=|x+ -
2 z
4. For n = 2, the evaluation points are 1,2,3 1 (2 1
5~ 51+ 52 T3, v )do
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_1 x2+1

o\ T
1/3

—5(54‘1112)

~ 1.0965

2

1

10. y/(z) = 1(:1c +7?%)

:c2 2

\/ﬁ
__/ wdm

~ 5.152
3
y 1 1/, 1
1. /() =2 — — == (P — =
Y=Y - =3 (P
1+(x/)2=1+1<y6—2+i)
4 6
S Y T
2
1, 1]
507+ )

' (y) = % (ey/2 _ e—y/2)

329

|
DO =
)—\
B
D
_|_
B
N——
&

—+1—

14. Here \ In (4
—4:5

(4—x2)
S ><—> (%)
Q\ Now S_/<4+:c

)dx—?ln(S)—l

’OQ R

= / V14 9z4dx ~ 3.0957
1
2
16. s = / V14 9z4dx ~ 17.2607
2
2
17. s = / V14 (2 —22)%dr ~ 2.9578
0
w/4
18. s = / V14 sect zdx ~ 1.2780
0

T
19. s = / V14 (—sinz)?dz
0
- / V1 4+ sin? zdz ~ 3.8201
0

3 1
20. s:/ \/1+ —da ~ 2.3020
1 x

21. s = / V14 (xsinz)?dr = 4.6984
0

22, s = / V1+ e *sin? zdr ~ 13.1152
0
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23.

24.

25.

26.
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Here f (x) =10 (em/ZO + 6_1/2()) _ 4/1 2134y

’ 10 0
= f () = = <ew/20 . e—w/20> )

220 2 :4<3> x2/3‘ =6
- <f/ (x)) 14 <; (ew/QO B ew/20)) 2 0
9 There are some technicalities in fully justifying

= <1 (61’/20 + 61’/20)) the preceding computation, since the integrand

2 (z~'/3) is unbounded at z = 0, but the con-
Now, clusion is sound.

20
1

s = / 3 (61/20 + 671/20) dx y

—20 !

= 7(695/20 + e*“ﬁo)dw JL 1 x
0 . N

— 920 (ea:/ZO _ e’$/20>’

0
=20 (e — 1) ~ 47.0080 @
1 2 = @: -
\/1 i [2 (e$/30 B e—z/30)} di 27. y (?ka 0 and when x 60, so the

pu ed 60 yards horizontally.

30

S =
—30
1

. /30 /30 4 2 2 30
2/_305(61 +e 7 )dm @- _Ex_ﬁ( —x)

30 . his is zero only when x = 30, at which point
= (15690/30 — 156*1:/30) ’_30 \. the punt was (30)2/15 = 60 yards high.

= 30e — 30e~ " ~ 70.51207161 ft. Q /60 \/Td
s = —|— - fx T
In Example 4.4, y(z) = 5(e®/10 + eﬂﬁﬂ@

y(0) = 5(e” +¢%) = 10 ~ 139.4 yards
y(—10) = y(10) @. L 5 _ 1394 yards 3 feet

=5(e' +e7!)=1543 4 sec 4sec 1 yard
sag = 1543 — 10 = 5.43 ft — 104.55 ft/s
A lower estimate for the gth given the
sag would be 60

(10)% + (sag)? s0
= 2v/100 + 29.4849 ~ 22.76 a0
This looks good against the calculated arc o
length of 23.504.
If 22/3 + ¢?/3 = 1, then in the first quad-
rant, y = (1 —2%/3)3/2 and taking only the 1o
first-quadrant case (which would produce one od _
fourth of the total length s), we have y = ° A
g(l _ g2/3)L/2 (_gx—ys

28. Since y(100) = 0, the ball traveled 100

= —x71/3(1 —x2/3)1/2 yards. The maximum height of the ball is

_ - 2
(v)? - A= a?P) = a7 1 y(50) = —5 yards. The arc length is s =

5= 4/ V1+y2de 100

0 1 (100 — 2

1 / + 300 00 x)] dx
- 4/0 Va2/ids ~ 101.82215 yards
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1
29. S=27r/ yds
0

1
= 277/ x2\/1+ (2z)2dx
0

~ 3.8097

30. S:/ 2msinay/1 + cos? xdx
0

~ 14.42360
2
31. S = 271'/ yds
0

2
:27r/ 2z — 2%)\/1 + (2 — 22)2dx
0

~ 10.9654

~ 67.06557

1
33. 5—271'/ yds \@

f27r/ \/1+62$d$~

2
/ 1
34. S:/ 2rlnz 1+—2dx
1 x

~ 2.86563

/2
35. S:27r/ yds
0

/2
= 277/ coszV 1+ sin? zdz
0

~ 7.2117

2
1

36. S :/ 2wz /1 4 4—dsc ~ 8.28315
1 x

1
37. s1 = / \/ 1+ (625)°da
0

1
= / vV 1+ 36210%r ~ 1.672
0

331

1
32:/ 1+ (827)%da
0

{
= / V14 64z14dx ~ 1.720
0

1
83 = / \/ 14 (1029)%dx
0
i
= / Vv 1+ 100x8dx ~ 1.75
0

As n — oo, the length approaches 2, since one
can see that the graph of y = 2™ on [0, 1] ap-
proaches a path consisting of the horizontal
line segment from (0,0) to (1,0) followed by
the vertical line segment from (1,0) to (1,1).

38. (a) For 0 <z <1, we have lim z" =0

n—oo

Therefore, the length of the limiting curve
is 1 (th iting curve is a horizontal
i cting the limiting curve to

int at (1,1) adds an additional
of 1 for a total length of 2.

O 2 = $2, y/2 =2z
Since both are increasing for positive x, y;
s “steeper” (yg is “flatter”) if and only if

.

\’ Y1 > ys, e,
Q 4o > 21 ac2>1:10>\/T
& N

32. S= / 2771‘ —4x)/1+4 (322 — de

w/6
39. (a) Ly = / V' 1+ cos? zdx ~ 1.44829
—m/6

=g (1)) (%)

~ 1.44797 Hence

Ly 144797
Ly 1.44829

w/2
(b) Ly = / V' 1+ cos?xdx =~ 3.8202
—m/2

2
Ly = \/(2 sin g) + (n)?
=72 +4=3.7242

Hence

Lo
— =~ 0.9749
Ly

~ .9998

5
40. (a) Iy :/ V1 + (6%)2da ~ 128.3491
3

Lo = /22 4 (€5 — €3)? & 128.3432
Hence

Ly
= 0.9999
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-3
(b) Ly = V17 (e%)2dz ~ 2.0006

V224 (e —e=3)2 ~ 2.0005 os
Hence
L— ~ 0.9999
Ly T A

dor v e T 1 NI
o

41. (a) Considering only the vertical segment x =
1, (=1 <y < 1), the area after rotation,
as an integral in y, would be

2 /yy_l ads(y) = 2 /_11 (1)V1+02dy

42. (a) Surface area of a right circular cylinder of
radius r and height h.

s
=—1 =
T~
= 271'y|£1 =47 = "
(height times circumference) o
y o
The full solid of revolution is a cylinder 3 x=r
with radius 1, and its top and bottom 1;
each have area 7(1)? = 7. Hence the total =
surface area is 47 + 7w + 7 = 6. O TR \\71\\’1'3\\\\1\\ T
x -+

1
(b)S:/ 2my/1—y? 1+< >w\ Consider alinexz=rand 0 <y <h

B rotating about the y — axis to form a

_ 2ﬂ. /1 — dy Right Circular Cylinder.
7 Here f (y) =r

Therefore, the surface area

:/_ 2m dy = 4 \@ S:/hQWf(y) L+ (f (y))*dy

0
(¢) The equation for the t segment of the

h
triangle is * = (1 — y)/2. Hence the re- = /2777“\/ 1+ (0)°dy = 27rh
0

y=1
sulting area is 27r/ xds(y)
y=-1 (b) Surface area of a sphere of radius r

3—

= [ () () ;
- [, (5 i

(-

The full revolved figure is a cone with
added base of radius 1 (and area m).
Hence the total surface area ]
V5 + (V5 + 1), -
Consider a semicircle of radius r with
centre as the origin, its equation is

(d) 6m:4n: (VE+1)r=3:2:7 y=vr2—uz?
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for —r < x < r Rotating it about the
T — azis we get a sphere Here
2 _ g2

fla) =

Therefore, the surface area

5=2ﬂ/f(x)

—zw/m\/1+

f' (x))*da

2
%—xz) dx
:271'/\/7“2—3:2 l—l—%dx
r2 — g
[ 2 _ 2 2
:27r/\/7’27x2\/%dx

:27r/\/r27x2

= 27r/rdx

-

= 47r?

r2 — g2

(¢) Surface area of cone of radius r and
height h

2 >

Consider a line y = (;)x Rotating it
about the x —axis, we get a cone of radius
r and height A Here

f@)=(F)z

Therefore, the surface area
h

S=2n / f @1+ (F (@) da

,5(\\

43.

*
*

333

h
= 277/ %\/7’2 + h2dzx
0
2mrV/r2 + h? [ x? h
- ()
= WT\/m =l
where [ = v/r2 + h2 is the slanted height
of the cone.

0

\he path along the positive x — axis, the
atlon of the path is f(z) = 0 Therefore
= 0 The distance covered along the

T — a;ms is

L= /\/1+f dx—/dx:>L1—s

Now, for the path along the curve

2
y =)

The equation of the path is
2
f (@)= 5"

3
Therefore
fa)=25at s f (@) =

The distance covered along these curve is

Ly = /,/1+f dx—/x/ﬂda:

Ly = 3(s+ 1)3/2

2

3

(a) Consider Ly = 214
Ly 2(s+1)7 -2 ,
L1 3s
:>(s+1)% =3s+1or

(s+1)° = (3s+1)°

=53 -652—35=0
Thus s = 0 or s = 6.464102
or s = —0.464102

But s > 0,
therefore s = 6.464102
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(b) Consider the motion of the person along
the z — azis

Let g (t) be the distance walked along the
T — aris

Therefore g(t) =t,0 <t < z,= ¢ (t) =1
Now, consider the motion of the person

2
along the curve y = g(x)3/2

@) =

2
along the curve y = g(x)B/Q,O <t<uwz

2
g(t)?’/2 is the distance walked

Therefore
f@) =
The ratio of the speeds = f, *) = ﬁ =2

g (t 1
=t=4

d xT
—V2
dw\[/o
1 —
:5\/5-\/4—251n x
=+/1+4cos?2x

1
(b) — <4:17 1+ 1626 +

dx
V141626 )
1

¢
D
1229 3/4 @
T 1600 ) - %Q

_ 1/4(1 + 162°)

sin’ u

44. (a)

34

V1 + 1620 7.

n 1226
V1 4+ 1626

1+16
= it = VI

1626

5.5 Projectile Motion

1. y(0

(0) =80,4'(0) =0
- y(0)
(0)
)

100,y'(0) =0
. y(0

2
3 60,4'(0) = 10
4. y(0) = 20,y'(0) = —4
5

. The initial conditions are
y(0) =30 and %'(0) =0

We want to find y'(¢) when y(t) = 0. 8.

We start with the equation y”(t) = —32.
Integrating gives y'(t) = —32t + ¢;.

From the initial velocity, we have

%(t)?’”,ogtga::f'(t):\/i 6.
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0=1y'(0) = —32(0) + ¢1, and so y'(t) = —32¢
Integrating again gives y(t) = —16t2 + cy.
From the initial position, we have

30 = y(0) = —16(0) + ¢z and so

y(t) = —16t2 + 30.

Solving y(t) = 0 gives t = j:,/% The posi-
tive solution is the solution we are interested
in. This is the time when the diver hits the

water. The diver’s velocity is therefore
Y’ (\/%5) = —32,/%2 ~ —43.8 ft/sec

The initial conditions are

y(0) =120 and 4'(0) =0

We want to find y'(¢) when y(t) = 0. We start
with the equation y”(t) = —32.

Integrating gives v'(t) = —32t + ¢;.

locity, we have

0=1y(0) ) + c1, and so y/(t) = —32t.
Inte gain gives y(t) = —16t%+co. From
th position, we have
(0) = —16(0) + ¢z and so
= —16t* + 120.
Solving y(t) = 0 gives t = =,/ 1—25 The

positive solutlon is the solution we are inter-
ested in. This is the time when the diver hits
the water. The diver’s velocity is therefore

15 /15
— | = =324/ = ft/s
Y < 2) 3 B t/sec

If an object is dropped (time zero, zero ini-
tial velocity) from an initial height of yq, then
the impact moment is ¢y = \/90/4 and the im-
pact velocity (ignoring possible negative sign)
is Vimpact = 32t0 = 8\/%

Therefore if the object is dropped from 30 ft,
the impact velocity is

81/30 ~ 43.8178 feet per second.

If dropped from 120 ft, impact velocity is
8v/120 = 87.6356 feet per second.

From 3000 ft, impact velocity is

8v/3000 = 438.178 feet per second.

From a height of h yg, the impact velocity is
8vhyo = 8vVhy/yo = Vh (8,/0) ,

which is to say that impact velocity increases
by a factor of v/h when initial height increases
by a factor of h.

Ignoring air friction we have initial conditions
y(0) = 555.427 and y/(0) = 0.
Integrating y" (t) = —32 gives
y'(t) = —32t + ¢1. The initial condition gives
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10.

11.

0 =y'(0) = —32(0) + ¢; and therefore
y'(t) = —32t.

Integrating again gives y(t) = —16t + co.

The initial condition gives
555.427 = y(0) = —16(0) 4 ¢o and therefore
y(t) = —16t? + 555.427.

We will assume that the baseball player catches
the ball when it is 6 feet above the ground, so
we solve

6 = y(t) = —16t> + 555.427. Solving gives
t ~ £5.86. We use the positive solution.

The velocity at this time is

y'(5.86) = —16(5.86) = —93.75 ft/sec

(If you assume the ball is caught at ground
level, the ball will be going 94.27 ft/sec.)

CAs vy () =-9.8,y (t) = —9.8t + ¥ (0)

Therefore, y (t) = —4.9t> + ' (0) t + y (0)

where y(0) represents the height of the cliff and
y(4) = 0.

Now, y (4) = —4.9 (16) + 4 (0) + y (0)

Thus, y (0) = 78.4 is the height of the cliff in
meters.

Let y (t) be the height of the boulder.
Therefore y” (t) = —9.8;y(3) =0 and
y' (0)=0

Thus, ¥’ (t) = —9.8t + 3/ (0) and
y(t) = —4.9* + ¢ (0)t +y(0)

>

y3)=—-499)+y(0) =y (O®meters
Let y (t) be the height at \ t.

Here v (t) = —9.8 %

Therefore v (t) = —9.8¢ + v¥0) = —9.8¢ + 19.6
ory (t) = —9.8t +19.6

=y (t) = —4.9t* +19.6t +y(0).

But y (0) = 0 therefore, y (t) = —4.9t> + 19.6 ¢
which is the height at ay time t. Also the ve-
locity at any instant ¢ is

v(t)=-9.8t+19.6 = —9.8(t —2)

Now for the maximum height,
v(t)=0=1t=2.

Therefore, maximum height is

y(2) = —4.9(2)> +19.6 (2) + 5 (0) = 19.6

He remains in the air until y (¢t) = 0.

That is, till —4.9t24+19.6t =0=t=0o0r t =4
Therefore, the amount of time he spent in the
air is 4sec.

The velocity with which he smacks back is
v(4) =—-9.8(4—2) = —19.6m/s

12.

13.
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Let y (t) be the height at any time t.

Here v’ (t) = —9.8,

Therefore v (t) = —9.8t + v (0)

=y (t) = —-9.8t+ v (0)

=y (t)=—4.9t> +v(0) t +y(0).

But y (0) = 0.

Therefore, y (t) = —4.9t? + v (0) t which is the
height at any time t.

Now the maximum height is reached when

0
y’(t):Othatiswhent:v( )

Therefore for the maximugl height
y (9<2>) _ _4.9<v9<};>> v (0) (9((;))
= T8.4 = —4.9(“9('?)2 +v(0) (”9%2))

(v (0))”
9.

=0 (0\ /s
Ré&yiewing the solution to Exercise 11, the dif-
nee is that v(0) is unknown. However, we

=

1] =784

see that
S

,50\

14.

y = —16t2 + tv(0) = —t[16t — v(0)] (factoring,
rather than completing the square). The sec-
ond time that y = 0 can be seen to occur at
time ¢2 = v(0)/16, at which time

v(te) = —32ts +v(0) = v(0)(—2+ 1) = —v(0)

Now we see
v(t) = =32t + v(0) = —32¢ + 16t2
= —16(2t — o)

The peak was therefore at time t9/2, at which
time the height was —(t2/2)[16t2/2 — v(0)]

= —(22/2)[(v(0)/2) — v(0)]

= —(v(0)/32)[-v(0)/2] = v(0)*/64.

In summary, ymax = [v(0)/8]? in this problem
(and more generally, Ymax = [v(0)/8]% + y(0)).
If ymax = 20 inches = 5/3 feet, then

v(0)/8 = /5/3, and

v(0) = 84/5/3 ~ 10.33 feet per second.

This is considerably less than Michael Jordan’s
initial velocity of about 17 feet per second, but
the difference in velocity is not as dramatic as
in height (20 inches to 54 inches).

For a given initial velocity of vy, the velocity
and position are given by

y = =32t + v

y = —16t + vot

The maximum occurs when 3’ = 0 or when
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15.

16.
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Yo
to = —
07 32
and the maximum height is

=10 (3)" (33 - (2)°

Therefore if the new initial velocity was 1.1vg
(an increase of 10%), the new maximum height
would be

2
1.1 2
) 121 (U—O)
8 8
In other words, it would be an increase in
height by 21%.

(a) If the initial conditions are
y(0) = H and y/(0) =0
Integrating y” (t) = —32 gives
y(t) = =32t + ¢;.

The initial condition gives

y(t) = =32t + vy = —32t.

Integrating gives

y(t) = —16t% + cy.

The initial condition gives

y(t) = —16t> + H.

The impact occurs when y(t9) = 0 or

when tg = /yo/4 = \/17/4 Therefore o

the impact velocity is

(o) = —32t0 = 8V
(b) If the initial conditions are

y(0) = 0 and y'(0) = vo

Integrating y" (t) = —32 gives Q
yl(t) = *32t + Cy. @
The initial condition give

y'(t) = —32t + vp. \

Integrating gives
y(t) = —16t> + vt +®
The initial condition gives
y(t) = —16t% + vot.
The maximum occurs when ¢'(t) = 0 or
when ¢ = vy/32.
Therefore the maximum height is
y(@) :716118 +117(2):v70.
32 322 32 64
(a) The time tg when the lead ball hits the
ground satisfies

to
179 = 128001 h (| —
n(cos (20))

tO 179/12800
h{ — ] = /
COS 20 (&

to ~ 3.3526

At time tg, the height of the wood ball is

7225 16
179 — = In (cosh (85to>)

~ 179 — 169.0337 = 9.9663 ft

17.

18.

H@ = 40sin (g) =20
@ fore y (t) = —4.9t* + 20t

19.

(b) The time ¢; that the wood ball need to
hit the ground satisfies

7225 16
179 = 3 In (cosh <85t1>)

16 1432/7225
¢ _

g5'1) T ¢

t, ~ 3.4562

The wood ball need to be released about
t1 = to = 0.1036 seconds earlier.

cosh

The starting point is

Y = —9.8, 3/(0) = 98sin(r/3) = 49v/3.

We get y(t) = —4.9t + ty/(0)

= —4.9t(t — [v(0)/4.9])

= —4.9t(t — 10V/3)

The flight time is 10v/3. As to the horizontal
range, we have 2/ (t) constant and forever equal
to 98 cos(m/3 9. Therefore z(t) = 49t and
in this ca%t orizontal range is 49(10v/3)

(meters),

(—4.9t + 20)

20
0: the time of flight =t = 0= 4.082

,50\

Now, for the horizontal range x (t)

2’ (t) = 40 cos (%) =20V3

Therefore

z (t) = 20v/3t and

2 (4.082) = 20 (1.7321) (4.082) = 141.3919
Repeating the same for the angle 60°

Y (0) = 40sin (g) = 34.6410

Therefore

y (t) = —4.9t% 4 (34.6410) ¢

=y (t) =t (—4.9t + 34.6410)

34.6410
= the time of flight =t = = 7.0696

Now, for the horizontal range x (t)
x' (t) = 40 cos (g) =20

Therefore z (t) = 20t and
x (7.0696) = 20 (7.0696) = 141.3919

This problem modifies Example 5.5 by using
a service angle of 6° (where the Example 5.5
used 7°) and no other changes. Here the serve
hits the net.

Next we want to find the range for which the
serve will be in.

If 6 is the angle, then the initial conditions are
2'(0) = 176 cos 8, x(0) =0
y'(0) = 176sin6, y(0) = 10



5.5. PROJECTILE MOTION

20.

Integrating «”(t) = 0 and y”(¢t) = —32, then
using the initial conditions gives

2’ (t) = 176 cos 0

x(t) = 176(cos 0)t

y'(t) = —32t + 176 sin 0

y(t) = —16t* 4 176(sin 0)t + 10

To make sure the serve is in, we see what hap-
pens at the net and then when the ball hits
the ground. First, the ball passes the net when
x = 39 or when 39 = 176(cos 0)t. Solving gives

t= % Plugging this in for the function
y(t) gives

39
4 176 cos 6
2
1639
176 cos 0

39
1 i —_ 1
+ 176(sin 9) (1766089) +10
1521

2
= 1036 sec” 0 + 39tanf + 10
We want to ensure that this value is greater
than 3 so we determine the values of 8 that give
y > 3 (using a graphing calculator or CAS).
This restriction means that we must have
—0.15752 < 6 < 1.5507

Next, we want to determine when the ball u@

the ground. This is when

0 =y(t) = —16t> + 176(sin §)t + 10
We solve this equation using the for- 21.

mula to get
_ —1765sin6 + /1762 sin”
-32
We are interested in the positive solution, so
, _ 176sin6 + \/1762sin” 6 + 640
32
Substituting this in to
x(t) = 176(cos 0)t gives

2 = 44 cos 0 (22 sinf + /484 sin% 6 + 10)

We want to determine the values of 8 that en-
sure that x < 60. Using a graphing calculator
or a CAS gives § < —0.13429

Putting together our two conditions on 6 now
gives the possible range of angles for which the
serve will be in:

—0.15752 < § < —0.13429

In these tennis problems, the issue is purely
geometric. Time is irrelevant. One can obtain
valuable information by eliminating time and
writing y as a function of . For example, with
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service angle of 6 (in degrees below the hori-
zontal), initial speed vg, and initial height h,
one has

y(t) = —16t2 — tvgsin 6 + h,
z(t) = tvg cos @, and hence

—1622 xsin 6
y=fz)=

vicos?f  cosd

Now one could put z = 60 (the serve would be
in if f(60) < 0), or put = = 39 (the serve would
clear the net if f(39) > 3. If one were to set
f(60) = 0 and solve for vy, one would obtain
a critical speed (call it v1) for the given (h, ),
above which the serve would be out. Solving
f(39) = 3 one would obtain a second critical
speed (call it vo), below which the serve would
hit the net. Below we tabulate v; and vy for
h =10 and se@d values of 6.

In the 7° Ji see that it would be neces-
sary to ge he service speed to 149ft. /sec.
to get™it in, and the net would not be a prob-
le® 7.6° line has these interesting fea-

; the service at 176 ft./sec. is out, whereas

+h

@service at 170 ft./sec. is in.

Qh\9\v1\vz\

\0

22,

| feet [ degrees | ft/sec [ ft/sec |

10 7.0 149.0 | 105.7
10 7.6 171.5 117.4
10 8.0 193.6 | 127.8
Let (2(t),y(t)) be the trajectory. In this case
y(0) =6,z(0) =0
y'(0) = 0,2/(0) = 130
2”(t) =0,2'(t) = 130
x(t) = 130t

This is 60 at time ¢ = 6/13. Meanwhile,
y'(t) = =32,y (t) = —32t
y(t) = —16t> +6

2
6 6 438
~ V=16 = - 2°
y(13> 6(13) 6= T69
6
— | = 2.59 ft
(i)

If the initial speed is now 80 ft/s, the equations
become

x(t) = 80¢t

y(t) = —16t> 4+ 6

The ball crosses home plate when x = 60, or
when ¢t = 3/4. At the home plate, we then
have,

y(3/4) = —16(3/4)> +6 = —3

In other words, the ball is “under” the ground
and the ball hits the ground before reaching
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home plate.

Let (x(t),y(t)) be the trajectory. In this case
5° is converted to 7/36 radians.

y(0) =5,2(0) =0

y'(0) = 120sin g5 ~ 10.46

2'(0) = 120 cos 55 ~ 119.54

z"(0) =0

2/(t) = 119.54

2(t) = 119.54¢

This is 120 when

t=120/119.54 = 1.00385. ..

Meanwhile,

y'(t) = —32

y'(t) = —32t + 10.46

y(t) = —16t2 +10.46t + 5
y(1.00385) = —16(1.00385)2
+10.46(1.00385) + 5
y(1.00385) ~ —.62 ft

We are assuming that the height at 120 feet is

the same as the release height 5. Let 6 be the

angle of release (above the horizontal).

We have

y(t) = —16t* 4+ 120t sinf + 5 .

x(t) = 120t cos § .
1/cosb, a@

Thus x(t) will be 120 when ¢ =
which time y(¢) will be 5 only if
—16 sin 6

12 —
cos? 6 Ocos [ 0 Q
Hence if 120 sin 0 cos @ = 16 @
60sin 20 = 16

20 = sin~*(16/60) = .2699 .4, ;

6 = .135 (radians) or abo \
To find the aim, we need ‘S&ng‘ch of the ver-
tical leg of a right triangle with opposite angle
7.7°, and adjacent leg 120 ft. Thus the player
should aim

120 tan(7.7°) ~ 120 tan(.135) ~ 16.2 ft

above the first baseman’s head.

