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SECTION 1 | Flexibility

Multiple Paths to Learning

s tudents will engage with tasks they find interesting,
challenging, and important. In the classroom, key factors are
teacher-student relationships, pedagogy, and classroom climate.

Integrated Math Grade 9 is designed to provide your students with a
balanced approach to mathematics. Your students become successful
through a variety of teaching modalities.

Keeping It Interesting :*Content that Connects

Students who are engaged are more likely to pay . Students use a Then, Now, Why instructional plan that
attention in class. Integrated Math Grade 9 . connects what they know with what they are learning.
discusses topics that relate to today’s students. - New Vocabulary and Review Vocabulary help students

. learn to “talk math.”

D, e

i
[E—— o i L et b B s
2"--"-"' B -EX? b U e
T e o s e el
ey

iy
I

st rash 1adind 2 dvm of Lk mmr
e A il o e o ] b —— o W] = o ]
mmmman

it i o
N s ER R o e
| ei———— T ——
bl msesap oty
cmmverr em Lo Drven bas depree @ sl — —
s s L i [
Maleemale x P dur
- @ i prradesd - . ____SE—
A [ ——— i ralm
[ Suy N Gy Sp———] q .
iy lesbay B deyree ol vas b b Y
o e e e e | |

L Y e U PR P T
drprre amd drirr s wib § o — - b —]

oy Bty B . | 8 -
s [ Te—— " -
ik tam - .'.-.n..n-u—l
o e h.h'l‘llllHl'hlJ.I a e
B e
e W 7, i i oot il e
- e —— PR A——
. et ool e e
2 G 3 Nime s il LR R
o
m o
=2
L=
=
=
2]
al
=
m
o
£
3
&
=
&

Vil



R I I A R R

‘Problem-Based Learning

A wealth of problem-solving opportunities include:
= Multiple Representations in every chapter

= Higher Order Thinking problems in every lesson
= Worked-out Examples that follow a four-step plan
= Problem-Solving Strategy Tips throughout

= Test-Taking Strategies in every chapter

= Word-Problem Practice masters for every lesson
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‘Learning by Doing
Labs help to maintain learner motivation. Algebra
Labs intreduce and reinforce concepts using
manipulatives like algebra tiles. Graphing

Technology Labs allow students to explore
concepts using graphing calculators.
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SECTION 1 | Flexibility

Understanding by Design

hat should students know and be able to do? Understanding by

Design can be used to help teachers identify learning goals, develop
revealing assessments of student understanding, and plan effective and
engaging learning activities.

Backward Design

Understanding by Design (UbD) is a framework that uses
backward design to create a coherent curriculum by considering
the desired results first and then planning instruction.

Identifying Desired Results
The first step in developing an effective curmiculum using the UbD b =kt S
framework is to consider the goals. What should students know e et el

and be able to do? | TEmEE

Integrated Math Grade 9 focuses student attention on Essential
Questions, which are located within each chapter of the Student
and Teacher Editions.

An Essential Question is provided at the beginning of each

chapter. These thought provoking guestions can be used as: -
= 3 discussion starter for your class; throughout the discussion
identify what the students already know and what they would S Berissasaiacansas '
like to know about the topic. Revisit these notes throughout r . .
e ok ‘ m Essential Question

= Why are graphs useful? Sa
0

& a benchmark of understanding; post these guestions in a
prominent place and have students expand upon their initial
response as their understanding of the subject material grows.

LY

answer: They can hel

-3 BAdoD
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ﬁ ﬁfn mathematics, essential
questions are used to develop students’
understanding of key concepts as well as

core processes. 5 E
— Jay McTighe,
co-author of Understanding by Design

Follow-up Essential Questions can be found throughout each
chapter. These questions challenge students to apply specific
knowledge to a broader context, thus deepening their
understanding.
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Determine Acceptable Evidence

A variety of assessment opportunities are available that

enable students to show evidence of their understanding.

= Practice and Problem Solving and H.0.T. Problems
allow students to explain, interpret, and apply
mathematical concepts.

= Mid-Chapter Quizzes and Chapter Tests offer more
traditional methods of assessment.

Plan Learning Experiences and Instruction

There are numerous performance activities available

throughout the program, including:

= Algebra and Geometry Labs that offer students hands-on
learning experiences, and

= Graphing Technology Labs that use graphing calculators
to aid student understanding.




SECTION 2 | Differentiation

Assessment that Validates Learning

o nly 48% of teachers feel that standardized tests are
effective in helping them track student performance.

Integrated Math Grade 9 offers a variety of freguent and meaningful
assessments built right into the curriculum structure and teacher
support materials. The program includes both traditional and
nontraditional methods of assessment, including quizzes and tests,
performance tasks, and open-ended assessments.

Diagnostic

I — Initial Assessment
s T Assess students’ knowledge at the
Py T beginning of the year with

i g o Diggnostic and Placement Tests.
— i The results and scoring guides
o — PR N identify students who may need

E e additional resources to meet

grade-level standards.