(a) Assuming that the ramp height h is the
same as the height of the cars, this prob-
lem seems to be asking for the initial
speed vy required to achieve a horizontal
flight distance of 125 feet from a launch
angle of 30° above the horizontal. We
may assume x(0) = 0,y(0) = h, and we
find

y'(0) :vosm% = U—;
2'(0) = v cos 7= ?vo
V(1) = 32, 2"(1) = 0

26.

27.
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3
y'(t) = =32t + U—; x'(t) = gvo
y(t) = —16t> + U—;t + h,
3
x(t) = gvot.

a(t) will be 125 if t = 250/ (v/3vp) at
which time we require that y be h. There-

fore )
250 () < 250 )
16— ) + =2 (=—) =0
<\/§vg) 2 \/§v0
8000
vg = 4| —= = 68ft/s
V3
(b) With an angle of 45° = x/4, the equa-

tions become -
y'(0) = vpsin — =

2 (t) =0
Vo ’ Vo
—32 4 —(, 2'(t) = —
ﬂt (t) NG
Vo
—16t* + — + h,
V2

where h is the height of the ramp.
We now solve z(t) = 125 which gives

125v/2
=
At this distance, we want the car to be at
a height h to clear the cars. This gives
the equation y(ty) = h, or

2
125v2 12 2
_16< if) L 1250vE
0

voV/2
Solving for vy gives
vo = 2010 = 63.24 ft/s.

0=

=h

Let (z(t),y(t)) be the trajectory. In this case,
y(0) = 256, 2(0) = 0

' (0) = 0,2/ (0) = 100

y'(t) =32, 2"(t) =0

y'(t) = —32t,y(t) = —16t> + 256

Z'(t) = 100, z(t) = 100t

y will be zero when ¢t = 4, at which time x will
be 400. This is the drift distance.

(a) In this case with
p=0and w=1
z"(t) = —25sin(4t)

2 (0)=2(0)=0
25

25
' (t) = T cos 4t — T
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28.

29.

30.

25 25
z(t) = 1—651n4t—zt
(b) WlthHOZgandw:l
ey ™
2"(t) = 25sm(4t+2>
2'(0) =z(0) =0
=2 T
z'(t) = 1 cos(4t+ 2)

2 2
z(t) = TZsin <4t+ g) — %

(a) With 6y = g and w =2

2" (t) = —25sin (8t+ 4)
2'(0) =0 = z(0) s
2'(t) = %COS (8t+ g) — %62
25 ™ 25[ 25v/2
z(t) = 6281n<8t+2) — 176 BTN
(b) With 0y = — and w =
2" (t) = —25sin(4t + 7/4)
2'(0) = 2(0) =0
2 (t) = % cos(4t + w/4) — 257\f
2(t) = % sin(4¢ + 7/4) 25t8f 25v2

The initial condltlons are

s(0) = 0,5'(0)
Integrating s (t) = —32 gi @
s’():—32t+cl V\
The initial condition glve
§'(t) = —32t.
Integrating gives
s(t) = —16t% + ca.
The initial condition gives
s(t) = —16t2.
Realizing that —32 was given in feet per
second?,and we are using centimeters now,
we use, 1 foot = 30.48 cms
and get
s(t) = —487.68t% cm

The yardstick is grabbed when s(ty) = —d,
that is when

~ 0.045V/d

t p—
0™ 487.68

Using the result from Exercise 15,

U1:8\/E.

Now we need to compute how big v is in order
for the ball to rebound to cH.

31.
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The initial conditions are

v(0) = vy, 8(0) = 0.

Integrating a(t) = —32 gives

v(t) = —16t + v(0) = —16t + vy

Integrating again we get

s(t) = =8t + vat + s(0) = —8t% + ot

s(to) = cH when v(tg) = 0, that is when
t() = ’(12/16

-5(35) +ea (g5) =

2
U3

2 _oH

32 ¢

v9 = V32cH

Now the coefficient of restitution is
ve  V32cH  Jc

V1 SvVH 2

From Exerc1s ime of impact is

i

T

t=
25 s N ults corresponds to 57 radians of
fo

re the average angular velocity is
20m

—— =~ 11.47 rad/sec
C)\F 30/4 V30 /

&

The initial conditions are
y(0) = 10, y/(0) = 160sin 45°
2(0) =0, and 2/(0) = 160 cos 45°

Integrating =" (¢) = 0 and y”(¢t) = —32 and us-
ing the initial conditions gives

o' (t) = 80v/2

z(t) = (80v/2)t

y'(t) = —32t + 802

y(t) = —16t% + (80+/2)t + 10.

We now want to solve for when y(t) = 5, which
gives the equation

—16t% + (80v2)t +10 =5

Solving gives

— \/7
P 80\fi_;22800+64 ~ —0.087,7.16.

We, of course, take the positive solution.
2(7.16) = (80v/2)(7.16) =~ 810.1.

So, place the net 810.1 feet away from the can-
non.

y'(7.16) = —32(7.16) + 80v/2 ~ 116.0

Since we have 2/ = 80v/2 ~ 113.1, this means
that the impact velocity is

o= @) + )
=+/(116.0)2 + (113.1)2

~ 162.0

which means the Flying Zucchini comes down
squash.(We should have known this—the ve-
locity at a height of 10 should have been equal
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to his initial velocity so his velocity at a height
of of 5 should be slightly higher, which it is.)

Let (z(t),y(t)) be the trajectory of the cen-
ter of the basketball. We are assuming that
y(0) = 6, x(0) = 0, the angle of launch 6 of the

13
shot is 52° (0 = —— in radians) and the initial
speed is 25 feet per second. Therefore
137
'(0) = 25sin — =~ 19.70
y'(0) sin ——

137
'(0) = 25 cos — ~ 15.39
z'(0) €08 —=

y"(t) = —32,2"(t) =0

y'(t) = =32t +19.70, 2/ (t) = 15.39

y(t) = —16t* + 19.70¢ + 6,

x(t) = 15.39¢.

x will be 15 when ¢ is about

15/15.39 = .9746..., at which time y will be
about

—16(.9746....)2 + 19.70(.9746 ...) + 6 ~ 10 ®0

In other words, the center of the bamQ

sition (15, 10) and the shot is goo
erally, with unknown 6, the n
replaced by 25sin 6, while t

replaced by 25cosf. y Wi% actly 10 if

—16t> + 25t sin 6 + 6 = 10
,_ 25sin0 + V/625sin® § — 256

32

x = 25t cos .

As a function of 6, this last expression is
too complicated to use calculus (easily) to
maximize and minimize it on the 6@-interval
(48°,57°), but quick spreadsheet calculations
give these values:

(Observe that z is not a monotonic function of
0 in this range. It takes its maximum when 6 is
between 52.4 and 52.5 degrees. The evidence is
overwhelming that all the shots will be good.)

L 6 1 ¢t [ = |
| degrees | seconds | feet |
48.0 0.8757 | 14.6484
49.0 0.9021 | 14.7958
50.0 0.9274 | 14.9024
51.0 0.9516 | 14.9710
52.0 0.9748 | 15.0038
52.1 0.9771 | 15.0051
52.2 0.9793 | 15.0062
52.3 0.9816 | 15.0069
52.4 0.9838 | 15.0073
52.5 0.9861 | 15.0073
52.6 0.9883 | 15.0070
52.7 0.9905 | 15.0064
52.8 0.9928 | 15.0054
52.9 0.9950 | 15.0042
53.0 079972 [ 15.0026
54.0 Jmy MOIBT | 14.9690
55.00 ¥/ 0394 | 14.9044
560\ [ 1.0594 | 14.8100
0% 1.0787 | 14.6869

v

(x (t),y (t)) be the trajectory of the centre
of the basketball.

Here y (0) = 8,2 (0) = 0,6 = 30°andv = 27.
Therefore y’(O)zQ?sin% =13.5 and

2(0) = 27 cos% = 23.3827

y'(t) = =32 =/ (t) = —32t + 13.5,
Or y(t) = —16t? + 13.5t + 8 also,
2"(t) =0 = 2'(t) = 23.3827

That is x(t) = (23.3827) ¢t

(a) Consider z (t) = 15

15
t= Sa3sy ~ V0415,
for which

y (0.6415)
= —16(0.6415)> + 13.50 (0.6415) + 8
= 10.0759

Now, y(t) = 10 = ¢ = 0.6520 for which

2(0.6520) = (23.3827) (0.6520)
~ 15.2455

It is evident from the above calcula-
tions that the centre of the ball passes
through (15,10.0759) and (15.2455, 10).
This means that the centre of the ball goes
through the basket. The graph of the mo-
tion is as follows
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When z(t) = 14.25 = ¢ ~ 0.6094 this
gives y(t) = 10.2849.

That is (14.25,10.2845) lies on the curve.
Therefore the minimum distance between
the centre of the ball and the front rim is
0.2845. The minimum distance between
the centre of the ball and the back rim at
(15.75,10) is 0.5045'.

If the ball is of diameter, then its radius
is . Since the minimum distance between
the center of the ball and the front rim is
less than the radius of the ball, the ball
hits the front rim.

(a) 85° = il7 radiance.

2’(0) =100 - cos (4fm) ~ 8.72

y/(0) = 100 - sin (X 7) ~ 99.62 Q
2"(0) = —20 @
y"(0)=0

y(t) = 99.62¢ \

x(t) = —10t% + 8.72t

y(to) = 90 when ¢y = 3

x(to) = (0.903) ~ —0.29
The ball just barely gets into the goal.

Use the calculation from Exercise 35.(a),
y(t1) = 10 when ¢; = 0.100

x(t1) = x(0.100) ~ 0.775

The kick does not go around the wall.

Let (z(t),y(t)) be the trajectory of the ship.
Some of our data is in feet, so we will take
g = —32 in this problem. We have

y"(t) = 32

y/(8) = =32t + y/(0)

y(t) = —16t> +y'(0)t + y(0)

2({t)=c

x(t) = ct + z(0)

Solving for ¢, we have
1
E(x —xz(0)) =t.

. C) second time (t2) that y(t) =

*

XD
O

37.

38.

341

Substituting this expression for ¢ in y(t), we
have

y —y(0) ,
=16 [i(x - 33(0))} +4/(0) E(w - x(O))}

Hence the path is a parabola.

Turning to the question of the duration of
weightlessness, we can assume 2(0) = 0, and
we know that y/(t) = 0 when y — y(0) = 2500.
For this unknown time ¢; (the moment when
y' is zero), we have 0 = —32t; + ¢'(0).
Therefore ¢t; = 3/(0)/32, and

2500 = y(t1) — y(0)
=16 {;/(0)] - y'(0) [yl(o)]

32 32
_ (0
42
hence 3/( (2500)
y'(0) m 400, and

know that y — y(0) = —16t2 + 400t

y(0) (af-
ter time zero) occurs when ¢t = 400/16 =
25 seconds.

This is the duration of the weightless experi-
ence. Note that t5 = 2t;. The plane must pull

out of the dive soon after this time.

Let y(t) be the height of the first ball at time
t, and let v, be the initial velocity. We can
assume y(0) = 0. As usual, we have

Yy’ =-32,y = —32t + vy,

y = —1612 + tvgy.

The second return to height zero is at time
t = 16/vg,. If this is to be 5/2, then vy, = 40.
But the maximum occurs at time
Voy /32 =5/4

at  which time the height
—16(25,/16) + 40(5/4) = 25feet.
For eleven balls, the difference is that the sec-
ond return to zero is to be at time 11/4, hence
vgy = 44, and the maximum height is 30.25.

(y(5/4)) s

In this case, we start with initial conditions
2'(0) = vo, 2(0) = 0;4/(0) = voy, y(0) = 0.
Integrating =" (¢) = 0 and y”(¢) = —32 and us-
ing the initial conditions gives

2/ (t) = voz
x(t) = vyt
y'(t) = =32t + voy

y(t) = =16t + voy,t
The ball is caught when y(t) = 0 so we solve
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Yoy

this equation to get t = Plugging this

into z(t) gives the horizontal distance
w=u () =
16
The student must first study the solution to
Exercise 38. Here we have the additional z-
component of the motion, which as in so many
problems is z(t) = tvg,. With initial speed of
vg, and initial angle a from the wvertical, we
have vg, = vg cos @ and
voz = vpsina.The horizontal distance at
elapsed time v, /16 (time of return to initial
height) is by formula
x(voy/16) = (voy/16)vo, which defines w.
As in Exercise 37, the maximum height occurs

at time v, /32, and at this time the height h
is

—16(voy /32)? + voy (v0y/32) = Ugy/64

= (v0y/64)(16w /vy )
= (w/4)(cosa/sina) = w/(4tan «).

Thus w = 4h tan .

Vo Voy
16

The linear approximation is tan™ 'z = z,
i.e., tanx ~ x From Exercise 43, we have
w =4htana

Applying the linearization gives

TS
w:4htaar)1a%4ha @Q
orozzE Q
w0

This shows that Aa ~ — @

4h
A
Ao~ 4—: from Exercise @
With h = 25 from Exercise”51 (10 balls) and

w =1, we get
Aa about 1/100 = .01 radians
or about .6°

We must use the result

In this case, the height to juggle 11 balls is
30.25 feet. Therefore with Aw = 1, we get

A 1
Aa ~ 2% = m ~ 0.0083 rad or about

4h
0.47°.

With trajectory (x,y), and assuming

z(0) = 0 and y(0) = 0, we have by now seen
many times the conclusion y = —gt? + tvsin 6.
The return to ground level occurs at time

t = 2vusinf/g, at which time the horizontal
range is x = tv cos @ = v?sin(26)/g.

With v = 60 ft per second and 6§ = 25°, and
on earth with g = 32, this is about 86 feet, a

short chip shot. On the moon with ¢ = 5.2, it
is about 530.34 ft.

44. Let ((x(t),y(t)) be the trajectory of the initial
burst of water. If the angle of inclination of

the hose is 6, we have the relations

tanf =m
‘ m
sinf =
1+ m?2
1
cosf =

We assume z(0) =0 and y(0) = 0 and then find

y'(t) = —32

y'(t) = =32t + vsinb

y =y(t) = —16t*> + tvsin @

tvm

=y(t) = — 16t*> + ———

v =) Vitm?

x

x

v
serting this in the y-formula, we find

1 2
C)y = —16x2(_;72m) + mx

*
5. Let (z(t),y(t)) be the trajectory of the paint

ball, and let z(¢) be the height of the target at
time t. We do assume that

y(0) = z(0) (target opposite shooter at timeof
shot) and

y'(0) = 0 (aiming directly at the target, hence
using an initially horizontal trajectory), and as
a result y — z has second derivative 0, and ini-
tial value 0.

However, this only tells us that

y—z=[y(0) - #(O)]t = (0}t

and if the target is already in motion (2’(0)
not zero), the shot may miss at 20 feet or any
distance.

If on the other hand, the target is stationary
at the moment of the shot, then the shot hits
at20 feet or any other distance.

46. In this problem, we have the falling object with
initial conditions

y1(0) = 0,1(0) = 100.

The object that is launched from the ground
has initial conditions

Y2(0) = 40,12(0) = 0

We now integrate the equations

yy(t) = —32 and 44 (t) = —32, using the initial
conditions, to get
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yi(t) = =32t
y1(t) = —16t> 4 100
yh(t) = —32t + 40

yo(t) = —16t2 + 40t

Now, we just solve y; (t) = ya(t), or

—16t2 + 100 = —16t + 40t

Solving gives t = 2.5, so the objects collide af-
ter 2.5 seconds and this collision occurs at a
height of y1(2.5) = 0.

This may seem odd, but notice that the max-
imum height of the y2 object is only 25 feet.
What this means is that the y» object goes up
and then down and then the y; object only
catches the y; object when both objects actu-
ally hit the ground!

47. (a) The speed at the bottom is given by

1
§mv2 =mgH,v =+/29H

(b) Use the result from (a)

v=1/2gH = /2169 = 4,/2g
= 4V/2- 32 = 32ft /s

(¢) At half way down,
1
imv2 + mh8 = mhlo6,
v=1/2-(16—8)g =4,/g
= 4/32 ~ 22.63ft /s

(d) At half way down the slope of t
tangent to y = 22 is, 2- /8 =
Hence we know that

- =42
Vg
At the same tlme \

(Uy)2 +
2 15"
* 33

g
e =4 /= =~ 3. ft
v = 4y 2~ 3.939 ft/s
29

48. First we compute the speed v of the bowling
ball at the moment when it rolls right out of
the window.

V30
80 = 1683, to = ~—
40

10 = tOUO,'UO = \/ﬁ.

From conservation of energy

1
imv2 = mgh,

1 (40 )2 ,
-m|——] =m
2"\ 30 g

.W/F
éo\

5
The height of the ramp should be 5

5.6 Applications of Integration
to Physics and Engineering
1. We first determine the value of the spring con-

stant k. We convert to feet so that our units
of work is in foot-pounds.

k
=F(1/3) = g and so k = 15.

6
W P

QL
= / @ foot-pounds.

termine the value of the spring con-

. e convert to feet so that our units
k is in foot-pounds.

k
=F(1/6) = g and so k = 60.

L/4 15
= / 60xdr = 3 foot-pounds.
0

3. The force is constant (250 pounds) and the dis-
tance is 20/12 feet, so the work is
W = Fd = (250)(20/12)
= 1250/3foot-pounds.

4. The force is constant (300 pounds) and the dis-
tance is 6 feet, so the work is
W = Fd = (300)(6) = 1800 foot-pounds.

5. If = is between 0 and 30,000 feet, then the
weight of the rocket at altitude z is

1
10000 — T

Therefore the work is

30,000 T
/ (10,000 _ —)dx
; 15

221\ [30:000
10,000z — —
= (10000e - 55)]

= 270,000,000 ft-1b

6. If = is between 0 and 10,000 feet, then the

weight of the rocket at altitude x is 8000 — %

Therefore the work done is
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9.

10.
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10,000
W= /0 (8000 — %) da

= 60, 800, 000ft-1b

The weight of the 40 feet long chain is 1000
pounds. Therefore the weight of the 30 feet
long chain is 750 pounds. The force acting here
is 750 pounds and the distance traced due to
the applied force is 30 feet. Hence the work
done is

W =Fd

= (750) - (30)
= 22500 foot-pounds.

. Let = be the distance of the bucket from the

initial position. Consequently x increases from
0 to 80. As the sand from the bucket leaks at
rate of 2 1b/s, the weight of bucket at the dis-
tance x is (100 — %) Therefore work done is

80 T 22 80
W= / (100 — f) do = (1003: — )
; 2 1),

= 8000 — 1600
= 6400 ft-1b.

(a) W= /01 800x(10x)dx

= (400952 — 820303>

40
= 70 mile-1b

= 704,000 ft-1b \@
Horsepower is not @% 800z(1 — x)
because this is the derfuative with respect

to distance and not with respect to time.

Average horsepower is the ratio of

total work done divided by time:
704,000 ft-1b
——— =16 hp

80 s
100
W= / 62.47(1002 — 22)(200 + z)dx
0

100
= 62.47 / (20,0002 — 1002* — 2°) da
0

= 8,168,140,899 ft-1b

This is the same as Exercise 10.(a) except
the limits of integration change to reflect

that the tank is only filled half way:
50
W= 62.47 (1002 — 22)(200 + z)dx

0
= 3,777,765, 166 ft-1b

PN

11. (a)

e

E—

88—

- =

Let x represent the distance measured (in
ft) from the bottom of the tank, as shown
in the above diagram. The entire tank
corresponds to the interval

0<z< (1 mt=3.281ft).

Let @On the tank into

O¥ T < X2 < ... <z, = 9.843.

u hat 9.843
i —Zio1 = Az = '

O "

for each 1 =1,2,3,,n.

This partitions the tank into n lay-
ers, each corresponding to an interval
(@1, x;].

Let us consider a water layer correspond-
ing to [x;—1,;], which is a cylinder of
height Az and radius 3.281 ft(1mt) . This
layer must be pumped at a distance of
(9.843 — ¢;) for ¢; € [x;-1, ;)

Thus the force exerted in doing so,is

F; ~ (Volume of the cylindrical slice)

x (Weight of the water per unit volume)
~ 7(3.281)° (Az) x (62.4)

~ 2110.31 (Az)

Thus the corresponding work done
W; = 2110.31(9.843 — ¢;) (Ax)

Therefore tl}le total work done

W= lim 2_; (2110.31 (9.843 — ¢;) (Az))
9.843

=2110.31 [ (9.843 — z)dx

o

9.843

22
= 2110.31 (9.843;10 - 2) ’

= 102228.48 feet pounds

0
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Let x represent the distance measured (in
ft) from the bottom of the tank, as shown
in the above diagram. The entire tank
corresponds to the interval 0 < z < 3.281
(as Imt = 3.281 ft). Let us partition the
tank into

O0=20 <21 < T2 < ... < 2y = 3.281.
such that 3 981

r; — xi—1 = Ax = ——— for each
i =1,2,3,,n.  This partltlons the tank
into n layers, each corresponding to an
interval [x;_1,z;]. Let us con51der a
water layer corresponding to [z;—1,;].

Which is a cuboid of length 9.843, widt \
21/6.562x — x2 and height Az.

The width is calculated with the @
the following figure.

P

X

In the above figure O is the centre of the
circle of radius r. OP =r — x,

AP = /12— (r —2)* = V2rz — 2%
AB = 2\/2rz — 2

The said layer must be pumped at a
distance of (2r —¢;) for ¢; € [xi—1,24).
Thus the force exerted in doing so, is
F; ~ (Volume of the cuboid shaped slice)
x (Weight of the water per unit volume)
= (length x width x height) x (62.4)

~ (9.843 % 2v/6.5622 — 22 x Ax) X

10
W= / axdx OOa
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(62.4)

~ 1228.411/6.5622 — 22 (Axz)

Thus the corresponding work done

W; = 1228.41v/6.562x — 22 (6.562 — ¢;) (Ax)

Therefore the total work done

W = (1228.41)
n
; V6.5627 — 22 — e
X lim Z; ( 6.5622 — 22 (6.562 — ¢;) Am)
i—
6.562
= 1228.41 / vV 6.5622 — 22 (6.562 — x)dx
0
= 136304.64 feet pounds

12. We set up our coordinates similar to Example

6.3, with x representing vertical distance from
the vertex (t ottom of the tank). If slice
the water i izontal slices, these slices have

radius x
nx?
i Az = TAZ‘. The weight density

ter is 62.4, which gives the force exerted
his slice of water as 15.6m22Az. This slice

f water must travel up a distance of 10 — x
and therefore the work required to pump this
slice out of the tank is

W; =~ 15.6mr2? Az (10 — z)
~ 15.6(10 — z)Tr?Ax

Now, we add up the work for all the slices and
turn it into an integral.

W= / 15.6(10 — z)72’dx
0

ES

~ 40841 foot-pounds

nd the volume of a cylindrical

Wi = / ardr = g
0 2

w 2 1100
Wi = 5 gives - = 5550

= /50 ~ 7.1 feet

The answer is greater than 5 feet because the
deeper the laborer digs, the more distance it is
required for him to lift the dirt out of the hole.

. By calculation, the width at x feet depth is

5 — x/2, therefore

* 1
W(z) = /0 (5 - 2) dt = v522?% — §x3
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15.

16.

17.

18.

19.

20.
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W(6) = 66

1
Solving §m2 — —2% =33 we get

9
T ~ 4.0 feet

We estimate the integral using Simpson’s Rule:

.0008
J:/ F(t)dt
0
.0008

308)

+ 4(4000) + 2(5000) 4 4(5200)
+ 2(2500) + 4(1000) + 0]
~ 2.133
213 =J =mAv = .01Av
Av = 213 ft/sec
The velocity after impact is therefore
213 — 100 = 113 ft/sec.

[0 + 4(1000) + 2(2100)

We compute the impulse using Simpson’s rule:

.6
R —— 4 2(1
306) [0 4 4(8000) + 2(16, 000)
+4(24,000) + 2(15,000) + 4(9000)[5pt] +0]
~ 7533.3
7533.3 = J = mAv = 200Av
Av = 37.7 ft/sec

Since the velocity after the crash is zero, thi \
number is the estimated original velocity. %

F’(t) is zero at t = 3, and the maximum
is F(3) = 30/e ~ 11.0364

It is implicit in the drawing that
is zero after time 6. Therefore

6
/ 10te™"/3dt = 90 — 2706_\
0 @

The impulse is

6
J = F(t)dt = 48. The impulse of Exer-

0
cise 17 was about 53.55 which means that the
rocket of Exercise 17 would have greater veloc-
ity and therefore a higher altitude.

@Q

m = / dr =15
M = / dr = 48
Therefore,

M 4

m 15 5

So the center of mass is to the right of x = 3.

%) de = 15

m:/ 3 —
0
M—/06x<3—§>dx—42

So, therefore

M 42 14
= = = — = 2 .
X 1 5 8

m
So the center of mass is to the left of x = 3.
27 2
1 r+3
21. = — d
" /_3<46+ 690) v
3127
690 n r+3
3 46 690
~ .0614 slugs =~

3271 r+3 2
22. m = = d
" /0 (46 * 690 ) v

~ 0.08343 slugs ~ 42.418 oz

27 2

1  z+4+3
23. M = —+—1] d
/ Y + 690) T

0208
% ~ 16.6 in.
ches less than the bat of Example
ﬂectlon of the translation three inches
@ he left on the number line.
32
M / x +3 dm
46 690

~ 1.72495

31.5 oz

& |

H

T = M = 20.6745

m
Compared to the baseball bat of Example 6.5,
this baseball bat is longer and therefore has
more mass further out.

30
25. m= / .00468 (16 60) dz

~ .0614 slugs
30
3 x
M = 4 d
/ .00468x (16 60> T

= 1.0969
weight = m(32)(16) = 31.4 oz
M 1.0969 .
T= o T oew TTAR

26. The center of mass of the wooden bat of Ex-
ample 6.5 is at 19.6 inches. The center of mass
of the aluminum bat of Exercise 25 is at 17.8
inches—moving the sweet spot to the inside.

27. Area of the base is 5 3+1)=2.
Area of the body is 1 x 4 = 4.

1
Area of the tip is 5(1 x1) ==
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28.

29.

Base:
5
3 —2x)dx = — ~ .4167.
m= / x) B 6
Body:
5
m:/ pdx = 12p
1
T=—=3
m
m = / 6 — z)dx =~ 2.67p
16
_:———~533
. m 3

We use the coordinate system as in Exercise 29,
with £ = 0 corresponding to the left of the
rocket.

5
From Exercise 27, the base has total mass gp

and center of mass at z = E

From Exercise 27, the body has total mass 12p
and center of mass at x = 3.

1
From Exercise 27, the tip has total mass Ep

and center of mass at z = 3

The total mass of these three particles is

40
m= 3 p and the moment of these particles'i

() () @
+(2) (3) (g

2809
T’
The center of mass of the system is

__ M _ (2809 3
“m o\ 2 ”) \aop
2809

= 092

g60 ~ 2920

The z-coordinate of the centroid is the same
as the center of mass from z = 0 to z = 4 with

density p(z) = 2% hence

M f04 3/2-2%dr 8
r=—-——= -

m f04 3/2-xdr 3
The y-coordinate of the centroid is the same
as the center of mass from y = 0 to y = 6 with

2
density p(y) =6 — gy, hence

= M f02/3 ( 2)dy:
mo o [Sy3. (6--y)dy

347

So the center of the given triangle is the point

(8/3,2).

o= ———TTT—T"—TT
00 04 08 12 16 20 24 28 32 3.6 40

30. Again we ne@ find both the z-coordinate
and y- % of the centroid. But in this
case, sirlge @gérything is symmetric, in fact we

ee that the centroid is going to be

00 08 16 24 32 40 48 56 64 72 80

31. This time the z-coordinate of the centroid is

obviously « = 0, so the question remains to
find the y-coordinate.

This is the same as finding the center of mass
from y = 0 to y = 4 with density

y) = /4 —y, hence

M fyuv/A—ydy
m fo VA —ydy
—f40(4ul/2 —u?/?) du
—f40 ul/2 du
(8/3- %2 —2/5-w52)|,

2/3- u3/2|§

y=

8
5

So the centroid is the pint (0,8/5).
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32.

33.

34.

35.
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This time the y-coordinate is obviously y = 0.
The z-coordinate can found using the density
p(z) =2z, from z = 0 to x = 4, and

M [l2atdr 8

m f04 2zdz 3
So the centroid is (8/3,0).

4.0—

f:

3.2

2.4—

1.6—

0.8—]

0.0—

0lo
—0.8—

1.6+

—2.4—

3.2

—4.0

With « the depth, the horizont is a
linear function of x, given b\i— . Hence,
60
F= / 62.42(z + 40)dx(b
0

3 60
—62.4 <% + 201;2) — 8,985,600 1b

0
In this case, we just change the limits of inte-

gration.
60

62.4z(z + 40) dz = 8,840,000 1b

F =
10

Let x be the vertical deviation above the cen-
ter of the window, the horizontal width of the
window is given by 21/25 — x2, depth of water
40 + z, and hydrostatic force

5
62.4/ (x +40)2v/25 — 22dz
-5
5
= 62.4/ 224/25 — 22dx
5

5
+ 62.4(40) / 2/25 — 22dz
5

~ 196,035 pounds.

Let x be the distance from the surface of the
water. For a given value of z, the width of the
window is constant, 40. The force exerted on
the window by a slice of water, of depth x is
F; =~ (62.4)(40)zAz.

36.

We sum these forces up over the height of the
window and turn it into an integral:

10
P / (62.5)(10)dz — 31,250 Ib,
0

. Assuming that the center of the circular win-
dow descends to 1000 feet, then by the previous
principle, after converting the three inch radius
to 1/4 feet, we get F' = 12,252 pounds. An al-
ternate calculation in which x is the deviation
downward fr e top edge of the window,

would be @
F= 374(999.75 + )

0

.25)2 — (0.25 — x)2dx

0.5
. & / 124.8(999.75 + )/ 0.5z — 22dx
0
*

~ 12,252 1b

. Due to the fact that the size of the watch is so
small, we can assume that the force will be ap-
proximately the same regardless of orientation
of the watch.

The hydrostatic force is given by F' = pdA
where, p is the density of the water (62.4),
d is the depth (60), and A is the area, A =
7(1/12)%

Putting these together gives

F ~ (62.4)(60)(m/144) ~ 81.68 1b.

. (100 tons)(20 miles/hr)

(100 - 2000 1bs)(20 - 5280 ft)
3600sec
~ 5,866,667 ft-1b/s
5,866,667
- 550
~ 10,667 hp

hp

40. This is a matter of slicing and approximating.
Divide the subinterval [a, b] into n equal subin-
tervals. Then, we take the limit as n — oo,

which turns the Riemann sum into an integral.
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n b .
. Therefore the second moment is
J= nlgr;OZF(ti)At = /a F(t)dt M = My — M,
= _ T 3b 3 b
41. The bat in Exercise 23 models the bat of Ex- =Py [a —(a—w)*(b— w)]

ample 6.5 choked up 3 in. ) ) .
45. Using the formula in Exercise 42, we find that

From Example 6.5: the moments are 1323.8 for the wooden racket,

2
fz) = (1 + x) : 1792.9 for the mid-sized racket, and 2361.0 for
46~ 690 the oversized racket. The ratios are
27 ) mid 135 over 178

i f(z) - z°dx = 27.22. wood ~ %% wood ~
F E ise 23: dM

rom xerl(nse s 9 46. E — p4 [SCLZb _ (CL _ w)Q(b _ w)]
Jc($)_<46jL 690) ; Sincea >a—wand b>b—w

27 , dM
f(z) - 2°dx = 20.54. e 0.

- Therefore as a increases, M increases.
Reduction in moment: dM T 5 3
27.22—20.54%245% T =hy [3@@ (b—w) + (a — w)?]

27.22 ' AM
It is ea that — > 0. Therefore as w
" i Iaking the rack
42. ) d incr increases making the racket more
"= / <4(;Jr 690) v St@

- /28 (912 " 6350) o ()OProbablhty

~ 0.05918 slugs.
28 1 2 \2 \ f(x) =42 >0for 0 <z <1 and
M:/o x<46+690> & @Q /14x3dxx4|(1)101
+/30x(1+$)2dx Q O 3
08 92 690 2. f(z) = 8:r2 > 0 on the interval [0,2] and

~ 1.1398 slugs 23
M ridr = 1.
T =— ~19.258 \ 0 8

m

The center of mass move
fl@)=2+223>0for 0 <z <1and

43. 2 2de == 1 z2 4t
/_a pe = oma’h / (@t2:8de =2 4+ 2| =1
0

22,

w

44. If the racket was solid wood, then the second
moment would be 4. f(z) =cosz > 0 over [0,7/2] and

a 1'2 - /2

My = / 2pbr?\ /1 — — dz = p—a’b / coszdxr = 1.
—a a 4 0

But, the racket is not solid wood. We have

to subtract the contribution to the second mo- 5. f(z) = 1 sinz > 0 over [0, 7] and
ment from the empty space. This amount is ” 2 1 -
equal to the second moment of a smaller wood / Zsingdr = = —cosz| =1.
racket: 0 0
M, = / 2p(b — w)z? 6. f(x) =e "% >0 over [0,In4] and
—(a—w) In4 In4
/ e 24y = —2e%/? =1.
2 0 0
(a—w) 7. We solye for ¢:

= p%(a —w)3(b—w) 1= /0 catdr = g which gives ¢ = 4.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

CHAPTER 5.

. We solye for c:

1:/ cx+m2dx:E+
0 2

w| =

4
which gives ¢ = 3

. We sol}le for c:

1= / ce 1 dx = —2(6_4 -1
O 4
4

— €

which gives ¢ = —-

‘We soléfe for c:
1= / 2ce™Cdy = 2 — 2e7%¢
0

1
which gives ¢ = 3 In 2.

‘We solve for c:

C 1 1
——— =ctan
/0 1+ 22 0

~ 1.2732

P(70 < 2 < 72)

! 08(z—68)2
—e r= dl‘ .
70 V21
P(76 < X < 80) @
80
0.4
e~ 0-08(z=68)% 10 ~ 0.00068634
v
P(84 <z < 120)
120 4 2
— ——— e 0868 gy ~ 776 x 1071
g1 V2r
P(14 < X < 60)
0.4
e~ 0:08(z=68)% 1o (0.00068714
v

1 1/4
P <O <z< ) = / 6e 5 dx
4 0

b (1)/4 = (=732 4 1) ~ 77687

0.5
P(0< X <05)= / 6e~5%dx ~ 0.95021
0

19.

20.

21.

.. O

26.

APPLICATIONS OF THE DEFINITE INTEGRAL

2
P1l<z<2)= / 6e % dx
1

76x 712

+ e %) ~ 00247

;=

10
PB<X <10)= / 6e %% dx
3

~ 1.52300 x 1078

1
PO<z<1)= / dxe 2 dx
0

=1-3e"2~ .504

2
.P1<X<2)= / dre”**dx ~ 0.31443

10
. Mean: x@% dx ~ 0.9999995

um is at £ = — and the mean is at

f .31443.

vvvvvvvvvvvvvvv

b 1
(a) Mean: pu = / zf(x)dr = / 3x3dx
a 0
3
=-=0.75
4
(b) Median, we must solve for m:
= / f(z)dz = / 3x2dr = m?
a 0
1
which gives m = — ~ 0.7937.
i V2
b 1
(a) Mean: u :/ xf(x)dx :/ 4zt dx
a 0
4
=_-=038
5
(b) Median we must solve for m:

/fdx

which gives m = —
g ﬁ

/ 423de = mt
0

~ (0.8409.
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b
27. (a) Mean: ,uz/ xf(x)dz

) Median, we must solve for m:

b
28. (a) Mean: u = / xf(x)dx
a
1
2/7
= | —— | dx
/0 (\/1 - x2)
~ 0.6366
(b) Median we must solve for m:
/ f(x)dx
m 2/m
— | dx
/0 (\/1 - xz)
_2 sinflx‘m
= : o
=— (sin_lm - 0)
= Zsin~'m @
T 7r
= m = sin ~ 0.7071 @
AN
29. (a) Mean: u= / mf(x@
T 1 @
= / —xsinzdz
0 2
1 . Tooq
—(sinz — zcosz)| =—
0 2
(b) Median, we must solve for m:
1 m
5= /a flx)dx
m 1
= sinzdz = = (1 — cosm)
0 2
which gives
m = cos™*(0) = % ~ 1.57.
b
30. (a) Mean: pu= / xf(x)dz

(b)

1 a
4
0 1+
Median, we must solve for m:

= / f(x)dx

' 4/m
_/0 (1+x2>dx
4

) dr ~ 0.4413

N | =

= m= tang ~ 0.4142

/2
:/ x cos xdx
0

- g — 1~ 0.57080

31.

32.

34.

. Density f(x) =ce™

/fdm

:/ cos xdx = sinm
0

l\')l»—\

which gives m = % ~ 0.5236.

Deunsity f(z) = ce™

b
1:/ ce ¥ dx
0

_ 6 _ax|” S b
U e A
- 4
T _em
Asb—o00,c— 4
4

= e (1 +4b)]

— e~ (1 + 4b)
4(1 — e=4b)
Now, takmg the limit,

hm W= 4

b
1:/ ce %% dx
0
b

_ _ce—Gx

6

_ 6
11— 6P

Asb—o00,c—6

b

,u:/ xee 5% dx
0
—6¢

= 35 (=6x —1)

b

0
ce0b c

= —6b—1
TR ET:

1
Asb—)oo,u—>6

A
1—eab
1—e®(1+ab)
b= a(l —e—ab)
1
lim p =

b—oo a

CcC =

4 10,0],b > 0

6z 10,b] ,b > 0

351
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35.

38.
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To find the probability of these events, we add
the probabilities.

(a) P(X > 5) = 0.0514 + 0.0115 + 0.0016 +
0.0001 = 0.0646

(b) P(X < 4) = 0.0458 + 0.1796 + 0.2953 +
0.2674 + 0.1473
= 0.9354

(¢) P(X > 6) = 0.0115 + 0.0016 + 0.0001
=0.0132

P(X =3or X =4)
= 0.2674 + 0.1473
=0.4147

P(X =2o0r X =3) =0.441 4 0.343
=0.784

P(X >1) = 0.189+0.441+0.343 = 0.973

Suppose the statement is not true. Then
there must be a game before which the
player’s winning percentage is smaller
than 75% and after which the player’s
winning percentage is greater than 75%.
Then there are integers a and b (note that
a>m,b>nand a—b=m—n), such

At g +1_3

a a
E<Zandm>ZThen
4a < 3b, and 4a+4 > 3b+ 3

3b+4>4a+4>3b+ 3.

O

But there is no integer betwee two
numbers 3b+ 4 and 3b+ 3 us such
situation will never ha hus there

must be a game aft

Using the same argument as in the previ-
ous problem, we can conclude that:

If after a certain game, a game player’s
winning percentage is strictly less than

100——,
kE+1
eral games in a row so that the win-

and then the player wins sev-

k
ning percentage exceeds 100m, then
at some point in this process the player’s

k
inning percentage is exactly 100——.
w gp g Xactly P11

First the first quartile, we solve
C

0.25 = In 2e~ (" 2)2/2 4,
0

—9 (1 _ 67(1n2)c/2>
Solving gives
c¢=—2In(7/8)/In2 ~ 0.3853 days.

O

39.

40.

\ 5
F@we have p = 68 andazé.
@ c<X<p+o)

For the third quartile, we solve
c

0.75 = In2e~(n2)2/2 4,

0
—9 (1 _ 67(1112)5/2)
Solving gives
c=—2In(5/8)/1In2 ~ 1.3561 days.

4 2
o—-08(z—68)

f) = o
Fla) = —\;;4 (@ — 68)6—.08(x—68)2
#(z) = _'0646—.08(90768)2

V2
- (1—.16(x — 68)?)

The second derivative is zero when
x— 68 ==1/, 6=+41/0.4=45/2

Thus the d deviation is 5

(65.5 < X < 70.5) ~ 0.6827

. C)P(M—20§X§/H—20)

L 4

X

42.

= P(63 < X < 73) ~ 0.9545
P(u—30c <X <pu+30)
= P(60.5 < X < 75.5) ~ 0.9973

f'(p) =mp™ (1 —p)

f'(p) =0 when p = % and
f’(p){ 0

>0
Hence f(p) is maximized when p = Ly

if p<m/n
if p>m/n

n
In common senses, in order for an event to hap-
pen m times in n tries, the probability of the
event itself should be about m/n.

In the picture, although it might appear that
y > 1/2, the conditions are that 0 < y < 1/2,
and the labeling in the drawing implies that the
lower line is the closer. This is indeed always an
allowable assumption (by turning the picture
upside down if necessary). In the right triangle
whose hypotenuse is the lower half-needle, the
vertical side is of length (sin#)/2. Therefore
the needle hits the lower line if y—(sin §) /2 < 0,
or if y < (sinf)/2. As to the actual probabil-
ity ratio, the denominator is just m/2, while

the numerator is
cos _fcos7r+cos0_2_1
2 |, 2 2




5.7. PROBABILITY

43.

44.

45.

The total probability of hitting a line is thus
2/7 ~ 63.66%.

To find the maximum, we take the derivative
and set it equal to zero:

#(z) = —2az(bz — 1)(ba + 1)e """ = 0. This
gives critical numbers z = 0, £—.

Since this will be a pdf for the interval [0, 4m],
we only have to check that there is a maximum

1
at 7 An easy check shows that
1
f'(z) > 0 on the interval {0, b] and

1
f'(z) < 0 for x > —. Therefore there is a

b
1
maximum at © = m = 3 (the most common
speed).
To find a in terms of m, we want the total

probability equal to 1. Since m = —, we also

b
1
make the substitution b = —.

m
4m

1= az’e™" /™ dp
0
Solving for a gives

4m 5 N
az(/ e " /™ dy

0
Note: this integral is not expressible in ter
of elementary functions, so we will leav

this. Using a CAS, one can find tha

a = 2.2568m*

F(t) = t=3/2¢0-38t=100/¢ @

/ k- f(t)dt =1 for k% 18.
0

30
/ 0.000318 - f(t)dt ~ 0.0134
20

-1

The probability of a 2k-goal game ending in a
N RO
2k)---(k+1

(2k) = pE(1 —p)k

= Tme PUY
f(2k) < f(2k — 2) for general k.

f(2k) 2k —1

=2 1-—

f2h—2) P (L—-p)
Here Bl :2—%<2.

On the other hand,
2
R R +1>0
2 =2 U,p p 1=
p(1—p) <
2k —1

fQ2k)
Fok—2 2 rd-p)

e

1

2
— < —
p p_4a

Now we get

R

46.

47.

353

1
<2-2- 1= 1. So f(2k) < f(2k —2). In other
words, the probability of a tie is decreasing as
the number of goals increases.

The probability HT'T appears first is the mean
of that probability over the four possibilities
for the first two coin tosses.

Let P(HT) be the probability HTT appears
first following HT.

Suppose the first two throws are HH. Then the
third throw can be either H or T. If it’s H,
then we are back in the same position: the pre-
ceding two throws are HH. But if it’s T, then
player B has won. So the probability of player
A winning in this case is 0. Putting the two
possibilities for the third throw together, as a

mean, the pr@ility that player A wins fol-

lowing HH is:
P (HH) @P(HH) + % x 0= %P (HH).

se the first two throws are HT. If
d throw is H, then neither player has

@, and the probability HTT will ultimately

s (by definition) P(TH). (The last two

C)throws were TH.) On the other hand, if the

third throw is T, then player A has won! So
this time the weighted mean for the probabil-
ity that player A wins, following HT is:

1 1 1 1
P (HH) = 5 x P (TH) + 5 x 1= P (TH) + 5

Similarly, we get

P (TH) — % « P (HH) + % « P(HT) and
P(TT) = % x P (TH) + % x P(TT).
Therefore, we have

PHH) =0

P(HT) = P(HT)/4 + 1/2 P(HT) = 2/3
P(TH) = P(HT)/2 =1/3

P(TT) = P(TH) P(TT) = 1/3

The mean of these four results gives us the
probability of HTT appearing before HHT is
1/3. Hence, the probability of HHT appearing
before HTT is 2/3. Therefore, player B is twice
as likely to win.

(a) The functions f (x) and g () are the pdfs,
such that f (z) = a + bx + ca?;
f(a?) =g(a).
Therefore by definition,
);g(z) >0 and

/f dm—/ g(x)dr =1

Consider f(x) = a + bxr + cx? and
g(z) = f(2?) = a + bx? + cx?.
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1
Thus, 1 :/ f(x)dx
0

1
:/O (a+bx+cx2)dm 4.

1

1‘2 1‘3
P b‘
(az + 5 + 0—3 )

Solving (1) and (2), we get,
4c c
b=——5a=14+—

5 15’ 6.

4
Thus f (z) = 1—&—% - gcx—l—ch
15cz? — 12cz + ¢ + 15)

or f(a) = -

(b) Mean of pdf g:
b

L 4
M:/ xg(z)dx Q
a
U (15ca* — 12c2® + ¢+ 15 @.
:/ x( cT cr c )daz
0 5 Q
1 1
:7/ (150335—1209534-(0@) dx
15 Jo
1 (152 12cat 15) 22\ | 7.
15\ 6 4 \ 2 0
=05

(o

Ch. 5 Review Exercises

1. Area :/ (m2+2—sinx) dx 8
0

™

23
= <3 +2x+cosx)

3

T
= — 4+ 21 -2
3+7r

0

1
2. Area z/ (" —e ") dx
0

1

=" +e )| =ete -2
0

1
3. Area :/ - (2:E2 - x) dx
0

CHAPTER 5. APPLICATIONS OF THE DEFINITE INTEGRAL

First solve 22 — 3 = —z2 + 5 to find that the
intersections points are r = —2, 2.

Area = /_2[(—:152 +5) — (2* — 3)] da

2 . 2 64
= (39c ““) =

. Solving e™® = 2 — 22 we get

x ~ —0.537,1.316

1.316
Area ~ / (2—2"—¢")da

—.537

? 8
.Areaz/ i dr = -
0 3

. If P is the population at time ¢, the equation

1S

P'(t) = birth rate — death rate
—(104+2) — (441) =6+t

Thus P = 6t + t2/2 + P(0), so at time t = 6,
P(6) = 36 + 18 + 10,000 = 10,054.
Alternatively,

6
A:/O [(10 + 2¢) — (4 + t)]dt
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10.

11.

12.

13.

14.

=54

:/06(6+t)d <6t+t;> O

population = 10,000 + 54 = 10,054

For this we use Simpson’s rule on the function

(f = 9)(x).

| @ - gy as

032[(32 1.2)14(3.5—1.5)+2(3.8—1.6) +
4(3.7-2.2)4+2(3.2-2.0)+4(3.4-2.4) +2(3.0—
2.2)+4(2.8—2.1)+2(2.3-2.3) +4(2.9-2.8)+
(34— 2.4)]
~ 2.1733.

2
V:/ (3 +x)* dz
0

2
:71'/ (9 + 62 + 2?) dx
0
3 2
7 <9x+3x2+x3)

987

3

If we consider slices perpendicular to the z-
axis, then the area of a slice is equal to (10 +
2x)(4 + z) (length times depth). We mtegrat
the areas from x =0 to x = 2:

Area = /02(10—1—236)(4-1-:10) dx Q

0

4
= % ~ 121.33 cubic feet.
Use trapezoidal estimate: \
0.4
V:O.4<2+1.4+18 +21

0.4
+1.8+1.1+ 2)

0
4
) v:/0 (2 1 7)’dy
—Aw@—ﬂW@

4
7'('/ (4+4y1/2+y
0

1/2

77/ (=2t — 422 + 32) da

5 43 2
:ﬁ(_x_ugzx)

) 3

-2

4 2
Y
4—=—1\d
9 +107T 167
= 27 ——
3 3

355
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(d) V = /2 7T[(4 _ .’E)2 _ (4 _ 2%)2] dx (d) Meth0(12 of shells.
s V= [ -l

1 —(y* —4)]dy
17. (a) V= /0 2ry((2 —y) — y)dy 208w

1
= 27r/ (2y — 2y°)dy
0

3
1
1 19. s=/ /14 (423)° dx ~ 3.2
~1

0 0
o 20. 5 — / 1+ (22 + 1)2dz ~ 1.14779

= ? -1

1 ) 2 e®/2\ 2
(b)V:/w(Q—y)dy 21.5/ 1—|—< 5 ) dr =~ 4.767
0 -2
1

—/ m(y)*dy m

0 22. s :/ JH@W@ ~ 5.27037
0

1
© V= [ w(@-v+ 12 1
0
! 8= | 27m2®\/1 + 92t dr =~ 3.56312

- / m(y+1)%dy . 0
0
1 "
5. h"(t) = -32
v @. B (t) = —32t
- 7r/0 (y™ +2y + 1)dy Q h(t) = —16t + 64
. /1 (8 — 8y)d @ This is zero when ¢ = 2, at which time h/(2) =
a 0 y)ey —32(2) = —64. The speed at impact is re-
=7 (8y — 4y2)|(1) = 4r ported as 64 feet per second.
@) v /1 om (4 )((@ \d 26. In this case we have the equations
= 71- _ J—
0, Y e W (t) = —32
h(0) =64 h'(0) =14
=2 -1 2y
7r/0 (8 =10y +2y7)dy W (t) = —32t + 4
2.3\ | h(t) = —16t% + 4t + 64
:27r(8y—5y2+y) (.).
3 /o This is zero when
_ 22n 1+ /257
3 t=to=—%—
18. (a) Method of shells. Therefore the velocity at impact is
? N —32(1 + /257)
V= 2myl(4—y°) - (y° —4)]dy h/(to):f+4
0
= 167 = —4V/257 ~ —64.125 ft /s
2
5127
(b) V= / (4 —y*) dy = T 27. " (t) = —32,2"(t) = 0,

y(t
y(0) =0,2(0) =0
y'(0) = 48sin (g)

(
0) = z
5197 x(O)f48cos<9>
-3 ¥ (0) &~ 16.42, 2/ (0) ~ 45.11

2
2

(0) V= / 78— 4?)% — '] dy
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28.

29.

30.

y'(t) = —32t + 16.42 Integrating and using the initial conditions
y(t) = —16t* 4 16.42t gives
This is zero at t = 1.026. Meanwhile, y’/ (t) = —32t + 80sin @
1) = 45.11 x'(t) = 80 cos 6
@'(¢) = 45. y(t) = —16t> 4 80t sinf + 6
o(t) = 45.11¢ o x(t) = 80t cos O
2(1.026) = 45.11(1.026) =~ 46.3 ft This is the
horizontal range. We solve for the time when the ball is 40 yards
down the field:
In this case we have the equations 120 = z(t) = 80t cos
y'(t) = —32,2"(t) =0 Solving g:i))ves
y(O):6,x(0);O - toztzisecﬁ
y'(0) = 48sin g, 2'(0) = 48cos 5 The height at this time is
LT 2
y'(t) = —32t—|—4851n§ y(to) = —16 (2 sec@)
2'(t) = 48 cos g

+ 80 <Zse09 sinf + 6

y(t) = —16t% + 48t sin — + 6
- 9 = —36sec” 0 tan6 + 6
x(t) = 48t cos — ) o
9 Let us the ball is catchable if it is be-
We now solve y(t) =0 or twee feet high when the ball reaches
th point (the player can dive or jump

— 2 1 z =
1667 + 48t sin 9 +6=0 tch a low or high ball). To determine when

which gives ¢t &~ 1.3119, this is the time of flight. occurs, we graph the function and see that
The horizontal range is r the ball to be catchable it must be thrown

¢ with angle in the range:
(1.3119) ~ 59.17 feet. \0 15.93° < 6 < 19.51°
y(0) =6,2(0) =0 @
2
4/ (0) = 80sin (42) ~ 11.13, Q -
y"(t) = —32,2"(t) =0

Y (t) = —32t +11.13 \@
y(t)=—16t2+11.13t+6(b A A AR S
x'(t) = 79.22 /

x(t) = 79.22t .