Entry-Level Assessment

Assess students' prior knowledge at
the beginning of a chapter or lesson,

T T P -

Student Edition
= (et Ready for the Chapter

xii



Student Edition

= Guided Practice

& Check Your Understanding
= HOT. Problems

= Mid-Chapter Quiz

= Study Guide and Review

Formative

Progress Monitoring
Determine if students are progressing
adequately as you teach each lesson.
Use the assessments to differentiate
lesson instruction and praciice.

Student Edition
= Practice Test
= Standardized Test Practice

Summative

R



SECTION 2 | Differentiation

‘Built-In Differentiated Instruction

pproximately 43% of teachers feel their classes are so mixed in terms ©» Approaching Grade Level
of students’ learning abilities that they can’t teach them effectively. € 0n Grade Level

C» Beyond Grade Level

Integrated Math Grade 9 provides resources to diagnose students, identify areas of need, and
conduct short, frequent assessments for accurate data-driven decision making. Every lesson
considers the needs of all students.

rn

wbpAd

13 1 r.l'.E".s_':i-',;_



STEM Careers

tudent intentions to go to college have increased over the past 20 years. In
1988, 80% said they were likely to go to college, compared to 90% today.

Developing STEM Careers

With Integrated Math, you can unleash your students’ curiosity about the world around
them and prepare them for exciting 1 3.1 (Science, Technology, Engineering, and
Math) careers.

" Real-World Careers """ Examples
Real-World Careers are engaging, providing Examples are relevant, connecting in-class
information on exciting careers. ¢ experiences to the world beyond the classroom.
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he current and future health of America’s 21st Century Economy depends
directly on how broadly and deeply Americans reach a new level of
literacy—"21st Century Literacy’—that includes strong academic skills,
thinking, reasoning, teamwaork skills, and proficiency in using technology.
—— 21st Century Workforce Commission Notional Alliance of Business

215t Century Student Outcomes

Developing 21st Century Skills and Support Systems

The Partnership for 21st Century Skills identifies the
following key student elements of a 21st century education.

Throughout the Integrated Math series, students =
solve problems that incorporate 21st century themes, such Rl :—”E.J:T, g
as financial literacy. In addition, there is also a project

within each chapter that incorporates 21st Century Skills.

Standards and

Learning and Innovation Skills : Assessments
Students who are prepared for increasingly complex life i
and work environments are creative and innovative critical
thinkers, problem solvers, effective communicators, and

know how to work collaboratively. Throughout the Learning Ervironmaents
Integrated Math series, students are reguired to write,
explain, justify, prove, and analyze. Students can hone

critical thinking skills through the use of HO.T. (Higher The Integrated Math series offer a variety of frequent and
Order Thinking) Problems and are encouraged to work meaningful assessments built right into the curriculum structure
collaboratively in labs. and teacher support materials. These programs include both
traditional and nontraditional methods of assessment, including
guizzes and tests, performance tasks, and open-ended
assessments.

l: Wrncs |||_||T: B AYSTHECTIO

Professional Development

Life and Career Skills

McGraw-Hill is committed to helping educators ensure that all
students graduate from high school equipped to succeed in
college or in their chosen careers. McGraw-Hill programs bridge
the gap between secondary and postsecondary curricula by
including pre-college content as well as the study skills and
transitional life skills that are necessary for both secondary and
college academic suCcess.

rs
o

wbpfdo

Information, Media, and Technology Skills
Throughout the Integrated Math series, students use technology,

including graphing calculators to develop 21st century
mathematics knowledge and skills.

JOELE2NET |§]H-MEEDIN C

21st Century Assessments
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Tools of Geometry

Get Ready for Chapter 10

10-1 Points, Lines, and Planes

10-2  Linear Measure

10-3  Distance and Midpoints

10-4  Proving Theorems about Line Segments
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W Study Guide and Review

® Practice Test

¥ Preparing for Standardized Tests

i Standardized Test Practice, Chapters 1-10
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Parallel and

Perpendicular Lines

Parallel Lines and Transversals
Angles and Parallel Lines
Slopes of Lines

Equations of Lines

Proving Lines Parallel
Perpendiculars and Distance

ASSESSMENT

B Study Guide and Review

M Practice Test

¥ Preparing for Standardized Tests

¥ Standardized Test Practice, Chapters 1-11
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Triangles

Classifying Triangles

Angles of Triangles

Congruent Triangles

Proving Triangles Congruent—SSS, SAS
Proving Triangles Congruent—ASA, AAS
Isosceles and Equilateral Triangles
Congruence Transformations

Triangles and Coordinate Proofs

Areas of Parallelograms and Triangles
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B Study Guide and Review

® Practice Test

¥ Preparing for Standardized Tests

¥ Standardized Test Practice, Chapters 1-12
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Get Ready for Chapter 13