This is 120 (40 yards) when ¢ is about 1.51. At
this time, the vertical height (if still in flight)

L

, 27
= —_ ~ 22
z'(0) = 80 cos <45 79

IS
T S R N B B

L

31. n(t)=-32

would be ,
y(1.51) = —16(1.51)% + 11.13(1.51) + 6 h'(0) = vo
— _13.6753, h(0) =0

: . : : R (t) = =32t + vo
Since this is negative, we conclude the ball is This is zero at ¢ = vo/32.
not still in flight, has hit the ground, and was o 2 w02
not catchable. h (3*2> =—16 <322 32" 64
If we repeat Exercise 29, but we’ll leave the If this is to be 128, then clearly vy must be

. . o 27

angle as 6 (we will plug in § = 24° = i later V/(64)(128) = 64+/2 ft /sec.
t00).
Our equations become Impact speed from ground to ground is the
y(0) =6, z(0)=0 same as launch speed, which can be verified
y'(0) =80sinf, 2'(0) =80cosf by first finding the time ¢ of return to ground:

y'(t) = —32, 2"(t)=0 —16t% + vgt =0
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32.

33.

34.

35.

CHAPTER 5. APPLICATIONS OF THE DEFINITE INTEGRAL

t= /16 36. m = 2(x2—2x+8)dx:7
and then compiling ) o
2
44
h/ (00/16) = —32(’00/16) +vg = —g M = / x(xz — 2x + 8) dx = 3 .
0
We want to determine how far in the z- T = M -1
direction the drop travels. We have initial con- m
ditions The center of mass is at one because the den-
z'(0) =100, z(0) =0 sity function is symmetrical about the point
()—Oy()—lZO x = 1. (The graph of y = 2?2 — 2z + 8 is a
x'(t) = 100, z(t) = 100t, parabola with vertex at = 1.)
y'(t) = —32t, y(t) = —16t> + 120 %
We first solve 0 = y = —16t% + 120 to get 37. F :/ 62.42(140 — z) dx

/15
t = Ch This is when the supplies hit the

ground. We plug this into the equation z(t) to
determine how far the supplies traveled.

624 ( )
1 /1
x 15 =100 15 ~ 273.86
2 2 = 30/3)
So, the supplies should be dropped 273.86 feet i~ 600 b

before the target.
= 4(20)x dx = 46800 1b

—624/ 140x—x dzr

F=kx, 60=k-1, k=60 .

W = /2/360xdx— 30z 2|2/3 Q\g. J =~ 0?) {0 + 4(800) + 2(1600)

30-4 40 + 4(2400) + 2(3000) + 4(3600)

== =5 frb Q +2(2200) + 4(1200) + 0}

=1.52

Remember to convert miles to fe
8 & J =mAv
W= /0 (800 + 2z) dx \ L5 — 01A
= 6464 mile-pounds Av =152 ft/s
= 3.413 x 107 foot-pounds. 152 — 120 = 32 ft/s
2
m = / T _2$+g)d 40. J:/ 3000¢(2 — t) dt = 4000
0
4

_ <x +8x) 7& Since J = mAuw, wehaveAv:%:élOand

3 0 3 the speed before the collision must have been

40 feet per second (about 23.7 miles per hour).

4 41. f(z) = = + 22> on [0, 1]
:/ (o — 207 + 82) da F(@)>0for 0<a <1 and
0
4 9.3 4 9
:<w_x+4xz> _ %6 ! \ 2 at\|
PR 0 3 /(x—|—2m)dx: T =1
s M _ % 25616 ’ ’
m 1712 112 7 42. The function is positive on the interval, and

Center of mass is greater than 2 because the In2
object has greater density on the right side of / §6*2w de = 1.
the interval [0, 4]. o 3
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43 1
) 2 2 47. (a) u:/ z (z+22%) dz
c —c —c c
1z T |y 2 2 3 51
x 2z 11
Therefore ¢ = 2 = 3-1-70—1—5%0.7333
44. We want to solve for ¢: c
. (b) —:/ (z +22°%) da
c 0
1= 2 dr=—-(1—e8
/oce v 2( <) _:c2+x4c_02+c4
T2 2, 22

Solving gives

9 Therefore ¢ + ¢* =1,

Czl_e_s. \/_
-1
. c:\/+5m0.786

5
45. (a) P(x < .5) :/ 4™ dy
0
= M7 =1-c?x 864 2
1 48. (a) p= @521 dx
(b) P(5<z<1) :/ 4™ dx;
) ° =\ n2~ 0.26895
= —e M| =—e et 1T
e ( he median, we have to solve the equa-
1 .
46. (a) P (X < —) :/ 9ze 3% dx O ot
e O

m
4
5 . 0.5 = /0 26_2”” dx = §(1 — ™)

=

=1- Ze—l/‘l ~ 0.026499

*
1 ! Q\ o
(b) P (5 <X< 1) :/ 9re™3% dy % Solving gives
1/2
1
= ge*?’/? — 4¢3 ~ 0.35868 @Q m = 5 In(8/5) ~ 0.23500

N
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Chapter 6 <<l 3l k73l

Integration
Techniques

6.1 Review of Formulas
and Techniques

. /e‘””dx =

2. /cos(ax)dm _1 sin(ax) + ¢, for a #
a

—

1
—e* + ¢, for a #£ 0.
a

25

| e 1_1()(1)

S|

Lo

]

Letu:E du :fdar and |au| = |z|.
a’

/ |au| \/1;27

:W/|u|\/u21 "
(u) +c

= —gec”!

|al
b
= —sec ! (E) +c a>0.
a

lal
) 1
5. /sm(Gt)dt =5 cos(6t) + ¢

1 Q
z du = —dz. @
a
1

0. ¢

O

dx

360

1
6. /sec?ttathdt = §seCQt+c

7. [ (2? +4)%dx = /(w4 + 827 + 16)dx

5
8
=%+§x3+16x+c

8. /x(x2 +4)%dr = /(x5 + 82 + 16x)dx
.7;6
= €+2x4+8x2—|—c

3 3 x
9. ——dr="tan ' =
16 2= gt gre

NIE TS

204 — (x+1)?)2 + C

L 4

T2

_ 1

2

- /4
4

13. —d

/ +2x+x2x

° 1
4/4+(x+1)2
. [

—(z4+1)2+c

dr = 2tan~! (m;—l) +c

4xr +4
—  _dx
542z + x2

2(x+1) 9
—o [ 2T o4 1
/4+(:c+1)2 v=2Infd+(z+ 1) +ec
At
15. [ — @
/5+2t+t2
/ At 44 / 4
Y e S PR . S
5421 + 12 5121 + 12

= 21n’4+(t+1)2’ — 2tan”~

NG
—_— C
2

t+1 2(t+1)
t24+2t+4 (t+1) +3
1
zfln‘(t+1)2+3’—|—c
17 /3 2xdm__ 3 2x+c
18. / *de*ff 6z 4 ¢



6.1.

19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

REVIEW OF FORMULAS AND TECHNIQUES

2
Let u=1+ x2/3, du = Z2713dx 30.
4 3 .
[ syt =4 (5) [
=6Injul+C =6In[1+2%3 +¢
5 31.
Let u=1+ x3/4,du = fol/‘ldx
2 2
/xl/4_~_$dﬂ::/3,31/4(14_353/4)6%U
4 8
=2 (3)/u‘1du: §1n|u|—|—C' 39.
8
:§ln\l+m3/4|+c
Let u = d 7d
et u =z, du = NG x
sm\f 33.

= 2/sinudu

f
= —2cosu+C = —2cosy/z+c
1 1
Let u=—,du=——dz
135 T
/Mdﬂc: —/cosudu
T
= —sinu+C =—sin— +¢ .
T

Let u = sinx, du = cos xdx

\0
™ ) 0 ‘-<::-

/ cos ze®" *dx :/ e'du =0 %

0 0

N\

9 35.
Let u = tanz, du = sec” xdx ®
w/2 1
/ sec? et Ty = / e“du@
0 0
1
—e%| =e—1 @\
0
0
/ sec x tan xdx 36.
—m/4
" V2
= = 1 —
secw —n/4 37.
/2 /2
/ csc zdx = — cot z =1
/4 /4
Let v = 23, du = 3z2dx
x? 1 1
—dr == [ ——=d
Tyao " 3/1+u2 "
1
=—tan lu+C=-tan 2% +¢
3 3 38.

xd 1
dx In(1
/1+x6 G (142" +e
1 x
——dr=sin"'Z 4e¢
V4 — 2?2 2

Let u:e ,du = exdw

=sin'u+C =sin"'e® +¢

Let u = 22 ydu = 2xd:c

/\/1—z4 /\/lfu2
1 1
:fsin_lquC’:isin_lzerc

Let u=1— 2z du = —423dx

223 1 1
2 e =-—= -1/2
/mdxi 2/u du

=240 =—-(1-aMH?1¢

1—|—sc

1~|—x2
@ 1+ T2t

In|l + 22| +¢
1
dx
Vet

1
— -2 -
_/:L’ 1+x1/2dx

=2In|1+ 22 +¢

oz o)

Let u=Inz,du = 1dac.
x

:2/udu:u2+c:(ln:z:)2+c

3 3 23
/ 2Ty = / 22dr = —
1 1 3

4
/x\/m—3dx
3

4

:/ (x —34+3)Va —3dz
24 4

z/ (w—3)3/2dx+3/ (z — 3)%dx
3 3

4 4

Y

1 3

2 2 12
=Z(@-3)°? +3-Z(x-3)%?* ==

5 3 3 3

1
/:c(:c73)2d:c

0

1
:/ (2% — 622 + 9z)d

0

Nt

361
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39.

40.

41.

42.

N

43.

44.

45.

46.

241
/ VA
T
S 4
:/ 3/2dx+/ 2 dx
1 1
4
_ sz/z 4 2x1/2‘ 2
) 1 1 5
0 0 —4
-1
e P dr = — e @ S
2 -2 2

5 o arctan gc +c
3+x2 V3 V3
5

f
[ 5w
/3+x3d:r N/A
/

sin(3z)dx = - /Sin(?)x)?)dm
Let u = 3z, du-3dx
=3 sinu)du = goosute

1
=-3 cos(3z) + c.

/sin3xdx :/(sin2x) sin zdz

= /(1 — cos’z)sin xdx

Let u = cosx,du = —sinxdx.
= [ (1-2?) (—du) / 2clu—/du
ud cos’z

/ln xdx: N/A
Substituting u =lInz, @
/ lnx

ln r+c

Substituting u = x*

/xgdm— 1arctanav‘l—i—c
1+28 " 4
4
/1+ —gdr: N/A
/e_zzdac: N/A
Substituting v = —x
2 1 _ -
/xe $dm=—§e T 4e

2

/sec xzdz: N/A

/sec2 zdr = tanx + ¢

Q}\\/

CHAPTER 6. INTEGRATION TECHNIQUES

47. /f
2 2
x
dz —d
/0x2+1 +/1 221
—11n|x2—i—1|’1—|—/2 1—; dx
2 o )i x2+1
1 2
= §1n2+(x—arctanx) ‘1

_m2 T tan 2
2 4 arctan

4r +1
48, | T 4
/2x2+4x+10 o
4r +4 3
S N Y L A
/23:2—|—4x—|—10 o /2x2+4x—|—10 o

3 1
—n2e? +4e+10 -2 [ ———d
n[2e” 44w + 10 2/(x+1)2+4x

_ 2 Q 3z tl
1n|2\® 0] 4tan ( 5 >+c
/&dmtan (x) + c.
2z
1+:c2

—dz
1+x2)

ln(l—l-a:)—l—c
x2 x? —
T izx:/ (1erlx2)ldx
x2 1
:/Eﬂilgdm_/(Hw?)dx
z/dx—/;dx

(1+22)
=2 —tan" ' (2) +ec

3 2
/xidle/wizm
(1+22) 2/ (1+2?)

Let v = 22, du = 2zdzx.

U 1 u+1-—-1
——du=—- | ————d
/1+u “ 2/ Ttu
/u+1du—/ 1 du
1+u 1+u
1
{/du—/ du}
1+u

(ufl (I1+w)+c

8
N

|

| =

NN =N = N =N =

ln(l—i—x )+c.

Hence we can generalize this as follows,

xn
— )d
/<1+:z:2> v
1 n—2
= x"ilf/ 2T dx
n—1 1+ 22

50. de = 1 #Qxdx
1+ 24 2/ 1+t
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Let u = 22, du = 2zdzx.

1 1 1 1
:i/mdu:§tan (U)+C

_1 —1(.2
—Qtan ( )+c

1
4a°d
/1—1—334 /1—|—x4 var

Letu—1+x du = 423,
1

4/ du—lln( ) +c

:iln(l—k;ﬁl)—!—c.

[ i

1+
1
5/ 2xdm
Let u = u—dex
1/ /u2+1—1
- ———du
2 +u2 1+ u?
1 u+1 1

= — du
2 1+u2 1+u2

;{/du_/H Qdu}

f{u—tanl }—|—c

:5{30 —tan™ (x )}-i—c.

Hence we can generahze this as follows

ZL’4TL+1 J 2n 2 (n— 1)+
/ 1+ 24 v { n—1 /
and @

x4n+3

—d d
/ T+t~ &é;ﬁ v

6.2 Integration by arts

1. Let u = z, dv = cos xdx
du = dx,v =sinx.

/xcosxdmzmsinx—/sinxdm

=xsinx +cosz + ¢
2. Let u = x,dv = sindxzdx
1
du = dx,v = —Zcos4x
rsindzr dx

1 1
= —Zxcosélx — / ~1 cosdx dx

1 1
= —Z;ccosélac + 6 sin4x + c.

3. Let u =z, dv = *%dx
2x

du:dx,vzie

1 1
/xe%dm =3 ze?® — / 3 2 dx:

1
=§:z:62x—1621+c.

4. Let u=Inz,dv =z dzx

2
du:lda:andv:x—.

T
1 1
/xlnxdmziﬁlnx—/ixdaf

1
:flenx71x2+c.

2
5. Let w = Inz, dv = z%dx
1 1
du = —dz, v= -z
2 L 3 L 3
r*Inzdr = —x°Inx — | —x° - —dx
3 3 T

1 1

= xslnx—éﬁda&
i

= 3x3\%z +c.

é@xdu

d:(:—/udu-——i—C— —(Inz)? +

; Let u =22, dv=e3%dx

,50\

du = 2zxdx, v=—-e 3

3

I= [ 2% 3%dx

1 1
=237 / ——e 3% ) . 2adx
3 3

1 2
= fgxze*‘% + 3 /xe*?””dx
Let u =z, dv=e 3%dx

1 2 2

— _g x267393 _ §I673m §/673zdx
1 2 2

_ _§x2673$ _ §x673w o 277 673w T

. Let I = /em sin 4zxdzx

u=€", dv = sin4xdx

1
du = e*dx, v= ~1 cos 4x

363
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10.

11.

1 1
I= —Ze“’ cosdr — / (—4 cos4x> edx

/ e” cos dxdx

Lot cosd o b
4€COSZE 1

Use integration by parts again, this time let
u=e", dv = cosdxdx

1
du = ¢e"dx, v= 1 sin 4x

1
I = —=-¢e%cosdx

1/1 1
+ 1 (4(3” sindx — / 4(sin4x)exdas>

1, 1 .. 1
I——Ze Cos4x+1—66 sm4w—1—61
So,

17 1., 1 ..
Efffie cos4x +11—66 sindx + ¢
I= —ﬁex cosdr + ﬁem sindxr + ¢

Let, © = €2*, dv = cosx dx so that,

du = 2e%* dx and v = sin z.

€2 cosx dx

=e®ging — 2/62“6 sinz dx

Let, u = €2*, dv = sin x dz so that, 'S

du = 2e** dx and v = —cos .
2
@dw

e sinx dr
ral on both of

them to one side

—e®® cosz + 2 / e%® cosz dx

/ €%* cos z dx

262

Tsin + 22 cosx — 4
Now we notice that the
these is the same, so we bri
of the equation.

5 / e?* cos z dx

¥ sing + 2e** cosx + ¢1

2% cosx dx

2z

X sinz + —e?

e
1 2 5, n

= - —e“"cosx + ¢
5 5

Let [ =

and v = cosz,dv = cos2xdr

cos x cos 2xdx

du = sinzdzx, v = 2 sin 2x
1 1
I= 3 cos x sin 22 — / B sin 2z(— sin z)dz
1 1
=3 cos x sin 2x + Q/Sinxsin 2xdx

Let,u = sin x, dv = sin 2zdx

12.

14.

CHAPTER 6. INTEGRATION TECHNIQUES

1
du = cosxdxr v = —= cos 2x

1 1
1= icosxsin%:—i— — |—=cos2zsinx

2

1
- / (—2 cos Qx) cos xdx]

1 1 1
= 3 cosrsin2r — 1 cos2rsinx + Zld:v

So,

3 1 1
ZI = §cosxsin2x— Zcosstinx—Fcl

2 1
1= gcosxsin%‘— §c052msinx+c

Here we use the trigonometric identity:
sin 2z = 2sinx cos x.

We then make the substitution
u = sinx, du x dx.

/sin i x:/2sin2a:cosxda:

= U

208 0 2
U= _-u C—= —-SiIn ¥ C
3 3

s‘integral can also be done by parts, twice.
his is done, an equivalent answer is ob-
tained:

gcosxsin%‘ — gCOSZ.’ESina)‘-i-C

. Let u =z, dv = sec? zdx
du=dx, v=tanx

/xsec2 zdr = rtanz — /tan:ﬂdm

zxtanx—/

Let u = cosx, du = — sinxdx

1
xsec? xdr = mtanx—I—/fdu
U

sinx

dx

COS T

=ztanz + Injul + ¢
=z tanz + In|cosx| + ¢

Let u = (Inx)?, dv =dx

du:an—xdx, V=2
x

I= /(ln x)%dx
|
=z(lnx)? - /x 2% g
x
=2(lnz)* -2 [ Inzdx
Integration by parts again,

u=Inz, dv=drdu=—dzr, v==x

I=2z(lnz)* -2 [xlnx—/awldx}
x

=z(lnz)? —2zlnz+2 [ do
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15.

16.

17.

18.

19.

INTEGRATION BY PARTS

=z(nz)? —2zlnz + 27 +c

Let u = 22, dv = ze® dx so that, du = 2x dx

1
and v = 56””2 (v is obtained using substitu-
tion).
1

/acgegc2 dzx = 530269”2 — /gcegc2 dz

1 5 2 22
=_—z%" — —e c

2 2 *

2 g r
Let u=xz*dv = ((4+x2)3/2>dx

du = 2xdx,v = ———
V4 + 2

2xdx

x? 1
= - +

V4 +2x2 / V4 + 2?
= fx7+2 (4+22)+ec

V(4 +2?)

Let u = In(sinz), dv = coszdz

du =

- -cosxdxr, v=sinx
sin x

I= [ coszIn(sinz)dx
= sinz In(sin )

- cos xdx

— [ sinx -

=sinzIn(sinz) — /cos zdx
=sinzln(sinz) — sinz + ¢ \®
This is a substit1u‘7on U :@

zrsinxldr = 5 sin udu

= —5 cosu+c= —5 cos 22 +c.

Let v =2, dv=sin2xdx

1
du=dx, v= —§COS2£U

1
/xsiandm
0 1
VA
7/ <0032x> dzr
o Jo 2

1
= ——xcos2xy
2
1 e
=——(1cos2—0cos0)+ = [ cos2xdx
2 2 Jo

1 171 !
= —— 24 —|=sin2
2cos +2 [2s1n x]o

1 1
=—3 cos2 + Z(sin2 —sin0)

1 1
= —§cos2+ 1sin2

7

20. Let u = 2x,dv = cosx dx
du = 2 dzandv = sinz.

0

= (2zsinx 4 2cosz)|; = —4.

1
21. / 2% cos mrdx
0

Let u = 22, dv = cos madz,

sinmwx
du = 2zdzx,v = .
) T
sinmx
2rcosmady = 22
0 i

=(0-0)— g/0 xsin (rz) dz

™

9 [l
:_,/ xsin (rx) dz

T Jo
Let u =z, dv%n(ﬁx)dm,
du = d (),
7r
— in(mz)dz

1
22. / 22 dx
0

Let u =22, dv = ¢?
3z

du = 2zxd = —
U xdx,v 3

1 2 3z
e
/ 223 dy =
0

Let u = x,dv = €3*
6393
dv =dz,v=—.
3 1 3
2
%—g/oxe?’xdm
e3 2 ese |t
R
3 3 3 |y
e 2fe
3 31\3
_e_2)e
3 3\3
_e_2y(e
3 31\3

{ _ wcos(mx)

Tdx,

1 1
0/0
1
:|O

sin 7w

1 1
0 /0 @
cos(mx)
T
sin(mx

365

s
2z cos zdx = 2z sinz|) — 2/ sin zdx
0

2xdx

dx}
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23.

24.

25.

26.

e
3
¢ 2 20 2 5l 2
39 21 27 27 27
In2zxdx
1
Let u = In2x,dv = dzx
1
du = —dx,v = .
x

10 10 4
/ In (2z)dz = 2 1n (2)|;° —/ r—dx
1 1 xT

10

= (101n(20) — In2) — dz
1
= (10In(20) — In2) — [z }
= (10In(20) = In2) — (10— 1)
= (101n(20) — In2) — 9.
Let, u =lnz,dv =z dx
2
du = 1 dr,v = x—.
T 2

/ zlnzdr = Z2%Inz
1 2

2
1 1
= (2352 Inz — 4952)

/xQe”dz

Let u = 22, dv = e™dz,

du:2xdac7v:e—. Q
a @

Jroe )
2 ax

= re —f/gce‘”dx
a

Let u = x,dv = e*dx, @

zsin (ax) dx

Let u = x,dv = sin azdzx,
cos ax

du =dx,v = —
a

zsin (az) dx

cos (ax)

:fo/,idx
a a

CHAPTER 6. INTEGRATION TECHNIQUES

__mwcos (ax) . sin (2ax) feadto.
a a
27. /(x") (Inz)der = [ (Inz) (2")dx
Let u =Inx,dv = z"dz,
xn+1
du = —dx,v
(n+1)
/ (Inz)(z") dz
In+1 anrl dx
— 1 _ -
R Ay
2"t (Inz) 7/ "
(n+1) (n+1)
"t (Ing) 2"t
= +c,n # —1.
(m+1)  (n+1) 7

28. (sin x?&% dx
n&r

Let \ dv = (cos bx)
d‘&)s az)dx,v = bmbbx
inax cosbxdr
in b in b
= (sinax) SHZ T /a (SHZ x) (cosax) dx

_ W ¢ / (cosax) (sinbx) dx

b b
Let u = cos ax, dv = sin bzxdz,
b
du = —a (sinaz)dx,v = _ LT

b

sinaxsinbr a .
— 3 3 cos ax sin bx dx

b

sinazsinbr a —cos bx
= — —<Jdcosax
b b

_/ _C(;)Sbm (—sinax) adx }

sinarsinbr a { — cos ax cos bx

b ) b

—%/cos bx sin ax dx}

sin ax sin bx n a cos ax cos bx
b b2
an 2
+ (Z) / sin ax cos bx dx
/ sin ax cos bx dx

sinaxsinbr  acosax cosbxr

b + b2

an 2
+ (g> /sinax cosbx dx

2
/sinam cosbr dx — (%) /sinax cos br dx

sinaxrsinbr  acosax cosbr
b b2
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29.

30.

a2
(1 — l)2> /sin ax cosbx dx

sinaxsinbx  acosax cosbr
b b2

+(n—-1) /sin" xdx

n / sin” zdx

. = —sin" 'zcosz
sin ax cosbxr dx
) . . —(n—1) [ sin" % zdx
B ( b ) <s1naa:s1nbx+acosaaccosbx) .
b2 —a? b b2 sin” zdz = — = sin" 'z cosz
n
sin ax cosbr dx -1
_n /sin"_2 zdz
1 n
a2 (bsin az sin bx + a cos ax cos bx) ,
a#0b#0. 31. /z3emdxzem(x3—3x2+6x—6)+c

Letu = cos” 'z, dv = coszdx
du = (n —1)(cos" % z)(—sinz)dz,v = sinz
cos" zdx

n—1 T

= sin  cos
(sinz)(n — 1)(cos" 2 z)(—sinx)dx
1

n—

=singcos" "z

+ / (n — 1)(cos™ 2 ) (sin? z)dx
=sinzcos" 'z

+ [ (n—1)(cos" 2 z)(1 — cos® x)dx
=sinzcos" 'z

+ / (n — 1)(cos™ 2 & — cos™ x)dx

Thus, / cos” xdx

=sinzcos" a4+ / (n —1)cos" 2 @

—(n—=1) [ cos" xzdx. \
n / cos" xdx = sinx cos”%
+(n—1) [ cos" 2 zdx

/ cos™ xzdx

. _ n— _
= —sinx cos™ 1x+7/cos" 2 xdx
n n

Let u = sin" ' z,dv = sinz dz

du = (n—1)sin" 2 zcosx,v = — cos .
sin” xdx
_ on—1
= —sin" " zcosz
+(n—-1) /cos2 rsin 2 zdx
_ on—1
= —sin" "z cosz
+(n—1) [ (1 —sin®z)sin" 2 zdx
= —sin" ' zcosz
(nfl)/ in" 2 xdx

. / cos® zdx
1 4

= 3 costsinz £ — /COS3 xdx
L ﬁpz- @

= — CO

5

2
+ cos? xsinx + 3 /cos xdx)

6 0S 51n;c+—5(3052:1csmx
C) —|——s1nm—|—c
Q\ cos  vdx

2
*COS rsinx + 3/00S.’L‘d$

i 2 ine t 2 sin
= —COS"Trsmx —sSmx C
3 3

/ sin* zdx

1 3
~1 sin® x cosx + 1 /sin2 xdx

34.

1 NENER I
= —— Sl T COST — | = — —sIzx
4 1\27 1

1

35. e dx

S—
8

= (2" — da® 1 1227 — 24a + 24)|
=09e—24

36. Using the work done in Exercise 34,

/2
/ sin* zdx
0

—lsin?’xcos:c—i— §x — isin2x
4 8 16
_sn
16

/2
/ sin® xdx
0

/2

0

37.
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/2

4 7\'/2
—i—f/ sin® xdx
0 5Jo

/2

5 sin x cos x

= ~ sin x cos x

0

NN 2 /2
= ——SIN" TCOST — - COST
3 3

)
(Using Exercise 30)

1
= — (sin4 <g) cosg — sin* 0 cos O)

5
—i—é —lsin2 (E) cosz — gcosz
5 3 2 2 3 2

0

38. Here we will again use the work we did in Ex-
ercise 34.

sin® zdz
1 5
:—Esin5xcosx+6/sin4xdx
1. 5
:—gsm T COSXT
+5 1S'B’cos +3 38'2 +
— | —=sin®z r+ —x — —sin2z c
6 4 8 16

-5 5 . 3
= — =8I " rCOST — — Sl X COSXT

s a5 T
—X — — SIN 2T C
8% 96>

We now just have to plug in the endpoints@

w/2

/ sin® zdz

0

(5o

= —gsm xcosx——sm T Cco
15 15 iz &
+—x — —sin2z

48 96

0
_ Lo o

96

39. m even :
w/2

sin™ xdx
0
~(m—-1)(m—-3)...1

 om(m—2)...2

m odd:
w/2

sin™ xdx

0

_ (m—1)(m—3)...2
m(m—2)...3

o)

40. m even:
w/2

cos™ xdx

_ mn—1)(n—-3)(n—->5)---1
2n(n—2)(n—4)---2

m odd:

\0 tan =
Substltutlng u=1+2?
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/2
cos™ xdx

0
_ (n—=1)(n—-3)(n—-5)---2

nn—2)(n—4)---3

41. Let u=cos 'z, dv=dz

1

du=————=dz,v==x

V1—22
I= [ cos 'adx
—xcoslm—/x<—1> dz

V1—22

1 T

=zcos " x+ | ———=dz

V1—2a2

Substituting v = 1 — 22, du = —2xdx

1 1
I:ccosl:r+/\/a (Qdu)

= x Ccos x@ w2y
\‘@ 2u1/2+c
1—-22+c¢
@ —tan Lo, dv = dx
1+ de v=2x
1 T
Yode =xtan o — | ——dx
1422

1

1
I =ztan™ x—iln(l—km )+ e

43. Substituting u = /z,du = %dw
I:/sinﬁdsz/usinudu
= 2(—ucosu+sinu) + ¢
= 2(—+v/xcos /T +sinx) + ¢
44. Substitulting w = 1\/5
dw = mdw = %dx
I= /e‘/";dx = /Qwe“’dx

Next, using integration by parts
u = 2w, dv=e"dw
du = 2dw, v =¢e"

I =2we" fQ/ewdw
= 2we™ — 2e¥ + ¢ = 2/zeV® — 2eV7T 4 ¢
45. Let uw =sin(lnz), dv =dx
du = cos(In x)—x,

I= /sin(lnx)dm
=zsin(lnz) — /cos(ln x)dx

V=2
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Integration by parts again,
u = cos(lnx),dv = dx

d
du = —sin(lnx)—x,v ==z
x
/cos(lnx)dm

=zcos(lnz) + [ sin(lnz)dz

I =zsin(lnz) —zcos(lnz) — T
2I = zsin(lnz) — x cos(lnx) + ¢;

I= 2% sin(lnz) — 22 cos(lnz) + ¢

46. Let u =4+ 22 du = 2xdx

I:/xln(4+m2)d:c
—(ulnu—u)+C

1 1
:i/lnudu =5

= %[(4+z2)ln(4+12) —4—z+c

47. Let u = €**, du = 2e**dx

1
I= /66’” sin(e**)dx = §/u2 sin udu

Let v = u?, dw = sinudu
dv = 2udu, w = —cosu

1
I = 3 <—uzcosu+2/ucosudu)

2

1
= —iu cosu+ [ ucosudu

1, .
=—5u cosu + (usinu + cosu) + ¢ Q

1
=—3 e'® cos(e?®) + €2 sin(e??)

+ cos(e**) + ¢ \@
Let u= &/z = 2"/3,du = @de,

3uldu = dx
I= /coswl/gdx = 3/u2 cos udu

48.

Let v = u?, dw = cosudu
dv = 2udu,w = sinu

I1=3 <uzsinu—2/usinudu>
= 3u’sinu —6

= 3u’sinu — 6 (—u cosu + /cos udu)

= 3ulsinu + 6ucosu — 6sinu + ¢

= 3z sin ¥z + 6z cos V/x — 6sin Vxr + ¢

u sin udu

1
49. Let u= z = 2'/3 du = gx—2/3d$7
3uldu = dx
I:/e%dx:S/UQe“du

,50\

51.

50.

52.

53.

54.

369

=3 <u26“ - 2/ue“du)
= 3u%e" — 6 (ue“ — /e“du)

= 3u26"8— 6ue” + 66’; +c
Hence / eVoidy = / 3uetdu
0 0
= (3ue" — 6ue” + 6e*) |(2) =6e? —6

Let u =tan" 'z, dv = zdx
dx x?
du

T1r22 VT 2

1= /mtanfl rdx

2 2
_ . 1 T
=ty g [

1 x? T 1 1 !
= |(tan "x— — -+ -tan "z

_om 1
g 4 2
n times. Each integration reduces the power of
z by 1.

1 time. The first integration by parts gets rid
of the Inz and turns the integrand into a sim-
ple integral. See, for example, Problem 4.

(a) As the given problem, [sinz?dz can
be simplified by substituting =2 = u, we
can solve the example using substitution
method.

As the given integral, f 2% sin z d can not
be simplified by substitution method and
can be solved using method of integration
by parts.

As the integral,f zInx dxr can not be sim-
plified by substitution and can be solved
using the method of integration by parts.

1
—nxd:v can be
T

simplified by substituting , Inx = u we
can solve the example by substitution
method.

As the given problem, /

As this integral, [z3e'dz can not be
simplified by substitution method and can
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be solved by using the method of integra- 59. .
tion by parts. ’ ‘ e ‘ ‘
(b) As the given problem, fx36x4dx can be | T2+
simplified by substituting 2* = u, we can 403 | ¥ /4] —
solve the example using the substitution 12272 | e*/8 ] +
method. 24x [ e** /16 | —
2z
(¢) As the given problem, /x*2e% dz can be 24| /32 | +
S s zte?® dx
simplified by substituting — = u, we can
x
solve the example using the substitution _ xi I 37962 3z 3 2 4 ¢
method. 2 2 2 4
(d) As this integral, [z%e~**dz can not be 60
simplified by substitution and can be ’ ‘ oS 21 ‘ ‘
Zolved by using the method of integration o sin2e/2 | 1
y parts. 5z | —cos2z/4 | —

55. First column: each row is the derivative of the 2023 [ —si /8| +
previous row; Second column: each row is the 602 /)6 —
antiderivative of the previous row. 120z % +

56 120 \ x/64 | —

’ \ sinx \ ‘
7 2xda:
x* | —cosx | +
3 : 5
4r” | —sinz | — :1:5 sin2z  + —a*cos2x
1222 cosx | + 4
- — 60
2496 S — —a: sin 2z — — 7 cos 27
—cosz | + 16
120
/x sin zdx +—ms1n2x+ 6—400523:—&—0
= —z*cosx + 423 sinz + 1222 cosz Q 61.
— 24zsinx — 24cosx + ¢ @ ’ [ Sl
57, £C3 _673;1:/3 +
] | cosz [ | \ 3a” e 37/9 ] —
o R — 6z —e’zw/27 +
423 | —coszx | — 6] e /81—
1222 | —sinz | + 235 g
24x cosT | —
24 i 32 2 2
sinz | + _ _w_w_fc_)e_ng
/ 4 3 3 9 27
" cos xdx
4 3 2 62
=z sinz 4+ 4z” cosz — 122 sinx ’ ‘ 72 ‘ ‘
—24xcosx + 24sinx + ¢ nz| 25/3] ¢
58. [ 2t/12 ] +
—2~7 [ a7[60 | +
4 T
role |+ The table will never terminate.
423 | e® | —

1202 [ e* | + 63. (a) Use the identity

24x | e* | — coslA cos B
24 | e” | + = i[cos(A — B) + cos(A+ B)]
402 g0 This identity gives

= (2t — 42 4 1202 — 241 1 24)¢” + ¢ /_Tr cos(mx) cos(nx)dz
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1
= /_7T i[cos((m —n)x)
+ cos((m + n)z)|dx
1 [sin((m —n)x)

2 m-—n
+sin((m +n)x) ]|
m-+n o
=0

It is important that m # n because oth-

erwise cos((m —n)x) = cos0 =1
(b) Use the identity

SinlA sin B

= i[cos(A — B) —cos(A+ B)]

This identity gives
s

/_7T sin(ma) sin(nx)dx
= [ leostn =)

—7cos((m +n)z)|dx
1 [sin((m —n)x)
2 m-—n
_sin((m + n)x)}
m-+n

T

=0

It is important that m =% n becaus

erwise cos((m — n)x) = cos0 = }2
64. (a) Use the identity

coslA sin B

= 5[sin(B +A)— Si% )]

This identity gives

/ " cos(ma) sin(nz) da

—T

_ / i %[m((n + m)z)

—sin((n —m)z)] dz
1 [ cos((n+m)x)
T2 {_n—km
+Cos((n - m)x)}

n—m

s

—T

=0

(b) We have seen that
/cos2 xdx = %x + icos(?m) +c
Heglce by letting u = nz:

/ cos? (nx)dx

371

1 nm
= - / cos? udu
n —nTm

1/1 1
= — — — ‘2
- <2u+4cos( u))

T

And then/ sin? (nx)dx

—T

/ " (1 = cos?(na))da

/dx—/ cos? (nx)

=2r—mT="7

nm

=T

—nm

65. The only mistake is the misunderstanding of

Q;o\

67.

68.

antiderivatives. In this problem, [ e"e™%dx

is understood as a group of antiderivatives of
e” e ~7 not a @functlon. So the subtraction

by e ey both sides of

= —1 —|— e *dx
not make sense.

— /(x\/sm:v) dac—w/ x? sin xdx
0 0

Using integration by parts twice we get

z? sin xdz
= —z2cosz + 2/xcosmdm

= —2%cosz + 2(xsinx — /sin:cdx)
= —2%cosx + 2rsinz + 2cosx + ¢

Hence,
V= (—2? cosx4—2msinac4—2cosaz:)|;T
=72 — 4587

Let u=Inz, dv=¢e"dx
dx

du=—, v=c¢€"

xr
/ewlnxda::exlnx—/%dx

/ewlnxd:c—i—/e—dx:ewlnx—i—C
T

Hence,

1
/e’” (lnx—i—) der=¢e"Inz +c
T

We can guess the formula:

[t + r@de = e pia) + o
and prove it by taking the derivative:
@) = e F @)+ e T (@)
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=e"(f(z) + f'(2))

1
69. Consider, / 1" (z)g (z) dx
0
Choose u = g (z) and dv = f"(z)dx,

so that du = ¢’ (z)dz and ,v = f' (z).

Hence, we have

[ s

=M@f%@%—AQW@m%@dw
= () (1)~ g(0) £ ©)
—/yuwmwx

0
From the given data.
1

—0-0)- [ ¢ @F @

0
Choose, u = ¢’ (z) and dv = f'(z)dz,
so that,du = ¢" (z) dx and v = f ().

Hence, we have

—Ad@ﬁ@ﬂx

lywion- [ 1000 «)

(1) f (1) —g'(0) £(0))

——{(g
i/f@MW@d4

From the given data. Q
~fo-0- [0y

T

:/ f(z)g" (z) dx. \
0
70. Consider, @

/f” b—1) daz—/ab(b—x)f"(a:)dx
(z) de,

Choose u = (b—1x) and dv = f"
so that du = —dz and v = f' (z).

Hence, we have:

K@—@W@M

I
=
|
=
|
&
i)
—~
IS
S—
= 3
_|_
T~
o
i)
—~~
S
SN—
Q
=2

(z) (b—z)dx
—[(b=a) f'(a)] + f (b) = [ (a)
(b) = f(a) + (b—a) f'(a)

—
o
=

=l

C)ab sin (b — ) < 1.
L 4
Q Thus, [sinb — b] < 5
% Therefore the error in the approximation

CHAPTER 6. INTEGRATION TECHNIQUES

+fﬂ@m—

b
Consider / xsin (b — z) dx
0

_ /Ob (b— 2) sin 2dz — /Ob (sinz) (b — 2) dz

Now, consider
f(@)=x—sinx = f'(z)=1—rcosz
and f” (z) = sinz.

Therefore, using

F6) =1 @+ (@) b-a)

+/f%ww—
we get
b—sinb=0 —smO—i—f -0)
(sinz) (b —
:>|Sln@ x sin (
b
b— b| xsin (b — z) dx </xdz,
0

2

. . 1
sinz &~ z is at most 2.

6.3 Trigonometric

Techniques of
Integration

1. Let u = sinx, du = cos xdx
cos z sin? xdz = /u4du

| —

1
gu5+c:gsin5x+c

2. Let u = sinx, du = cosxzdx

/C083 zsin? zdx = /(1 —u?)utdu

ud o’

:————f—c
55 7 7
sinz  sin'x

= _ +C

5 7

3. Let u = sin 2z, du = 2 cos 2zdx.

/4
/ cos 2zsin®2zdx
0

1t 1wt 1
= — dzf— = —
s3],



TRIGONOMETRIC TECHNIQUES OF INTEGRATION 373

' Le;cr/g: cos 3z, du = —3sin zdz. = —/cota:(l—i—cot2 x) -csc? xdx
3 . 3
cos”3x) (sin3z) dx 2 4
/7T/4 ( ) ) :—/(u+u3)du:—%—uz+0
-1
:fl/ ud (17u2) du cot’z  cot?
51 —— Ty 1 e
1Jut wf]!
-3 {4 B 6}1 11. Let u = 2% + 1, so that du = 2zdx.
1 < 3 7 )ﬂ 1 /xtan3 (2® +1) (sec (2* + 1)) da
T 3\16 48) T2 1
= f/tan?’u (secu) du
. Let u = cosx,du = —sinzdx %
/2 0 2
/ / costsinxdx:/ W2 (du) = 5/[(sec u — 1) tanu (secu)]du
0 0 1 Let secu = t,dt = tan u sec udu
1, 1 1 5 1[e
= (-’ =2 = [ (B=1)dt==|=—t
( 3 ) , 3 2/( Jat =5 [3 }Jrc
3
. Let u = cosz,du = —sinzdx —1 {sec u @} +e

0 1
3, _ 3 _
/M2 cos” zsinzdr = /0 u’du 1 \ 5 see (@ +1) +
/cos2 (@ +1) dz 12. L@ +1, so that du = 2d.
1 2z + 1) .sec® (22 + 1) dz

= 5/(1—}-c052(33—|— 1))dx

1 1

. Letu=2z—3,du=dx
sin(z — 3)dx = /sin4udu

@

—_

w\»—‘w\
\\

tan . sec u.sec’udu

secutan u sec udu

Let t = secwu, so that dt = tanusec udu.

L[, 1[e

%,

= (sm u) du Q 3
1 {sec’u 1o 9 1
7/(170082u)x(170082u “ 92| 3 +C—gsec(x+ )t
- 2 2\
2
:/i (1 —20052u+005% 13. Let u = cotz, du = (—csc’z) da
1 1 /coth csctrdr = /coth (1 —i—coth) esc’xdr
:4/[1—2cos2u+2(1—|—cos4u)]du
:—/u2 (1—|—u )d
3 1
= —u — —sin2u + — cos4u + ¢ w b
1
:%(x—S)—Zsin2(x—3) __(cotx)3_(cotx)5 .

1
+ —cosd(x—3)+ec.

32 14. Let u = cotz, du = (—csc’z) dz.
. Let u = secx, du = secx tan xdx 9 9 9
3 cot“xcscrdr = — [ udu
/tanxsec xdx
o _ cot’x
tan z sec z sec? zdx 3 3
1 1 _ _ 2
_ /u2du _ §u3 +eo= gsec?’x—I—c 15. Le:cr/i = tanzx, du = sec” xdx
/ tan? z sec? xdx
. Let u = cot z, du = — csc? xdx 0

/4
cot z csct zdx = / tan? z sec? x sec? xdx
0
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16.

17.

18.

19.

20.

w/4
= / tan? z(1 + tan® z) sec? zdx
0

1
/u4(1+u2)du
0
1 5 71
4. 6 u’ o u
= d —_ - p—
/0 (u” + u®)du 3 + 7,

Let v = tan z, du = sec? xdx.

/4
/ tan? z sec? xdx
/4
1 5 1 2
z/ utdu = Ll ==
1 5|, 5

cos? x sin® zdx

—

1
(1 + cos2x) (1 — cos2x)dx

(1 — cos?2z)d
[ - - 1+cos4a:)}d

1
(2 — sm4x> +c

— 3—281n4x—|—c

/(COSQJJ—FSiDQJ))dJSZ/ld.’L‘:x—l-C
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. Let x = 3sinf, — <9<7
dx = 3c059d9
/ 3cosf
x2\/9 —m2 9sin’6 - 3cosd
1
12 /csc 6’d9——fcot9+0
35 ) 9
By drawing a diagram, we see that if
/0 _ 2
r = sinf, then cot = %
VO — 22
Thus the integral = v +c
9x
. T
22. Let £ =4sinf,—— <0 < 5
dr = 4cos 0do
/ cosf
22v/16 — 332 16 sin? Hcosﬂ
1 2 t 0 +
csc 16 co c

inf, so that dx = 4 cos 0d6.
1651n 0 4 cos b

dx —/ do
1/16 — (4sin 9
(sin29) cos
df

V16 — 16sin20

(sm 9) cos 9

W/ 1—sm

—6/

Let u = cosx, du = — sin xdx Q )
0 cos 0
/ Vcos zsin® zdz @ = 16/%(10: 16 | sin®0do
771'/3
1 — cos 20
/ Vcosz(1 — cos? ) x@ :16/( 2 )d@
77r/3
=8 /dG—/ cos 20 dé’}
— [ vaa-w) - du)(b { (cos 26)
1/2 ;
{ _slo_ sin 20 .
:/ (u5/2—u1/2)du . .
12/2 ) | . < = 8sin~! (Z) —4sin [2Sin*1 (Z)} +ec.
_ (2,2 usxz} _ 2 s 8 2y V16— a2
[7 3 1y 168 21 — 8sin~! (Z> - e
Let uw = cotz, du= —csc?zdz 24. Let z = 3sin#, so that dx = 3 cos0df.
w/2 ) A T p
cot” x csc™ xdx z
/7r/4 V9 —a?
/2 27 s1n
= / cot? x esc? z esc? xdx = (3cosf)d
/4 A/9 3sm9
/2
= cot? z(1 + cot? ) csc? xdx — 81 sm (cos0)d
/“/40 V9 — 9sin?6
_ 201 24 sin®0 . 3
= u”(1+u)du =81 cosfdf = 27 [ sin®0db
1 0 3cosb
wd  ud 1 1 8 3sinf — sin 30
__[3+5]1_3+5_15 —27/(4)d9




6.3.

25.

26.

27.

TRIGONOMETRIC TECHNIQUES OF INTEGRATION

= % [B/Sin 0do — /sin39d9}
2

7 cos 30
(e

e }<§>J
N cos [sin™! 3 i

+c

3

This is the area of a quarter of a circle of radius

72
/ Va4 —22de =
0

Let u = 47x2 du = —2xdx

/W ‘/2\}%
= 1/2 =9

Let x = 3secl, dx = 3secttanfdf.
2

T
= | ———dx
/\/x2—9
B 27sec2ﬁsec6‘tan0d9
v9sec?f —9

= /95ec3 0do

Use integration by parts

/ sec® 0d0

=secfHtanf — sec 6 tan? 0d0

=secHtanf — sec@ sec @

= secftanf —|— sec 0d0 3 0do

2 / sec’ 0d0

:secﬁtan0+/sect9d0

/ sec® 0d0O

= 1sec@tan@Jr}/SGC@ do
2 2

)

sec 6d6.

For this notice if u = sec + tan 6 then
du = sec @ tanf + sec? 6.
sec 0d6

B / secf(sec + tan 6)
N secf + tan 6

This leaves us to compute

1
:/fdu:1n|u|+c

u
=1In|secf + tanf| + ¢

. . L 2
Let u = secd and dv = sec? #df. This gives®Q\

Putting all these together and using
Va? -9
g

2
——dr= [ 9sec®0 do

/\/952—9 * /

zfsecetane—l—g/secQ do

sec = g, tanf =

T+vVri -9

3 +c

_wvrr =9 9y,
o 2

28. Let u = 2?2 —@ = 2xdx
X

1

x? — 1(2z)dx

(u+ 1)v/udu

u3/ +ul/? du
2’[1,5/2 2u3/2
( ) +c

1
(.’L‘2 _ 1)5/2 + g(xQ _

—

O

c.n\»—‘ w\»—wo\»—*

1)3/2 + c

29. Let z = 2secf,dr = 2secftan 0df

/ 2 dx_/élsecﬁtanﬁ
Vi —4 2tan @
sec 0d6

=2In|2secH + 2tanf| + ¢

:2ln‘x—|—\/x2—4’+c

30. Let x = 2secl,dx = 2secHtan 0db

/ /4sec20tan0 20
\/7 2tan6

375

/sec 0df = 2tan0 +C = /22 -4 +¢

Viar? =9 W
/Letu:m/

1 1
du = ————8xdr = —8xdx
2V/4x2 —9 2u

or udu = 4xdx.

Hence, we have

/ VAax? — de
x
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- [ —/ =
2+9 2+9

/u +9— 9 /du /
B u? +9 2+9
=y — 9tan"!
A2 —
422 — 9 — 9tan ! (9539) +c.

32. Let x = 2sech,dx = 2tanfsechdf.
x2 —4

dzr
/ vV élsec2 0 —

4sec?

2tanf
:/m (2tan @ sec) df

2 20
:/tané?dez/secﬁ 1d9
sec sec 6

= / sec 0df — df

(2tan @ sec ) df

sec
= /sec 9d9—/cos 0do
=In|secld + tanf| —sinf + ¢

—In ‘Sec [Sec_l (g)] + tan [sec—1 (g)”
et (-
[t 2]

— sin {see*l (g)] +c.

33. Let z = 3tané, dz = 3sec? 0dd @Q
22
/ T g
V9 + a? @
[t tan2 0 sec? a0 2\

V9 + 9tan’6
= / 9 tan? 0 sec Hdb

=9 /(se02 0 — 1) sec 0d6

:9/56(339d9—9/sv309d9

9 9
= §secﬁtan9— §1n|se09+tan9| +ec

2 3 3
VI+az2 oz
3 t3

x+ V9 + z?
— |

I
2

V9 + a? 9ln
T2 2

+c

34. Let z = 2v/2tan6, dz = 2v/2sec? 0db

23v/8 + 22dx

CHAPTER 6. INTEGRATION TECHNIQUES

/(16\/5‘5&113 6)(2v2sec 0)do

= 64/tan3ﬂsec9d9

64 /(sec2 0 — 1)(sectan 6 do)

64
64/(u2 —1)du = gu?’ —64u+c

= Esec39—64sect9+c

3
_ 64 V84 a2 64 V8 + 2 e
3 2V/2 2V/2

22 213/2 2\1/2
=5 (8+a?) —16vV2(8 +2?)/2 + ¢

35. Let ¢ = 4tanf, dz = 4sec? 0d6

tan2 0 - 4sec? 0do

3 0do

1
e 2sec@tan@—i—2/se(30d9)
C) 8sec€tan0+8/sec9d6‘

® fSSecﬁtan0+81n\sec9+tan0|+c
® V16 + 22

817
+n4

16+x2+x‘+c
4
36. Let x = 2tané, dz = 2sec 6d6
1 /256(:29
\/4+:1:2 2sec 6
:/sec9d0:1n|sec0+tan6’\+c

T+ VA4 + x2?
s "

=1In

37. Let u =22+ 8, du = 2zdx

1 9
1
/x\/a;2+8dm:§/ u'/%du
0 8

Y 27162

1
13| 2
. 3

38. Let x = 3tanf,dx = 3sec? 0 df

= /xQ\/xQ + 9dx
= /27 tan? 0 sec® v/ 9tan2 0 + 9dx

=81 /tan2 6 sec? Odx

81 /(8602 0 — 1) sec® Odx
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=381 /(sec5 0 — sec® 0)dx

To compute [ sec®f df, we use integration by
parts with u = sec® § and dv = sec? 6d#.

/ sec® 0 do

=sec®ftanf — / 3sec® O tan? Hdf
=sec’ftanf — 3/sec3 O(sec* 0 — 1)do
=sec®ftanf — 3 /(sec5 0 — sec® 0)do

4 / sec’ Adf

=sec®ftanf + 3 / sec® 0d6 /sec5 0do

= isec3 0tanf + Z /sec3 0do

To compute [ sec® 0df and [sect df, see Ex-
ercise 27.
Putting all this together gives:

I =281 [ (sec®§ — sec® §)dx
= g sec® 0 tan 6 + @ /sec3 0do
4 4
— 81 [ sec®6do

81 81
=7 sec® O tan 6 — I/SGCB 0do

We don’t worry about the@being in terms

of z since this is a definit egral. Our lim-
its of integration are x = 0 and z = 2. In
terms of 0 this means the limits of integration

1 1
= 8XsecSOt:amG — %sec@tan@

1
—%ln\secﬂ—l—tanﬂ—i—c

2
correspond to # = 0 and tanf = —.

2
22\ 22 + 9dz

= <81 sec® O tan ) — 8l sec ) tan ¢
4 8
=2

1
—% In |secd +tan0>

(-

81 13 2
vis |

_ VI3 81,

I T

3

39. Let = = tané, dx = sec?0d6.
x3 tan’
——dz = 2040
[ it [ (g )=
= / (tan?6) (tan @ sec 6) do

Let t = secf, dt = tan6sec6db.
sec26 — 1) tan 0 sec 6d0

1) t = F—t}tc

|+

I
\

(tan 1 )

— sec (tanflaf) +c.

= (QSec20) deo.

) 2sec?0d0

0 / <2t;rsle0c; L (2sec29) do
-
!

2 tand + 1) (sec @) do

sec 6df
= 28669+ln|se(:0 +tand| + ¢

= 2sec [tan_l (g)] +In ‘sec [tan_l (g

sec 0 tan 0d6 +

+ tan |[tan~? g)”+c
T
= 2sec tan™! (3]
sec |tan 5

+In )sec {tanfl (

(]
N—
+
~
B
~—
+
o

x
41. ——dzx
/ V2 4+ 4x

1 2x+4—4d
= [ ———dx
2 \/x2+4x
1 2¢ +4 /
\/z2+4m Va2 +4:17

Letu—a: —|—4x du = 2z +4)dz.

4
\f / x2+4z—4+
:ul/t5 S S
(x+2)°—4

(22 + 4x)
— 2log {(mz + 4x) +

2
42. ——dx
/ V2 — 6z

)

(x+2)2—4} +c

2
:/ dzx
V2 —6x4+9-9

377
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2 2
:/\/( —3)2—9dx :/\/4—(x—2)2dx

x
Let u=x—3, du = dx. Let u =2 — 2, du = dx.
*/Ldu */Ldu

vuz —9 Vi —u?
Let uw = 3secl, du = 3secttanfdb. Let w=2sin6, du = 2cosdf.
2 2
z/—3se09tan0d9 z/—2c030d9
\/(3secd)® —9 \/4 — (2sin6)?
1 1
=2 | ——=secftanfdf :2/70050d9
/\/SGC2071 V1 —sin’6
1 1
:2/tan9sec9tan0d9 :2/ —gCos0d0 =2 [ df=20+c
= 2/sec9d9 = 2In|sec + tan | + ¢ — 9sin~1! (9) +¢ = 2sin~ ! (w—?) +e.
2 2
_ -1 (u
= 2In jsec (sec (3)) 45. Using u = tan x, gives
U
+ tan (sec_l (g))‘ tc /tanxsec4x
=2In (E> + tan (sec_l (E>)‘ +c
B 3 3 z/ta an? r) sec? zdx
—omm |( 23
B 3 u2)du=/(u+u3)du
¢ 1 f{x=3 1
+tan | sec 3 + c. 4+ out fe
T 1 1

43. — dx * C):t 2 Ztant

/m gt e
x

L 2
= / ST s d ® Using u = secz, gives
T+ @

_ / " N / tan x sec* xdx
(z+1)°+9 @Q = /tanx sec x sec® xdx
/\/%CM @ :/u3du:iu4+c:%sec4x+c
z+1 1 46. Using u = tanz gives

= dx — dx
/\/(a:—|—1)2—|—9 (z+1)°+9 /tan3xsec4xdx:/u3(u2+1)du

Let u=x+41,du = dx. -
u 1 =—+—+4+0c
- 7du7/7du 6 T
/V“2+9 vu? +9 _tanz | tan'z
1 2u__ 1L =T T4 T@
T2/ VaZ+9 v VuZ + 32 Y Using u = sec x gives
Let t = u? 49, dt = 2udu. /tan3fcsec4 xdx = /(u2 — Du? du
1 [ dt ub  ut secbzr  sectz
= [ Srdt—tog [u+ Vuz +32] +c _ww _
2) Vit s 6 4 6 4
=/t —log {u—i— u2+32} +c _ (tan?z4+1)%  (tan?z + 1)2
- a 4
- \/1T+Q—log {u—k u2 —I—Q} +c tan® ;v6+ tand 2 1 .
_ 2 6 4 12
=VE+)7+9 _tan6m+tan4x+c
—log{(m+1)+ (w+1)2+9}—|—c. T 6 4 2

47. (a) This is using integration by parts followed

2 2
44. / \/ﬁdm = / 141 dr — 22 dx by substitution
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u=sec" 2z, dv=sec?zdx
du = (n — 2)sec" %z tanxdr, v = tanzx

I= /sec” rdr = sec" 2z tanz
—(n-2) /Sec"_2(sec2 x —1)dx
=sec" 2xtanz
—(n— 2)/ "2 1)dx
"2ytang — (n —2)I
+(n—-2) /sec”*2 xdx (n—1)I

(sec™ x — sec

= sec

= sec"?ztanz + (n — 2)/sec”_2 xdx

n—2

sec"“xrtanr n—2
I = + sec™ 2 zdx
n—1 n—1

(b) /secgmda:
_1 t + ! d
= gsecatane + 5 [ secadz

1 1
= §secxtanac+ §1n|secx+tanx| +c

sec* zdx

()

—

1 2

= Zsec® ztanz + */8602 xdx
3 3
1 4 2

:gsec :z:tanx+§tanx+c

(d) /SeCSIEdJT

1
=1 sec® ztan z —|— sec 3xd

1
— Zsec rtanz + fse x@
3 \

+ 8ln|secx+ta

A

48. Make the substitution x = asin 9.
4b [ 4b [
—/ \/azfmzdx:—/ Va2 — 22dx
4b
— acos Va2 — a2 sin? 0d0

a Jo
/2
= 4b/ a cos® 6db
0

1
= 4ab (237—1— 451n2x>

49. /csczdx: /cscz
cscx + cotx
cscx) cot z + cscix
:/( ) + dxr

cscx + cotx
Let u = cscx + cot x,
2

du = — (cscx) cot x — csc .

1
:f/fdu:71n|u\+c
u

w/2
= abmw

0

cscx + cotx
——dx

L@
,50\

51.

= —Inlescx + cotz| + c.
In |cscx — cot x| + c.

escczdr = | cscx.cscadx

@\u

cscx, dv = cscxdr

du = —cscr.cotr,v = —cotx
/ csccxdz
= —cscz.cotx

— [ (—cotx) (—cscx. cot x)dx
= —cscxcotr — / (csc x.coth) dx
= —cscrcotx — /cscx. (CSCQZ‘ — 1) dx
= —cscxcotx — csc x) d:v—i—/csc xdx

Sc T cot x + cscxdx

= —cs@ nlescr — cot | + ¢

= \(—cscxcotx + lnlecsca — cotz|) + ¢

cscixdx

1
cosr —1

_/ cosz + 1 J
) (cosx —1)(cosz +1) *

dxr

cosr+1
sin“x
1 cosT 1
- - — + — dx
sinx sinx  sinx

= — [ csczx (cotx + cscx) dx

= [ —cscxcotx — csc’zdx

:/(—cscmcotx)dx+/(—csc2a:) dx

=cscx +cotr + ¢ and,

1
[oriite
osx + 1
cost — 1 da
(cosz — 1) (cosz + 1)

-1
:7/(:05.332 e
sin“x
/< 1 )(cos:c 1 >
- - — — — dx
sin x sinx sinz

=— [ cscx (cotx — cscx)dx

= [ —cscxcotx + csczdx

/ (— cscw cot ) dx — / (fcsc2:c) dx

=cscx —cotxr +c

Using a CAS we get
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(Ex 3.2) /cos4 zsin® zdz

L. 5 5 2 5
=—=5 coszr’ — — cos
- inx T 35 T +c

(Ex 3.3) /\/sinxcos5 xdx

2
= = sing'/?
11

2
+ gsin:c?’/Q—i—c

— Zsing™/?

(Ex 3.5) /COS4 xdx

L osadsing 3 U
= —COST SInT — COSTSINT =T &
4 8 8

(Ex 3.6) /tan3 zsec® xdx

4 A
sin x sin x
5 15
=1/ +1/ cos x3
_1/15smm —1/15 sin2? cos x

—2/15 cos;v—i—c

Obviously my CAS used different tech-
niques. The answers given by the book
are simpler.

= ——(1 —cos® ) cos

1 2 .
52. (a) -z sin? z cos® x — 3 cos® ®
1 5 2 5 @.

{E—gCOS T

1
cos” x — — cos®

—7 5 Q
The conclusion is ¢ = 0
2 1,
(b) —1—5tanx—1—58€c mi\@
oot atan (O
+5sec rtanx

= 2t 1(1+t )t
= 15 anx 15 an T)tan™

1
+ 5(1 +tan?z)? tan

1 1
= gtan3x+ gtansx
The conclusion is ¢ = 0

53. The average power
1 27/ w

= RI? cos?(wt) dt

w

_ wRI? /Qﬁ/w Ly
wRI? 1.

= [t+2wsm(2wt)} .
wRI? [27 1 dwm 1

= T i —sin(—=Z) —0| = =R
Am [w+2wsm<w) ] 2

+ cos(2wt)] dt

27 [w

CHAPTER 6. INTEGRATION TECHNIQUES

6.4 Integration of
Rational Functions
Using Partial

Fractions
1 z—5 r—95
Tr2—-1 (z+1)(z-1)
_ A B
r+1 ax-—1
r—5=A(x—-1)+B(zx+1)
r=-1:-6=-24;A=3
r=1:—-4=2B;B=-2
rx—>5 3 _ 2
22—1 z+1 zx-1
3 2
d
/:132—1 ﬂ:ﬁ—l x—l)x
—31n| @ﬂn lz—1]+¢c
9. x—2
(x+2)(z—2)
CL+ ’
c) r+2 x—2
N 5t —2=A(x—2)+ Bz +2)
r=-2:-12=—-4A;A=3
r=2:8=4B;B =2
5r—2 3 2
2—4 T+2 x-2

5r — 2 3 2
/;162—4dx_/<gc—1—2+9€—2>daC

=3lnjz+2|+2In|z—-2|+¢c

6z 6z
3. =
22—x—-2 (z—2)(z+1)
A B
Cr—2 x+1
6x=A(x+ 1)+ B(x —2)
r=2:12=34;A=4
r=—-1:—6=-3B;B=2
6z 4 n 2
2—-—x—2 x—2 z+1
6z
/xz—x—de
4 2
= d
/(m—2+x—|—1> v
=4In|jz—2|+2In|jz+ 1] +¢
3z 3z
4. =
22=3z—-4 (z4+1)(z—4)
A n B
r+1 x—-4



3x=A(x—4)+ Bz +1)
r——1:-3——5A;A=">
r=3: 12—5BB—152

3¢ 3/5 | 125
22—-3x—4 z+1 2x2—-4

3z
—d
/$2—3x—4 v
3/5 12/5
p— d
/(m+1+x—4) “

12
:gln\x+1|+€ln|x—4|+c

—x+5
Cad— 12— 2

o r—2

_ —x+5
Ca(z—-2)(z+1)
C

r+1
—z+5=Ax—-2)(z+1)+ Bz(x +1)
+ cx(x —2)
)
5——2A.A——§

arer:S:GB:B:1

r=-1:6=3C:C=2

r=0:

—wt5 52 1) 2
B —x2-2r =z r—2 :c-l—l
L‘F‘%dz
3 — 22 — 22
5/2
=/( ERE = (Q
x
ln|x|—|— ln|a:—2| \
+21n|:z:+1|+c
3x+8 _ 3x+8
T a3 4522+ 6 x(z+2)(z+3))
_A+ B N C
r x+2 43

3z +8=A(x+2)(x +3) + Bx(z +3)
+ cx(z+2)
x:O:S:GA;A:%1

r=-2:2=-2B;B=-1
1

x:—3:—1=3C;C’=—§
3e+8  4/3 1 173
23+ 522+ 6 x+2 x+3

/ 3r+8 du
3 + 522 + 62

6.4. INTEGRATION OF RATIONAL FUNCTIONS USING PARTIAL FRACTIONS

4 1
=-Injz|-Inlz+2|—-Injz+3|+¢
3 3
o 5x-23 _  5w-23
T 622 —1lx—7 (2z+1)(3z—7)
A
_2x+1+3x—7
5x—23:A(3x—7)—|—B(2x—|—1)
1 ol
= —— . —— AA_
' 72 342 17 2 ’
= - —B;B=-2
T3 T3 T3
be—-23 3 2
6r2 —1lx —7 2241 3x-7
5x — 23
/6x2—11m—7d$
3 2
<2x—|—1_ x—?)dx
3
2 il | _
5 @ 3n|3x T +c
8 _ 3z 45
 (r+1)(z-1)

rz—1

3t+5=A(x—1)+ Bz +1)
12 6, U

5 5 5 4 3
r=1 8:6B;B—§
37 +5 L 11/3 43
522 —4x —1 5¢04+1 x-—1

11/3  4/3
Thrt1 +m—1>dx

M jse 410+ Sfe — 1]+
= —— 1N |07 —n|r — C
15 3

r—1

x(x + 2)?
A B C

N @12

r—1 _
3 + 422 + 4z

_|_
r x+2
r—1=A(x+2)?+ Ba(x+2)+Cx
r=0:—-1=4A;A=—-
3
——2C,C—§

1
x:1:0:9A+3B+C;B:Z

T=—-2:—

r—1
3 + 422 + 4z
RV 3/2
Tz T z+2 (z+2)?2

381
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/ r—1 d
3 4+ 422 + 4o . / 1

/4 1/4 3/2 Bz
= -+ 2+ 92 dx 1 e
x T+ (:C-l- ) =/<——|—2—>dx
1 1 3 x 137 +4
4r —5 4dr —5
10. = 2 _ B
23— 322 2%(x—3) 13. 4z* — T — 17
A B C 622 — 11z — 10
Tz 22 r_3 2 1 x — 31
=(A+ )2 (3A+B)x+( 3B) _2. 1A B
B:E;A:_Z;C:z 3 3[2x—-5 3x+2
A 3 3/ 9/ 7 x—31= A3z +2)+ B(2x —5)
r—5 9 5/3 9 5 57 19
23 —3z2 oz +z2+z—3 r=gi-y = oA A==
/fi:lm Yp s
3 — 32 3
7/9 5/3 7/9
T T z—3 5
1 - =
_@|x|_§_+zln|x_3|+c 5 3:0—}-2}
In 3z 9 7x_17dm

11. _ 6x2 — 11z — 10

/ )
dz
A Br+C Q 2w —5 33:+2

z 241 :—a:——ln|2a:—5|+ ln|3x+2|+c

— A(2
z+2=A@"+1)+ (Bz+ )z Q R 9

14, ——— =z +

= Az® + A+ Ba? + Cx x? -1 (z+1)(z—1)
=(A+B)2*+Cx+ A @ A B
=T+ +
A=2C=1;B=-2 \ s+l 21

2r=A(x—1)+ Bz +1)

T+2 2 2z+1

_2 A=B=1
3+ x+ 22+ 1
x+2 2 —2zx+1 3+ 1 1
/x3+xdx_/<§+ 2 +1 >dm xz—l_x+m+1+x—l
2 2x 1 3
/(x x2+1+x2+1) v /m2_1daz
=2In|z| —In(z® + 1) +tan"'z +c - x4+ _|_L dz
z+1 1
12 1 _ 1 22
a3 tdr x(a? +4) :7+1n|~7”+1|+hﬂ|$_1|‘|'C
A Bx+C
Ry 15 2w+3 2043

o2 - 2
| =A@+ 1)+ (Bz + C)z vHtl e+l
_ 2 —
1=(A+B)z*+Czx+ A m+1+(x+1)2
20 +3=A(z+1)+ B

A=1,B=-1;C=0
1 1 — r=-1:B=1;A=2

x3+4x_5+x2—|—4



6.4.

16.

17.

18.

w43 2 1
22420 +1 z+1 (x4 1)2

/ 2x + 3 e

2 422 +1

_/ 2 1\,
N x+1 (z+41)2 v

1
=2ln|z4+1|—-——+c¢

z+1
2z 2z
—6x+9 (z—3)2
A N B
Cx-3  (r—3)2
20 =A(x—3)+ B
A=2;B=6
2z 2 n 6
—6x+9 x-3 (x-—3)2

2x
——d
/x2—6x—|—9 v

23 1222 + 21 +x(x2+2x—|—2)
_1+A+ Bx+c

N x  x?+2r+2

—20% 22 —4=A(2*+ 2 +2)+ (B

= (A+ B)2® + (2A+c)x + 24
A=-2,B=0;C=2 @

3+ 222 4+ 22 @\
e
+ x +x2+2x+2

/ x3—4
—_————dx
3 4+ 222 + 22

= [ (43 )

=z —2n|z| +2tan_1(x+1)—|—c
4 B 4
23— 222 +4x  x(x? — 2z +4)
A Bx+C

T 2 24

4=A(x? —2x+4)+ (Bx +C)x

= (A+ B)a? + (—24+ C)z + 44

A=1;B=-1;C=2
4 1

—x + 2
2 —2x+4

3 — 22 +4x o«

4 d
—_—dzx
3 — 222 + 4z

19.

20.

INTEGRATION OF RATIONAL FUNCTIONS USING PARTIAL FRACTIONS

_/ 1+ —x + 2 d
- r x2-2x+4 *
2 — 2 1

_/ 11 .
o r 2z2-2x+4

1
=lIn|z| — §ln(x2 — 2z +4)

n 1 ; _1(x—1>+
—— tan — c
V3 V3

33 +1
x3—x2+x—1

322 -3z +4

—J:2+x—1
3:1: -3z +4
(z24+1)(z—1)
Am—i—B C

=3+

Bx—B+C:1: +C

3¢° +1 g o2 2
-2 +zr—-1

24+1 z-1
323 41
|
/<3+ 2+21+L>dx
:/<3+x2::—1_x22+1+x31)dx

1
:3:1:+§1n(:z:2+1) —2tan~!
+2In|z—-1]+c¢

20t + 922+ —4 9 +x2—|—x—4
= xXT _—
3+ 4z x(z? +4)

Pt —4=A@*+4)+
=(A+B)2* +Cx +4A
A=-1;B=2C=1

(Bx + C)x

2t 4+ 922+ —4 5 1 2z+1
pry xr — — —
3 + 4 x 2244
_9 1+ 2z
= 2r — — -
2244 2244
/23: + 922 —|—x—4d
s
3 + 4x
1 2z 1
= 20— —+ ——+ ———]d
/(m x+:z:2+4+x2—|—4> *
1
:x2—1n|x\+ln(x2+4)+§tan_1g+c

383

(z— 1)2+3> de

z+ B (x—1)+C’(:r2+1)
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1. 90234‘13‘1‘2 w94 11 n 2 26. Let u = 22, du = (27) dx.
x2 42z —8 +4 z-2 / T dx—l/ 2x da
x3+m+2d xt 41 2) 2*t+1
1 1
/x2+2x—8m = / 2du = —tan (u) +c
/ - 11 N 2 p % ut 41 2
= T — — x
+4 x-2 :étan(mz)Jrc
2
x
=— —2x+111 +4
R dr—2  —dz+1 1
+2hnjz—2+ec 2T e =1 4241 el
22+ 1 2)7  37/7 Ax—2
22. = - 16z* — 1
22 —5x—6 x+1 x—6
2 /<4x+1+ 1 )d
x = x
-~ d 472 + 1 2z +1
/732_535_696 1 8 1 1
" 2/7  31/1 :/ L d
_/<_x+1+x—6>dx 1( 24x2+1+l4x2+1+2x+1> *
2 = ——In[4a® —tan"'(2
:ffln|x+1\+£1n|x76|+c 2 njde ®+2 an™"(2z)
7 7 1
by H4 2 1 3 +\ I +e
) x3+3x2+2x_5+x—|—2_$—|—1
o - P 13/32 1/32 32/8+7/8
————d | T r—2 B 2
/x3+3x2+2mx ; +7x 2 x+2 x4+ 4
2 1 3 x
= = — d C) dx
/<x+x+2 x—i—l) v ¢ zt —16
° 13/32  1/32  3z/8+7/8
=2In|z|+n|z+2|-3n|z+1|+c¢ Q = v_92 212 2214 dx
gy L 13 (@+2)3 :/<13/32_1/32 R
Twd—-1 (z—-1) (22+ax+1) Q r—2 z+2 1622 +4
1
/73 dz o1
o sa2ra) ™
:7/ 13 1
3) (z-1) zﬁln\x 2|—§ln\x+2|
:1/ 1 —iln(x2+4)—ltan*17+c
3) (z—1) 16 16 2
_}/ L 3
3/ (z-1) 29. _ 4T
1 3 3x2+2x+1
-~ LTl _r 21 1022
:}/ L 3 9 93x2+2r+1
3) (@-1) / 4+
————dx
1 3 da 3x2+2x+1
2 (z+1/2)" +3/4 /(m 2 1 10z+42 >dw
1 1 = _— = R ———————
:[ln|x—1|—ln’x2+w—|—1’ 39 9322+2z+1
5 2 _/ ¢ 2 15 6x+2
_\/gtan1<2$\/+§1)]+c - \3TOT OB
_933(x+1/3)2+2/3>dx
25. Letu:x4—m,du:(4x3—1)dm. 22 9 5 )
3 _ = ——= — In(3 2 1
/(43@ 1)dz— du 5 "ot tor B2 2w+ 1)

4 — 2z o U 2v/2 1 (3z+1
:1n|u|+c:1n|x4fx|+c. - tan 5 +c
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30.

31.

32.

33.

3 — 2

—3r+2
_x+4 1 2lx—6
2 3 4222 -3z +2

3 — 2z
/2 3x+2d
/ 1 21 — 6 de
3 42x2—33:+2
zr 4 21 4x -3
o=

16222 — 32+ 2
—|—§ ! dx
32 (z — 3/4) +7/16
2
4
Z+ 330—&-%11(1(295 —3x+2)

39v7 (4 -3

— —— tan +c
96 V7

422 +3 3 -3

x3+x2+x:5 2 +x+1

/ 422 +3 e
x3+a? +x
B r r2+z+1
3 +1/2 7/2
=[G et ) ®

224+z4+1 22+zx+1
1
=31 —
o+ 1

In|z? +z+1]
—ltanfl <2m+1>_’_c
AR 4
dr +4 _i+3+ —x —
ri4 a3 +2202 oz 22 a2+
/ 4o 4+ 4 d &
P ad 22 \
(e
N x 2?2 x4+ “
2 1
:1n|x|—5—§ln(x2+x+2)
) 1 2x+1
— —tan +c
7o ()
Let u = 22, dv = (sinz) dx

So that du = (2z) dzandv = — cos z.

x? sin xdx
=2 (—cosz) — / (—cosx) (2x) dx
= —x2cosx—|—2/x(cosz) dz

Let u = x,dv = cos zdx,
so that du = drandv = sinx.

2% sin zdx

= fxzcosa:JrQ/xcosmda:

= —2%cosz + 2 {xsinx + cosz} + c.

34. Let u = z,dv = e**dx .
2z

so that du = drandv = 67.

2x 2x
2 e e
dr = o— — —d
/xe X T D) D) T

eQm 6290

STy T e

35. Let u = (sin2x — 4) ,

so that du = 2sin x cos x dx.

/sinxcosx 1/du
—adr =5 [ —
sin“x — 4 2 U

1 1.,
:§1n|u|+c:§ln|sm z—4|+c
36. Lett—e @zdx and €3 = ¢3
2¢”
e3w /t3+t '
dt—21n|t|—ln|t2+1|+c
ln}621+1|+c
433 +2 Ar+B  Cx+D
(z2+1)2 2241 (22 +1)2

42 +2f(Ax+B)(:17 +1)+ (Cz+ D)
= Az® + Bx? +(A+C')x+(B+D)
A=0;B=4C=0;D=—

4 +2 4 P
(22 +1)2 2241 (22 +1)2
38 3+ 2 _Az+B  Cr+D
T (e241)2 0 2241 (22+1)2

3 +2=(Az+B)(x*+1)+cx+ D
= A2® + Ba? + (A+c)x + (B + D)
A=1;B=0;C=-1;D=2

3 +2 T —x+2
(2 +1)2 2241 (22 +1)?
2
39, " +3
(22 +x+1)2
_ Ax + B Cx+D
224 x4+1 0 (224 x4 1)2

42° +3=(Az+ B)(z* +x+ 1) +cx+ D

= A + Az? + Ax+ B>+ Bx+B+cx+ D
A=0

A+B=4:B=4

A+B+c¢c=0:C=-4

B+D=3:D=-1
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40.

41.

42.

422 + 3

(22 4+ 2+ 1)2
_ 4 4r+1

T2t r+1 (2 Ha+1)2

rt 4+ 23 _1+x3—8x2—8
(3:2—1—4)2_ (22 + 4)2
_1+Ax+B Cx+D
N r24+4 (22 +4)2

2% —82? —8 = (Ax+ B)(z* +4) +cx + D
= Az + Ba? + (4A+ c)x + (4B + D)
A=1B=-8C=-4,D=24

r—8
2+ 4

—4x 4 24
(22 4 4)2

Let u = 2% + 1, du = 32%dx
3 322
dr = | ————d
/x4+x . /:cS(:E3+1) *

1
——d
(u—1)u “

)

=hnju—1—Inlul+¢

zt + 23

T
@rag

=In

On the other hand, we can let

u=—, du=——dz ®
x x

Jaoe [N
4+ T 1+u3N

=—In|l+u|+c=—-In /23| + ¢

To see that the two answers are equivalent,

note that

T

n|l—— | =
x3+1

—In =—In|l +1/23

224+ 1
23

Let u = 2% 4+ 1, du = 2zdz

2 2z
/x3+xdx_/x2(x2+1)dx

u—l‘
+c

T
2 2u

dv =— | ——d

/x?’—i—x:r /1+u2u

1
=-—In[l+u?|+c=—-In|l +—
x

5| +¢

o
U ¢ By partial fractions,
23 Q 1 i
1t ®' 4\ (1

CHAPTER 6. INTEGRATION TECHNIQUES

To see that the two answers are equivalent,

note th2at )
T e+ 1 1
hl xQH‘:_ln :[;2 ’:—111 1+ﬁ

43. (a) Partial fractions
(b

Substitution method

)
)

(¢) Substitution and Partial fractions.
)

(d) Substitution

——dz
)2

du

0 / (1—u)?(1+ u)Qdu

(1—u)’(1+u)?

Hence, / secdzdx

1
—Z _7h’l|17u|+m
- ]-i—c

(1+w)

1 . 1
=-—|—In|l1 —sinz|+

+1n|l + u

(1 —sinax)
b
(1 +sinx)

+1In|l +sinz| —

6.5 Integration Table
and Computer
Algebra Systems

X
L. /<z+4>d

2 1
- % 4 In|2+4
1602 1 42) T 16 mI2HdxlFe
1 1
- 4 In|2+4
SE1ar) 16 mI2 At



6.5. INTEGRATION TABLE AND COMPUTER ALGEBRA SYSTEMS

$2
2. ——d
/ @+

1 1
= (2442 = —4m2+4
64(+x 2+ 4z n|+x|>+c

3. Substitute u =1+ ¢e*
e?*\/1 + erdr = /(u — vVudu
= /(u3/2 —u?)du

2 2
5us/z _ §u3/2 +e

2
= g(l + 61)5/2 —

4. Substitute u = e®

1+ e2® dm:/u2\/1+—u2du
= %u(l +2u2)\/1—|——u2
- %ln|u—|— \/l—i——u2| +c
L1 4902 /TT o5
- %ln|ew+m|+c

5. Substitute u = 2x

2
g(l—l-em)?’/2 +c

T
—dx
/\/1—|—4ac2
1/ u?
=— [ ——du
8) Vitu?
:1[2_1/14_“2

8 L2
—%ln(u—i— 1 +u2)} +\®

8

1
—1—61n(2x—|—\/1—|—4x2)—|—c

6. Substitute u = sinx

coS T
/ dx
x(3 —|— 2sin )

9 ‘ sinz

7. Substitute u = t3

t3y/4 — 16t
1
:g /’ILQ(\/ —UQ)du
1 16
=3 [g (2u2 —4) 4—u?+ gsin_lg +c

L;; Substitute u = 2
2 2zt =9

387
- 1 4 6 G 2.t
=57 (2t° —4) V4 —t + gsin
1
/tS\/4—t6dt:Z—£
A 9 1
8. Substitute u = e
V16— u2
/\/ 16—62tdt:/&du
u
4+ /16 — u?
=16 —u?2 —41In —|——6u +c
u
44 16— e
=116 —e2t —41n —|——?e +c
e
In4
16 — e2tdt = —/15 + 41n (\/1_5+ 4)

0

9. Substitute u =
e’ / 1
———d%=) | ————du
u? +4
= In(u u?) +¢
@\/4 T e+

W 2v/2 +2
\/W 14+5

4
-1 \/1L2——9—i’>sec_1M
2 3 /15
—£_§SGC71 il
22 3

11. Substitute u =+ — 3
/\/Gx—xQd
(-3 "
\/(u+3)(6—(u+3))du

)
o
=——\/9—u2—s1n 124
U 3

= —— —_— — 2
pr 9—(z—23)

—gin~! r—3 +c
3

12. Substitute u = tanx
sec?

/ tan m\/%tanx —tan’z

Y S
/ uV/8u — u?
V8u — u?

:——+C

4

dx

1/4\/u2—9
== Y— " du



388

V8tanz — tan®x

- 4tanx te

13. tanbudu

1
= gtan5u — /tan4udu

1 1
= gtan5u — [Stangu — /tan2udu]

1 5 1 3
:gtan u—gtan u—+tanu —u + c.

14. esctudu

1 2
= —gcsczu cotu + 3 /Csc2udu

2
2
= ——csc’ucotu — = cotu + c.
3 3

15. Substitute u = sinx
cos T

1
—_—dz = | ——du
sin zv/4 + sinx /u\/4—|—u
1 \/4+u—2‘
= —In|—|+c¢
f Vitu+2
\/4—|—smx—2'+

1
V4 +sinx + 2

$

1\ 2
<> 75 (30% — 16u + 128) V4 fag @'

— 1622 412
15(33: 6x° + 128) 42 c
17. Substitute u—x21
/xBCosxzdx: i/ucosudu

= —(cosu+usinu) + ¢

16. Subbtltute u= xg @Q

| —

1 1
= Ecosm2 + ixQSinm2 +c

18. Substitute u = z2

xsin(3x?) cos(42?) da

1 .
= g/sm(Su) cos(4u) du

71 cosu  cosTu "
2\ 2 14 ¢

cosz?  cosTx?

4 28

19. Substitute u = cosx .
sin 2z 7/251n:ccosxd

——dr = | ——dx
v1+cosx v1+cosx

CHAPTER 6. INTEGRATION TECHNIQUES

21.

22.

23.

24.

25.

26.

27.

=-2 [i(u—%\/m} +ec

4
z—g(cosx—Z)\/l—i—cosx—i—c

. Substltutc u = x>

x 1+4x2 m
[P
2u V1+4u+1
V14422 -1
VI+4z? +1

V1 + 42
T 2 o

Substitute © = sint

/ sin® ¢ cos t@
sip?

+ u?

4
—iln(u—k 44+ u?)+c

— smt 4+ sin’ ¢

—21n (smt—i— V4 + sin? )

Substitute u = v/t
1n\[alt:2/lnudu
=2ulnu—2u+c=2VtlnvVt—

Wt +c

2
Substitute u = -—=
T

e=2/e" 1 w
/ 3 dx:i/e du

—2/x? +ec

fe +c=—e

Substitute u =

22
x32:cdx 1/
8

=—(u—1)"

\

OO)—!
OOH—'g

T
—dx
/\/433—:52
27
= —\/dx — 22 + 2cos! ( 5 I) +c

/65”’ cos 3z dx

1
= —(0cosdx +3smadx)e”” +c
345 3z + 3sin3z)e’®

Substitute u = e*
/ew tan~!(e*)dz = /tanfl udu
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28.

29.
30.
31.

32.
33.
34.

35.

36.

37.

6.6 Improper Inte&ls
1.

IMPROPER INTEGRALS

1
=utan "ty — iln(l +u?) 4 ¢

1
= e tan " e” — 3 In(1 + e**) + ¢

Substitute u = 4x

/(1n4x)3 dx = i/(lnu)?’ dx

_ % <u(1nu)3 - 3/(1nu)2 dx)

= 4u3(1nu)3
1 (u(lnw)® —2ulnu +2u) +c

= 2(In42)® — 3z(Inw)? + 6xlndxr — 6z + ¢
Answer depends on CAS used.

Answer depends on CAS used.

Any answer is wrong because the integrand is

undefined for all = # 1.

Answer depends on CAS used.
Answer depends on CAS used.
Answer depends on CAS used.

Answer depends on CAS used.

b
Maple gives the result: o

1
a?

If the CAS is unable to compute an Tiva-
ng this

tive, [ f(z)
inability.

dx is generally printed’s

N

(a) improper, function not defined at x =0

(b) not improper, function continuous on
entire interval

(¢) not improper, function continuous on
on entire interval

(a) improper, interval is infinite

(b) improper, function not defined at z =0

(c¢) improper, interval is infinite

1 1
(a) / 27 V3dz = lim xV3dx
0 R—0t+ JRp
1
= lim =z%°
R—0+ 2 R

1 1
(b) / 2~ 43dz = lim a3 dx
0 R—0t R
1
= lim (—3z7%/3)
R—0+t R
= lim (=3)(1-R7'%) =
i (=3)( ) =00

So the original integral diverges.

4 (a) /100

R
= lim 5z%/ 5‘
R—00
= lim 5RY® —5=
R—>oo
So the original 1ntegral diverges.

o R
(b)/ 27 %%dz = lim dx

R—)oo

Y%y = lim A

R—oo Jq

= lim
R— o0

Ny

= lim —4(V/5—-R—-2)=-8
R—5—

2
a ———dx = lim
)/0 V1 —z2 R%I*/ \/1—z2
1

= lim 2sin” "z

R—1— 0
= lim 2(sin"' R —sin~'0)
R—1—
—9 (f - 0)
2
1/2 9
b —dx
(b) o xvV1—22
1/2 9
= li —d
Rgrf)l‘*' R v 1 — 12 v
1/2
) 1+vV1—22
= lim 2In| ———— =
R—0t xT

dr = lim ) ! dx
O \/l—x S ro1- )y Vi—z
R
R—1—

389

R
Therefore the original integral diverges.

o R
7. (a)/ ze®dr = lim xe®dx
0

R—o0 J

= lim (ze® —e”)
R—o0

0
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_ 1 R _ 1
—Rh_rgoe (R-1)+1=00 Hence,lz—l—6
So the original integral diverges.
—1 —1
i = — 1 1
(b) Substltoljte u 2x . 9. (a) / —dr=lim —dx
2 —2z 1 2 u —o0 T Ro—co Jp T
Iz/ z4e dm:—f/ u’edu _1
1 8./ 2 - 1
1 -2 - R1—1>I£100 _;
= g/ u?e“du f‘
—o0 =14+ lim —=1
1 -2 ) R——oo R
== lim u’e'du 01 R
1 -2 1T R—0t J_ 1 X
= — lim (u®e" — 2ue" + 2e%)
1OR_)_OO ) R = lim ——
v
=g g lim e(-R*+2R-2) e Fle
. RRHEOO =—-1- lim — =00
But, lim e"“(—R*+2R-—2) R—0+ R
R—>—%o ) So the original integral diverges.
= lim e ""(—R* - 2R —2)
R—o00
— —R?*—-2R -2
~ R5e R el
—2R -2 . =2
TR e e =Y
Hence, I = 16_2

O So the original integral diverges.

8. (a) Substitute u = 3z C)
! .

e} R
I= lim 23 dy (a) / coszdr = lim cos zdzx
0

—oco—1 —0o0 w. R— o0 0
1 /3 R
= — u?evdu @ = lim s1n:1:‘

27 —co R—o0

0
1 3 = lim (sin R — sin0)
= — lim (u®e" — 2ue" + 2¢e“ firoo

27 R——o0 So the original integral diverges.
_ 53 1 R/ p2 o0 )
~o7¢ T o7 Rl_l)rflooe (R 2) (b) / cosxe” Sy
But, lim e®(R?-2R 0 R .
T ey = lim cosxe” M %dx
= lim e "(R*+2 R—00 J,

R—o0

. R2+2R—|—2 = lim _e—sinx

= lim —5 = 0 R—o0 0

fimeo 56 = lim —e %R 41
Hence, [ = —¢3 R—00

27 So the original integral diverges.

(b) Substitute u = —4x

0 1
Iz/ re Yz 11. (a) / In zdx
0

e !
= — u = 1i Inzd
16 7ooue du RLH& - nzrar
1 0 !
=— i u = lim (zlnz —2
16 rim J, vedu ParR ) R
) 0 = lm (-1 - RInR+ R)
= — 1 U _ et —0
16 plim (ue” =] . InR
1 1 R =1 ngf)IJr 1/R
=+ i —1
6 16 (R . 1/R

But, lim ef(R—1) N RIHI&+ —1/R?
R——o0

= lim e ®(-R-1)=0 ~1+4 lim R= -1

R—00 R—0t
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12.

13.

IMPROPER INTEGRALS

(b)

/2
/ sec? zdx
0

R

= lim sec? zdx
R—m /2~
R

= lim tanx

R—m/2~
= lim
R—m /2~

0
tan R — tan0 = oo

Therefore the original integral diverges.

/2
/ cot xdx
0

/2 cosx

= lim

——dx
R—0+ Jp  sinzx

/2
= hm In | sin x|
—0+
1n|sm(7r/2)|— hm In|sin R| =
R—0*

So the original integral diverges.

/2
/ tan zdz
0 R
= lim L
R—ow/2 Jy cosz
R
= lim —In|cosz|
R—m/2
= lim (- 1n|cosR|-|—ln1

R—m/2
So the original integral diverges.

5 2
/0 7£2_1dx
3 1
_/0 <_a:—|—1 T — >
1

R
= lim (— dx
R—1- Jq T+ @ 1
, 3 1 1
+ lim - +
R—1+ Jg z+1 x-1
Both of these integrals behave like
1
1
lim —dx
R—0+ R T
= lim (Inl-InR)
R—0*
= lim In =00
R—0%+
So the original integral diverges.
4
2
/ 5 * dx
1 X7 = 1
4
2
= lim idm

Ro1+ Jp 22 —1
= lim In(2® — 1)|4
R—1+ R

= lim Inl15

R—1+

1
2
[
4 T -1

—In(R*-1) =

dzx

14.

O
,50\

)

B op

d
,4.T2—1 v

= lim
R—1—

. 2 R

hHll In(z* - 1)|” A

hm In(R* -~ 1) —In15 =
—1-

So the original integral dlverges

s
/ xsec?zdx
0

/2 T
= / xsec?zdx + / xsec?zdx
0 w/2

(ztanz + In|cos m|)|§

= lim
R—m/2~
+ lim (xtanz + Inlcosz|)|%

L cos

= 0

So the original integral diverges.
IND
|2

B9
= lim / 3 dx
R—1— 0 xTr° — 1
2 2
li d
+hm [T
C w2 In (2> +x+1)
R—1— 6
tan—1 ( 2z+1 R
B V3 In(x—1)
V3 3
0
4 lim 2 1 (:c + x4+ 1)
R—1+ 6
tan—1 ( 2z+1 R
V3 In(x—1)

=0

> 1
—d
/,m1+x2 !

©1 > 1

0
= lim ——dx
R——o0 Jp 1+.’E2
B
+ lim ——dx
R—o0 0 1+.’172

z|% + lim tan™!
R—o00
= lim (tan™'0 —tan~'R)
R——o0
+ lim (tan™' R —tan~'0)
R—o00

= lim tan~!
R—o0

o[y’

391



392

16.

17.

CHAPTER 6. INTEGRATION TECHNIQUES

. 1 1 R—-1

Iim —In{ = 1

R—1+ 2 3 R+l
=00

Therefore the original integral diverges.

2
x

—d

/0 221

o 2 18.
/0 2?2 —1 m+/1 2217
R
= lim %dw
R—1- Jg x4 -1
2
li d
+Ri>nll+ R I271 v
1 R
= lim fln|x2—1\
R—1- 2 0

1
+ lim =In|z? — 1]
R—1+ 2

R
1 1
= 1l —In|R?>-1|— =In|-1
1£?<2“ | 2“")
= —00
So the original integral diverges.

O
,50\

= lim

So the original integral diverges.
Substitute u=+/x
/ fefdﬂc = /26_“du
1
Hence /0 1 de

= lim / #dx
"~ RS0t Jp TeV®
R

i / L4
1m ——ax
R—o0 Jq \/Ee\/i

1
+ lim —2
R R—oo (3\/5

\2 O

(b)

. -2 2
+ lim ( —+ — =
R—o0 e &
=1+1=2
/2
/ tan xdx
0
R
= lim tan xdx
R—)ﬂ'/27 0
R
= lim —Incosz
R—m/2— 0
= lim (—IncosR)= o0
R—m /2~

Therefore the original integral diverges.

Substitute u = e”

1:/ S
0 e$+1

. 1
=\li
1 u2 =+ 1
R
@m tanflu’
R—o0 1
lim (tanflR — tanfll)
R—o0
_rT_T_T
2 4 4

) Substitute u = tan"lz

= ——d
/0/ vaz+1 *
/2
= / tanu (\/ tan?u + 1) du
0

R

= lim tanu (secu) du
R—m/2 Jg
R
= lim secu
R—7/2 0
= lim secR—sec0 =00
R—m/2~

Therefore the original integral diverges.

1 1
I, = / z Pdr = lim z Pdx
0 R—0+ R
e 1 - gp—p+l
= lim = lim ——
R—0t \-p+1/|p R0t —p+1

We need p < 1 for the above limit to con-
verge. If this is the case,

I, = m—
e} R
I, = / 2 Pdxr = lim z Pdx
1 R—o0 1
A R—PH 1
= lim = lim ——
R—oo —p+ 1 1 R—oo —p-+ 1

We need p > 1 for the above limit to
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converge.

(¢) There are three cases.
Case 1: p> —1

0o R
/ zPdr = lim zPdx
0

R—o0 Jg
P+l R Rp+1
= lim = lim =
R—>oop+10 R—><>op—|—1
oo

So / xPdx diverges.
Case 2: p=—1
We have already seen that /

—0o0

<1
—dx
x
diverges.

Case 3: p< —1

1 1
zPdr = lim zPdz
0 R—0t R

ek

lim
rR—0t p+1|p
1 — RpHL

im
R—0+ p+1
oo
So / xPdzx diverges.
— 00

20. Casel: If r > 0

Substitute u = rx.
o
I= /
0
1 R
=— lim
Tr7“ R—00 0

ere *«ji\

ue*

= — hm

3 &

1

A e (Q

72 Rooe” (R 1)g\ >

So/ xe"*dx divergesftor r > 0.
0

Case2: For r < 0,

(ue® —

Substitogte u=—rr
1= xe dx
=—— lim ue
2R 23.

N 1
= — — 1. R — —1) — —

Tzlfgnooe 1( E-1) 72
=0-nm="5
Therefore, for all r < 0 the integral

oo
/ ze"¥dx converges.
0

22.

393

(b) Casel: If r >0
Substitute u = rx

0
I = / ze  dx

0

= ﬁRgmm i uedu
= T%Rhm (ue® — e“)\OR
=3 = gl ¢ )

xe"*dx converges for r > 0.

0
So /
—00
Case2: Forr <0,
0
the i%@ ze" dx diverges.

Th ,forall r <0
h@integral fooo xe™dx converges.

AOVE 5
C 1423 23 22

R
/ —dx— lim —Zdac
T

R—oo Jq

R
= lim <—)
R—o xT 1
=1 ——4+1]=1
R%( R+ )

<
So /1 mdw converges.

x2 =2 3z

L R
4 +3 7 4

0o R
/ 32 2dx = lim 3z 2dx
1 R—oo Jq
R
— fim = zlim_—3+3:3
R—oco X 1 R R

> 329
So dx converges.
/1 4+ 3 &

x x 1
73/2 — 1 73/2 >0

21/2
oo
J

R
— Tim 2\/5‘
2

R—o0

= lim (2VR —
R— o0

2 Y2dz = lim xV%dx

R—o0 [o

2V2) =

So / 3/+1dx diverges.
2 X
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24.

25.

26.

27.

28.

29.

2
24 sec”x > l
T T
<1 R
/ —dxr = lim —dx
1 xr R— o0 1 X

= lim 1n|x||?: lim In|R| =
R—)gg ) R—o00
2
So / Mdm diverges.
1 x

3 3

<
T+ e* er

o) R
/ idalc = lim ida:
0

0<

er R—oo [ €7
R
. 3
= lim (——
R—o0 e? 0
. 3
= lim ——R+3 =3
R—o0 e
> 3
So dx converges.
o T+e*
3
e’ <e™®
s} R
e *dr = lim e *dx
1 R—o0 1
R R 1
= lim —e_m‘ = lim —e " 4e”
R—o0 1 R—o00

(oo}
_ .3
So / e~ % dx converges.
1

sin? x 1 1

[ —<_
1+er — 1+e® er

s} R
/ idar; = lim ld:c @
o €7 R—oo Jo €7
o N\
o Rl—r>noo (_e ) 0 @
= lim (—e_R +1)=1

R— o

< sin? gz
So dx converges.
0 1 + er

Inz z
< J—
e*+1 €7
o R
/ —dz = lim re “dx
2 er R—o0 2
— 1' _ T _ xr
(e e,
= lim e ®(—~R—1) +3e7?
—00
and lim e ®(-R—1)
TR-1 1
frng 1 frng 1. —_—
Roe R R o 0
* In
So dx converges
2 e*+
x2e” -
>e

2
Q\ = lim 1&02 Indx — r
% R— 0t \ 2 4

CHAPTER 6. INTEGRATION TECHNIQUES

o) R
/ e“dr = lim e“dx
2

R—o0 2
= lim €
R—o0 2
= lim (ef —e?) = 0
R— o0

2
30. % Tl 5 o7
00 R
/ e’dr = lim edx
1

R—oo Jq

= lim e””‘ = lim (e —e) =
R—o0 1 R—o0

o0
2 .
So/ e® TeHdx diverges.
1

31. Let u =1n4x, dv = xdx
dx

1
/ ——x 1n4x—§/mdfn
2
C)f

ln4a:———|—c

1
/ zlndzdr = lim z Indxdr
R— 0t R

1

R
1 1, R?
S g (e )
—f—lmnﬁmm
4 2RSo0 AR
hm R?In4R = lim n
R— 0 R 0+ R2
R im & —o
R0t —2R—3  paor —2

Hence I = —=
ence 1

32. Let u = x,dv = e *dz

du =dx, v= —56_236

1
/xe_%dx = —ge_% + 3 /e_hdx

0o R
ze ?*dz = lim ze *dx
0 R—o0 0

R
_ Rhm (_fe—Qw _e—2x>
— 00 0
:Iym,eﬂR(—R/2—1)+1
—00

~R/2-1
_ pim B2 -1

+1
R—o0 e2R
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33.

34.

35.

36.

37.
38.

39.

IMPROPER INTEGRALS
-2
:Rh—r>no<>2€2R+1:1

The volume is finite:
> q B
V=m dx =m lim —dx
P

R—oo [q .T2
. 1"
=7 lim — —
R—o0 .’L'l
1
= 1. _— 1 =
WR1—I>I<1>0< R+ )

The surface area is infinite:

<1 1
S:2w/ S\ 14 —da
1 X x

1 11
S\ >

B
and/ —dxr = lim —dx

R—oo [ X

lim InR =

R— o

R
= lim ln|x|‘ =
R— 1

o0
The integral / z3dx diverges:

— 00

oo R
/ z2dz = lim 23dx
0

R—o0 Jg

40.

24 R 4
= lim —| = lim — =
R—o0 0 R—oco 4
R
The limit lim 22dx =
— 00 R
R 4 R Q
lim z3dr = lim =
R—oo J_p R—oo 4 |_p
R* R*
=lm (——-—|]=1
R—o0 4 4 R— o0

True, this statement can
integration by parts:

[ t@de=z() - [ g(oyiz,

oved using the

where g(x) is some function related to f(z).

1
False, consider f(z) = —
x

False, consider f(z) =Inz

True, this statement is best understood graph-

ically.
(a) Substitute u = Vkx

/°° _k’”2d 1 /oo _“2d
e r = —= e u =
—oo \/E —0o0

(b) We use integration by parts
(u= e v= x):

e dr = ge™® + 2/x2

_ 2
e dx

VT
NG

we have

395

Since the graph of the function ze~ is
anti-symmetric across the y-axis,
lim

2 0 2 R
(xe_” =0
R—o0 0

Tho%n we have

+ xe™ "

oo

7z2 2 —z?
dr =2 e ¥ dx
And the conclus10;10105
/ 22" dr = ﬁ
oo 2
Since k > 0, we have
/°° sinkxdx _ /°° sin kx (k) da
0 x 0 kx
Let u = kx,du = kdx.
> sinu T
= / du = —.
0 u 2
Since k: , assume k = —m , where

\@% [

/ sin mx
/ sin mx (m) dz
0 mx

Let u = mx, so that du = mdzx.
sinu T

d:

- [ a3

Since k > 0 , we have

/°° sinzzk:z: i :/ sin®kx (k?) d:
0 x 0 (ka:)
Let u = kz, du = kdzx.
:/ P fdu = k=
0 U 2
Since k < 0, assume k = —m, where
m > 0 ) L
/ sin 2kacdm:/ sin [(—Qm) x] i
0 X 0 X
B /°° sin’max
=/ —
o (mz)

Let u = ma, du = mdzx.

x <1
—dxr ~ —dx.
PR /1 A%

1
— dx converges to - .
1 x 3
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42.

43.

<z
Hence / ———d also converges.
1 T 1
x 1
So that, we have, 0 < f(z) < g(z) .

By Comparison test,
<z 1 1
——dzr < —dr = ——.
/1 o1t /1 e 3

(a) Let f(z) %

So that, we have, 0 < f(z) < g(x).
By Comparison test,

/r /\/%d

! diverges.
iver
T Va2 &
Hence g(z) =

1

= ——and g(z) =
22

and

also diverges.

N
(b) Let f(z) = \/%and g(z) =

So that, we have, 0 < f(x)
By Comparison test,
oo

<1
———dz < —dz,
9 Vb -1 g x5/4
1

g(x) = 51 converges.

Hence f(z) = \/%

5/4"
< g(z) .

(c) Let f(z) = \/ﬁ and Q
: o

9(x) = —=

vV — 1
So that, we have, 0 < f( ).
By Comparison test,
e x x
—_—dx —dz ,
2 Vb 4ax-—1 2
T
and g(r) = ———— converges.
e s " g
Hence r) = —m————
/(@) Vad +x—1

verges.

also con-

T
Substitute u = — —

w/2
/ In(sin z)d
0
7r/2
= / n(cosu)d
0

Moreover,

/2

2/ In(sinz)dx
0 w/2 /2

:/ ln(cosx)d:r—i—/ In(sinz)dx
0 0

w/2
= /0 [ln(cos z) + In(sin z)] dx

/(:2 n(sin(w/2 — u))du

7r/2
/ Cobl'
0

CHAPTER 6. INTEGRATION TECHNIQUES

also converges. ®

45.

/2
= / In(sin z cos z)dx
0

w/2
= /0 [In(sin(2z)) — In 2]dx

w/2 -
= / In(sin(2x))dx — 5 In2
0

1 ™
= 5/0 In(sinz)dz — gln2

Hence,

w/2
2/ In(sin x)dx
0

™

1
= 5/ In(sinz)dz — fln2

On the other hand, we notlce that the graph of
sin x is symmetric over the interval [0, 7] across

the line z = 7r/2 hence
7r/2
n(sinz)d

= inz)dr = / In(sin z)dz
0

/2 T
@ get/ In(sinz)dzr = ——In2
0 2

1
lnx)"dx = lim / (Inz)"dx
t—0+ t

~ lim { (Ina)"|! — n/l (lnx)n_ldx}

t—>04r

Using#112 from the table.

= i [0 tm0?)]
- lm {n /t " x)”_ldz]

1
=0— lim [n/ (lnx)"ldx} :
t—0+ t

Continuing in the same manner,

/01 (Inz)"dx

n—1 [ . !
=(-1)"""n! :tl_lgl+ (Inz) dx}
=(=1)""'n! :tl_i>r(1]1+ (rlnx — w)L
= (—=1)""'n! Jim ((0—tInt) - (1- t))]
= (="t

Improper because tan(mr/2) is not defined. The

two mtegrals
/2
)d
/0 1+ tanz m / f(@)de

because the two integrand only differ at one
value of z, and that except for this value, ev-
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46.

47.

erything is proper.
tanx

1+tanz -

i
Oifz=—
=3

Substitute u = x — g followed by w = —u

TI'/2 1 0 1
——dz = —du
anx _ —cotu
0 1
= — —dw
/2 1—|—cotw

/2
/ COS’U) dw

sin w

sinw
——dw
0 sinw + cosw

/ tanw dw
o tanw + tanw + 1
tanx

/2
_/ _tanr
o tanx+1

Moreover,
tanx

m/2 /2 1
—d —d
/0 tanzx + 1 x+/0 1+tanzx o

/”/2 tan n 1 d
= J/‘
0 1+tanz 1-+tanx

/2

w/2
:/ ldr ==z
0 0

/2 1
Hence /
0 1+ tanz tanfc

As in exercise.45, We have

/ﬂ/Q 1
0 1 + tan® J: n® 3:

hence,
/2 1
o
0 14 tan"x
tan®x

/2 1 w/2 k
0 14 tan"x 0 1+ tan"x

/2
= ldxr =

g(x) =

(=)

l\D\»—l
w\ﬁ

Q

™
0 2
therefore,

m/2 1
[ ——
0 14 tan®z 4

Use integration by parts twice, first time
let u=—=23,dv =ds — 2we%" dz
second time

let u = —5% dv = —2ze~" dx

_ 2
e ™ dx

1 3
= 7514367“”2 +/§x267"’”2d:p

Q}\\
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3 1 1
+ 3 (—2:56_”2 + 3 /e_’”zdx>

1 3 3
— ——g8e % _ Zpe? + - e~ dx

2 4 4
Putting integration limits to all the above, and

realizing that Wl;en taking limits to Foo, all
multiples of e™® as shown in above will go
to 0 (we have seen this a lot of times before).
Then we get

& 4 2 3 [ 2 3
/ xe_xdx:f/ e Vdr ==\/1
. 1) . 1

This means when n = 2, the statement
o 2n—1)---3-1
/ x2ne—x2 dr = %ﬁ
o 2

is true. (We can also check that the case for
n = 1 is corp€ep.) For general n, supposing
that the s e@ is true for all m < n, then
1ntegrax arts gives

2n-1 / p2n-2p-a g
2
— 00

on—1 [
= n2 / 222~ 4

2n—1 (2n—-3)---3-1
= 5 T Nz
@2n—1)---3.1

xn 16—:16

hence

0/ x2n€712d$

. Substitute u = /ax

1 2
e dr = — [ e % du
/ \/5/

and then

° _azx? N 1 > 2 - ™
/_Ooe dx—\/a/_ooe dU—\/;

Ignoring issues of convergence, the derivatives
can be taken from the integrand, we get the

following:

1st derivative

d (< e, d [T
da J_ da

2nd derivative

2
2 [, d?
&ﬁ[_e dv =3

—/ m2e*‘“32dx:—1,/1
s a®
T
a

2
o0
o0
/ x4e*“"”2dx:§ 15
o 4\ a
... nthoodcrivativc
L S
da™ da” a

— 00



398

> 2
(_1)71/ x2ne—aw dx

(2n—1)---3-1
= (_1) on a2n+1

Setting a = 1, we get the result of Exercise 47.

oo R
49. (a)/ ke ?®dx = lim ke 2%dx
0

R—o0 0
= —— lim e ?*
R—o0 0
k . _oR k
= gamleT =51
Sok=2
R
(b)/ ke *®dx = lim ke 4 dx
R— o0 0
v —4x
= -3 dm e
_ ko ur k_
s aame =g
So k=
(c) Ifr>0
e} R
/ ke " dx = lim ke " dx
0 R—o0 0
R
= —— lim e "
r R—>oo 0

T S | P Q
2 R—o0 r
Sok=r @

50. (a) Substitute u = 2x

oo R Q
/ kxe 2*dz = lim / kme%
O R—o0 0@

i e s o
= 4le ue €

= — lim ue “dfc\
4 R—oo
0

(b) Substitute v = 4z
e} R
/ kre **dr = lim kxe **dz
0

R—o0 0
R
= — lim ue “dx
16 R— o0 0

=

lim
16 R—oo 0
k. R+1 k
—m$ﬂ<az‘0—‘m—l
So k= —16
(c) If r > 0:
Substitute u = rz

e} R
/ kxe " dxr = lim kxe "dx
0

R—oo

(ue ™™ +e™")

CHAPTER 6. INTEGRATION TECHNIQUES

R

= — lim ue” “dx

< R—oo J

k R
:r—th( “—i—e_u)o

k. R+1 k
So k = —r?
Ifr <O0:
The integral kxe "dx diverges for

any value of k, so there is no value of k to
make the function f(z) =k a pdf.

51. From Exercise 49 (c) we know that this  has

to be positive.
Substltute u=1re

OO
uw= zf(x)dx = ree”"Tdx
0
=1 e "dx
R—
u
—>()O

R
fhme“ —u—1)
r R—oo 0
—-R—-1 1 1 1
4o =04 =2

= lim
\’ R—o0 el r r r

52. From Exercise 50 (c) we know that this  has

to be positive.
Substito%te u=17re

oo
,u:/ xf(x)dx:/ r2z?e " dx
0 0

= lim r’z?e " dy
R—o0 0
1 R

= — lim we " du
T R—oo 0

1 R
— lim e ¥%(—u? — 2u — 2)’

7 R—oo 0

. —R*?-2R-2 2 2 2
= lim — +-=04-=-

R—o0 e T T T

) /35 1 o~ /40 gy — _efw/4o‘35 — 1 _ ¢—35/40
0

40
P(z > 35) =1 —above = e 3%/40

40
/ ie—z/zxodx _ _e—w/40‘40 — 1 _ ¢—40/40
o 40 0

0

P(z > 40) =1 — above = e 10/40

45
/ ie—a;/z;odx _ _e—w/40‘45 — 1 _ ¢—45/40
o 40 0

P(z > 45) =1 — above = e 45/40

Hence,
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P(z > 40)
— ﬂ — ¢ 5/40 &, 0.8825
T e—35/40 T ~

P(x > 45)
_ T a0 0,885
T 40740 T -~

54. (a) Following Exercise 53, we get
P(x >m+nlr >n) =

m+n 1 ,—2/40
1-— i€ /40y
1— mn 4106 x/40
e—(m+n)/40

T T om0 €

—m/40

0

A
(b)/ cedy = —e~ |t = 1 — oA
0

P(x >m+nlz >n) =

1 . m+n 7c£vd‘,r B efc(m+n)

P(z >m+n)
P(z >n)

P(x >m+n)
P(z>n)

11— fo ce~dxdx e—cn

—Ccm

=e€

55. (a) For z > 0,

/ fi(t)dt = /fl
:/0 2 2t = —

= = ’(Q

B fr e 2 dx
i@ —e2)dx

1_—2r 727’
€ e

1,50

(b) For 0 <o <1, Fy(x / £ )

/f2 t)dt = /1dt_t

=z
0
d
Qa(r) = D)
I Fo(x)dx
_ frl(l—:c)dx _ R
forxdw %
1—2r 42
-z

© =/ Z o (2)ds

= / 2ze 2 dx
0

r+ier -1 2rfe -1

R
= lim 2re *dx
R—o0 0
R
= lim e *(—2 — 1/2)‘

R—o00 0

1 1

= lim e 2% 1/2)+ ===

R%r:ooe (R+ /)—I—2 5
/,LQ:/ x fo(x)dx

1 2
:/xdx:x—
0 2

1

0

_ 1
2
p1 = po and when r = 1/2
o—21/2
2:(1/2) = =1

2 1/2+e 2121
y(1/2) = 172 11//22+ (1/2)2

(d) The gra

% for 0 <z < 0.34

<f2 ) for 2 > 1.

) =1 2r—1
B ) —2I+2r—1
QQTZl— ’I“;
T
and

r?— (e o — 1) = g +(r— 1)2
This means

when r < 1/2, Q1(r) < Qa(r)

when r > 1/2, Q1(r) > Qa(r)

In terms of this example, we see that
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is more stable than

>0

the

riskier investment is only disadvantageous
when 7 small, and will be better when r

large.

. Following Exercise 54(Db),

R(t) = Pl 2 1) = P(a > 1

—1—/f dx—l—/ce “@dx
0

_1_( _ect) ect

. Graph of py(z):

1 1
/ p1(x)de = / 1dr =1,
0 0

Graph of pa(z):

Similarly,

1 1/2 1
/ pe (x) dx = / dxdr + / (4 —4zx)dx
0 0 1/2

— 22°|% + (4 — 20 )1/2

() (oo o) -
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The Boltzmann integral

I(p1) = /0 p1(z)Inp; () dx

1
:/ 1Inldx = 0.
0

Also, I(ps) = /0 p2 (z)Inps (z) dx

CHAPTER 6. INTEGRATION TECHNIQUES

Ch. 6 Review Exercises

1. Substitute u = /x

s
e

e du = 2e% +c=2eV" + ¢
vl

1
2. Substitute u = —

1/2 sin(1/x) !
:/ 4z In (4z) dz /fdx:—/sinudu
0 xZ
L =cosu + ¢ = cos(1/x) + ¢
+/ (4 —42)In (4 — 4z) dx /)
et o 1:/2495, du— dde 3. Use tl;e table of intigrals, X
and t = 4 — 4z, dt = —4dx /7dx:—fx 1—22+ =sin ta+ec
12 10 V1—a? 2 2
= 7/ uln udu — f/ tlntdt
4 Jo 4 2, 4. Use the table of integrals,
L1 21 L / 2 d 2sin71w—|—c
= — — n —_ = —_— —
2 \2" T ), =2 @ 3
1
=3 (2In2 — 1) = 0.193147. 5. Use 1nt@ by parts, twice:
1
For the pdf pa(z) , the probability at z = = is
1 2 x e 3T 4 2 2 /xe_?’”” dx
maximum which is equal to =.The probability 3
decreases as x tends to 0 or 1. —%xZe*Sm
2 1
1 \’ + o —swe™+ 2 /6*376 dm)
2 0<z<-~ 3 3 3
4 ® 2—3r_2 —3x_£—3x
1 1 -x7e e e +c
ps(z) = 1 ; _ 3
8— 10z —<uz< 3 @ 6. Substltuge u=g _
% 4 2?e dr == /e*“ du=-e % +¢
2 -2z 1 <z < 3 3
\ 7. Substitute u = 2?2
Graph of ps(z): @ / T 1 / du
1 1/4 1/2 1A% =5 152
/ p3 (z)dx = / 2xdx + / (10x — 2)dx 11 T 2 tu
0 0 1/4 =_—tan tu+c=-tan " taz®+¢
3/4 1 2 2
+ / (8 — 10x)dz + / (2 —2z)dx 3 )
1/2 3/4 z _ 4
Also, The Boltzmann integral 23 1
1 9. ﬁdm:fln(él—i—x‘l)—i—c
I(ps) = ps3 () Inps (z) dx 1+z 4
1/4 10. Substitute u = z°
= / 2zIn (2z) dz / T 1 / du
Y e == [ 2=
1/2 4 + 1’4 2 4 + U2
2
+/ 10z — 1) In(10x — 1)dx _ 1 U S
1/4( fztan §+cf4tan 2+c
3/4
+/ 8 — 10z) In(8 — 10z)dz 3
1/2 ( )Ind ) / e2n? dy = /xzd:c: +c
1
+/ (2—22)In(2 —2z) dx
— 0492 8/4 12. /cos4azd:c*fsm4x+c
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13. Integration by parts,

1
/ T sin3x dx
0

1 I
:—fxcos3:v‘ —l—f/ cos 3z dx

3 o 3/

L 053+ ~sin3 ‘1
= —— —sin

3005 9s T

1 1
= —gcos?)—l— §sin3

Substitute u = z2

1 1q
/ x sindxz? dz :/ — sin4u du
0 0o 2
‘1 — L~ cosa)
. 8( cos

14.

= -3 cos4u

15. Use the table of integrals

w/2
/ sin z dz
0

= ——sin®zcosz

0
+3 r 1 .
- = — =sin
13 25 T COST
_3m
T 16

Use the table of integrals

m/2
/ cos® z dx
0

2 . +1 . 9
= | zsinz + - sinzcos®x
3 3

/2

/2

16.

w/2

17. Use integration by parts,

1

/)
1 1 1

:—fxcosmc‘ + — r dx
T -1 ™ J_

2 1 . 1 2
:f—i——Qsmmc’
s

zsin Tz dx

T -1 7
18. Use integration by parts, twice

1

/ 2% cos mx dx

0

1 1 !

o 2 . .

= —x sm7rx‘ - — rsinmx dx
™ 0 Vs 0

2 ( 1 r o1t
= —— ffxcosmc’ + — cosTx dr
T T o mJp
2 /1 1 . 1 2
=—= f—i-—smmc‘ =—-——
T \m 7?2 0 w2
Use integration by parts

2 m4 2 1 2
/ m%nxdmz—lnm‘ —f/ 23 dx
1 4 1 4/

xt |2 15

19.

?%Q

20.

21.

22.

23.

27.

28.

29.

26.

0

1
= 1 cos 2x

Substitute u = sin x
/Cos:csm rdr =

SlIl €T

3T T3
Substitute u = sinx
coszsin® z dx =
4 sin* z
= +c= 1

Substitute ©v = sinx

/cossxsin3®:/ —u?u?
ut 9 3sin*z — 2sin® z "

401

/4 /4 1
/ sin z cos ¢ dx = / 3 sin 2z dx

/4 1

0

u? du

w? du

(1—u)u’du

1“@‘:

. Substitute © = tanx

tan? zsect x dx =

—

u3 u®

c

u?(1 4 u?) du

Substitute © = tan x

tan® zsec?® x dx =

\

tan? x

4 4

Substitute u = sinx

/ Vsin z cos® z dx

:/u1/2(1

2
- s1n3/2

7

bstitute u = secx

Sub
/tan xsecd zdr =

2
u?)du = Zu

5tan3x + 3tan®
+c

15

wddu

2
. 3/2_?u7/2_~_c

2
xffsin7/2x+c

/(u2 —1u?du

3sec® x — Hsec® ¢

u®
) 3

Complete the square,

—d
8+ 4z + 2 .

15

2

2
dz = tan™! <x+ )—l—c
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30. Complete the square, _ / 3 n 3 i

3 dx r—3 x+4
V—=2x — 2?2 =3Injz—3|+3ln|z+4|+¢
3 L
= / e =dsin T (@ -+ 39. Use the method of PFD
1-(@-1) /4x2+6x12d
——dx
31. Use the table of integrals, a3 — 4z

/ 3 -1 2
dr — — 4*$2+C :/<+ + )da:
24 — 22 2z r T+2 x-2
=3ln|z|—Injz+2|+2Injr — 2|+ ¢
32. Substitute u =9 — 22

T d 1 / du 40. Use5 tléle rr216thod of PI;D 5
T dr=—5 | 55 + @
V9 — a2 2 ) ul/? / m d :/ 242 Va
1 1 3+ v x + 2 41 v
U2 _tg o 2\3/2 3
/ +c= 3(9 x)/ +c :2ln|x|+§ln(aﬂ2+l)+c
33. Substitute u =9 — 2 41. Use the table of integrals,

x 1 (99—
V9 — 22 do = 2 ul/2 du /ez cos 2z d@
11 2% )e”

9 _ 1
=—§/u 1/2du+§/u1/2du :(cosx ‘e

1
_0,1/2 4 1 3/2
Jur 3" —i;c 42. w@e u = 22 followed by integration by
2
— _l’_ — —

= —9(9 — 2%)1/? 9—2232 4 ¢
3
c) 3sing?dz = f/usmudu
34. Substitute u =22 —9 1
23 1 —ucosu + — /cosudu
——dr = - u+9u2du \ 2 2
/1 x2 -9 2/( ) @ _

1
= f§ucosu+ isinquc

= u? 4 9ut? 4 ¢ i 1
3 2 2 .2
Q = 51" cosw +§smx +ec
1
(9—2232 4909 -2 +¢ @
43. Substitute v = 22 + 1

/x\/m2+1dac: %/ulmdu

\® 1 1
(u% /2 du, S V5 - g(x2+1)3/2+c

1
o= [
/ Va? +9 2 3
u?? —9ut/? 4 ¢ 44. Use the table of integrals

/ﬂdm

35. Substitute u =22+ 9

1
= (2% + 9)3/2 —9(z% + 9)1/2 +c

3 1 1.
=—-V1—-a224-sin" x+c
36. Substituteuzx—I—Qd 2 2
U
7dx:4/— 4 A B
45. p—
Ve +9 Vu 2374 z+1 -4
=8ut?+¢c=8V/r+9+c¢ 4= Az 4)+B($+1)
=(A+ B)z+ (-4A+ B)
37. Use the method of PFD 4 4
idax A= 53_5
22+ 37 +2 A4 a5 4f
:/ 3 + —2 dx 22-3x—-4 z+1 zx-—4
r+1 x+2
=3lnjz+1]-2ln|z+2|+c 46. 2z _ A B

x2+:c76_:r72+x+3
38. Use t%exrileéchod of PFD 2% = A(x +3) + Bz — 2)

propnp—p A = (A+B)z+ (3A—2B)
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4 6
A=—;B=—
5’ 5
2z 4/5  6/5
2+x—-6 x—-2 x+3
—6 A B C
47.7:7 -
3+ a2 -2 + 1Jr +2

—6=A(a:—1)(1‘—|—2)+Bx(a:+2)—|—cx(x—1)
A=-3B=-2C=-1

48, —— - T4

2?2 =20 —2=A(x*+1)+ (Bx + o)z
=(A+B)r*+cz+ A
A=-2,B=3;,C=-2

2> —-20-2 -2 3x-2

3+ 2241
z—2 A n B
2 +4r+4 xz+2 (x+2)2

x—2=A(z+2)+ B

A=1,B=—-4
r—2 1 —4

x2+4x+4_x+2+ (x +2)2

49.

22 —2=(Az+B)(x* +1)+cx+ D

A=0:B=1:C=0.D=—3 Q
2% -2 1 n -3 @
(2 +1)2  22+1 (1‘24-1@

| 2 A\

51. Substitute u = e**
e3\/4 + 2= dx
1
€2%\/4e2% 4 etrdy = 3 / vVau 4+ u? du

_ %/\/(UH)LMU

2 _
s, 72 _AztB  Cr4D \
(x24+1)2 2241  (2241)2

:%(u—i—Q) w2’ =4
—Inj(u+2)++(w+2)2—4|+c¢
(4 2) AT

—1In ‘(eh +2) 4+ Vde?® + et

+c

52. Substitute v = z2

1
/x\/x4—4dm=§/\/u2—4du
Vi =1
:%—ln|u+\/u2—4|+c

2 /ek — 4
:%—ln|x2—|—\/x4—4|+c

403

53. sect z dx

1 2
= gseczxtanm—i— g/se(:?xdx

1 9 2
= gsec rtanx + gtanx—l—c

54. /tan5 T dx
1 4 3
zztan r — [ tan® xdx

1 1
= Ztan4x—§tan2x+/tanxdx

1 1
:itan4x—§tan2x—ln|cosx|+c

55. Substithlte u=3—ux

56. stitute u = sin

cos T dx—/ du
sin? (3 +4sinz) ) u2(3+4u)
3 +4u

1
- 3u

1

3sinz

§
41 3+ 4sinx
9 sinx

. [ /F

=2 “4 +ln‘x+\/9/4+x2‘ +c

:—79—'_4962 +2In x—i—\/g—i—ﬁ +c
T 4
T 1 x?
58./mdaz—3/\/mdx
:—éx 4/9—x2+%sin713;+c
59./\/47@:
:\/m 72111# +c

0. [— 2 g Llf 1y
) @b —aer T3 e
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61.

62.

63.

64.

65.

66.

_1/ 2secftan
3 ) (4sec2f — 4)3/2
_l/seCHtaHO

3 tan® 6 *
1 3
= f/cscﬁcote dr = v +c
3 3Vt —4
Substitute u = 22 — 1
/1 T /0 du
= el
0 xQ — 1 -1 2u
R
= lim M~ lim In [ul ’
R—0- J_1 2u  R—0-

This limit does not exist, so the integral di-
verges.

Substitute u=x—4

CHAPTER 6. INTEGRATION TECHNIQUES
So the original integral diverges.

2 2
rdr rdx

68. = 1l
/1 1—2a2 Ri{% 1— a2

=00
R
So the original integral diverges.

= lim —71n|1—x\
R—1+ 2

69. If ¢(t)

T T
/c(t)dt:/ Rdt = RT
0 0

If ¢(t) = 3te*Tt, then we can use integration by
parts to get

T
/ 3te?Tt dt
0
T

= R, then the total amount of dye is

RT3

2da % 2du
\/ﬁ 0o Vu _ ﬁeﬂt‘ éSeQTt dt
= lim 2u71/2 du = lim 4u1/2 2 277:
R—0t+ Jp R—0+ o2
= lim (4V6 —4VR) = 46 é
R—0*F 3
>3 R’ g 4T2
/ dx— lim —2dx R )= 37 -
1 Qj R—o0 1 €T e C (&
i 3 ; 3 he cardlac output is
- Rh—r>noo _5 1 - Rll—r>noo _E +3=3 \0 3T262T2
3 2 3 2 3
Use integration by parts ZQ fo c(t) dt §e2T — WGQT + 2

/ xe 3% dr = lim ze 3% dx Q
1 R—o0 1

R
_ : —3z _f o 1 @
= g [e ( 3 9)]

R 1

= 1 3R (| _* =

Rgnooe ( 3 9) p

B 4e~3 @

9

<y Ry
/ ———dx = lim ——dx
o 4+ a? R—oo Jo 4+ 12

= lim 2tan ' R=r

1

R
~ lim 2tan*1£‘
21

R—o0 R— o0
5| R
o0 —XT 1
/ e~ dg = lim _¢ = —
0 R—o0 2 2
S
0 " d o —x B 1
e i ] =g
-R
i 1 1
S T dr==-—-2-=0
0 / Te T 5 3
2
— dm = lim — dxr
R—)O+ R X
= lim ——| =
R—0+ X R

T 3726277 J2 — 3¢21° /4 + 3/4
70. Withu=In(x + 1) and v =2

/lnchrldx

—zln(z+1)— /

=zln(z+1) — ( )

=zln(z+1) —m—l—ln:z:—l—l )+c
Withu=In(z+1) andv =2 +1

X

T +

Inz + 1dzx

z+1
—(x—i—l)ln(x—i—l)—/z_'_ldx

=@+1)hn+1)-z+c

The two answers are the same.

n

1 e
1. frnave = —n/ Inz dx
e” Jo

1 . e
=— lim
e R—0 R

Inzdx

1 . "

= — lim (zlnz — 2) ’
e" R—0

= — lim (ne" —e"—RImnR+R)=n-—1

e R—0
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72. First we notice that
Pt <z <t+ At)

Alwlfr—r>10 At
1 t+At
= fim f(z)dz = f(t)
t

And then the failure rate function
Pz <t+ Atlz > t)
m

At—0 At
~ lim 1 Pt<z<t+At)
©At—0 At Pz >1t)
. Plt<z<t4+At) 1 f() 76
= lim : = )
At—0 At R(t) R(t

¢
73. R(t)=Plx>t)=1 —/ ce” ““dx
0

t

=1l—(—e )| =1-(1-e)=e"“
0

Hence

ft) _ce”

R(t) e

=1—(—ze ™ —e7") .
=1—-(1-se®—¢€"")
=(s+1)e?
P(x > s+tlz>s)
Pz >s+1t)

P(z > s)

= - =€ _|_
(s+1)e=s
(b) Take the derivative W\
€ et + bt et
ds 1+s (1+s)?
When ¢ > 0, since et > 0 and
(1+ s)? > 0, the above derivative is neg-

ative, so the function P(z > s+ t|x > s)
is decreasing w.r.t. s.

75. W(%Ogse a CAS to see that

T =~ .
90 5

We can use substitution to get

1 > 2
—(2—100)%/450 4
e T
/4507 /a

1 (oo}
:ﬁ/ —90 e du
1/450

Since / e~ dx = \/m,
/ e dr = ﬁ
O 2
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So we want to find the value of a so that
a—

/ VA0 o= gy = 0.49y/7
0

Using a CAS we find

a—90
—— =~ 1.645,a =~ 125
/450

Some body being called a genius need to have
a IQ score of at least 125.

> 1 ) ™
I(1)= —— dz = tan"! = —
(1) /0 079 T an x|0 5

Now, I (n+1)

- {[u o | T dr
(@+=)™)

2 n+1‘|
(14227
T (1: — tanflm)
0 (14 22)

o (332 — xtanflm)
ds=1(n)—2n —nﬂdx
0 (14 22)
2

o T
=1I(n —2n/ ——dz
( ) 0 (1+x2)n+1
oo -1
+2n/ zstan™ 'z d
o (

1 +$2)n+1
Therefore,
In+1)=1(n)
0o 1»'2
—2n ————=dx+I(n+1
o (142" ( )

(using (1))
I(n+1)

=In)—2n(I(n)—I(n+1)+I(n+1)

Hence proved.



406

As I (n+1 :2n_1I n

1(;1)(22")_31(?_ 1)()

1@-1)271_27%_51@_2)

I(n—2)—%z:%1(n—3)
2n —

and so on therefore,

CHAPTER 6. INTEGRATION TECHNIQUES

12)="210),
3 w
=27
m=2.7
2n—3 2n—-5 2n—7
Thus7l<n);gn—%.2§—4.2n—6”.
IWIm)==-2...2=2. T
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