131 Parallelograms

13-2  Tests for Parallelograms
13-3  Rectangles

13-4 Rhombi and Squares

13-5

Trapezoids and Kites

ASSESSMENT

u Study Guide and Review

B Practice Test

¥ Preparing for Standardized Tests

B Standardized Test Practice, Chapters 1-13
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Transformations
nd Symmetry

Get Ready for Chapter 14

141 Similar Triangles

14-2  Parallel Lines and Proportional Parts
14-3  Similarity Transformations

14-4  Reflections

14-5 Translations

14-6 Rotations

14-7  Confirmations and Transformations
14-8 Symmetry

14-9  Dilations

ASSESSMENT

B Study Guide and Review

B Practice Test

¥ Preparing for Standardized Tests

® Standardized Test Practice, Chapters 1-14
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151  Circles and Circumference
15-2 Measuring Angles and Arcs
15-3  Arcs and Chords
154  Inscribed Angles
155 Tangents
156 Secants, Tangents, and Angle Measures!\
15-7  Special Segments in a Circle
158 Equations of Circles
15-9  Areas of Circles and Sectors\
ASSESSMENT
B Study Guide and Review
¥ Practice Test
¥ Preparing for Standardized Tests
¥ Standardized Test Practice, Chapters 1-151
Student Handbook
Reference
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Formulas and Symbols

GL2



Chagter 7

Chapter Project

Greens Going Green

Students use what they have leamed
about factoring quadratic equations to
complete a project.

This chapter project addresses
environmental literacy, as well as
several specific skills identified as being
essential to student success by the
Framework for 21st Century Learning.

KeyVocabulary Introduce the key
vocabulary in the chapter using the
routine below.

Define: Writing an integer or
polynomial in factored form is writing
the integer or a polynomial as a
product of its prime factors.

Example: The factored form of 12 is
22. 3. The factored form of
¥ +5x+6is(x+ 2+ 3).

Ask: What is the factored form of 487
2*.3

388 | Chapter 7 | Quadratic Expressions
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Get Ready for the Chapter

Diagnose Readiness Take the Quick Check below to check your prerequisite skills. Refer to the Quick Review
for help.

| QuickCheck ‘ QuickReview
Rewrite each expression using the Distribulive Property. (Used in Lessons 8-2 through 8-9)

alo) + ofS): 3 mm—h_—&—sﬁ+ﬁmhumm
Log+y 2. e 12[3+4§T2'm Property. Then simpiify.
Bx|—w — B — B 4 )
3 nn—3+32) 4, —6* — 5+ 6)

3. a{n) + ml—3n%) + n(2); n? — 3%+ 20 =00 1) + el ) ¥ Gl
5. FINANCIAL LITERACY Five friends will pay AED 8 per ticket, =~ — 30" — 300 + 6
AED 3 per drink, and AED 6 per popoom al the movies. = — a8y — 0% 4+ Byt
Wirile an expression thal could be used o determine e
sl for them to go to the movies. 5{9 + 3 + 6); AED 90 4. —6{x?) + (—6)(—5x) + (—6)(6); —6x + 30x — 36

Simplify each expression. If not possible, write simplified I::ﬂ {Used in Lessons §-1 through 8-4)
6. 3o+ 100 130 7 50— 2+ 60 Mo—2 Simplify 8c + 6 —4c + 202
Be+b—4+2=2T+8c—4%+6

8. Gm’ — Bm simplified 9. 4wt + w+ 1w — 2+ B —dc+6

19w + w

0. 28 451 _ 5 o M 82— 27 simplified =2 +4c+b
12 4"+ 26— 2k +1 1Bo—do—dt1h
4 +1 o2 —Ba+ 16
By —y—1 15 95— —6g+2
&y —y—1 9 —9g+2
Siruplily. B0 wsedin Lessons 82 through 8-4)
6. bitH b’ . 4nijn?) 4n® Simplfy (—2y°}3y").
18. Bmidmd) 32m* 19, —5r935) —15% Mﬂﬂﬂ_ﬂ.m%-ﬂ
=(-2-90°*
20. by 20x%2 A (2 locY) —14a5E =1y

22, GEOMETRY A square is G conlimelers on each side_ What
i the area of the square? 36x®

E@ Essential Question

= When could a nonlinear function be
used to model a real-world
situation? Sample answer: When the
relationship that is modeled has a
rate of change that is not constant,
and thus, is nonlinear.



~! StudyOrganizer

Dinah Zike's Foldables™

Focus Students write about factoring
and guadratic eguations as these
concepts are presented in the lessons
of this chapter.

Teach Have students make and label
their Foldables as illustrated. Suggest
that students use their Foldables to
take notes, record concepts, and define
terms. They can also use them to record
the direction and progress of learning,
to describe positive and negative
experiences during learning, to write
about personal associations and
experiences, and to list examples of
ways in which this new knowledge has
been or will be used in their daily lives.

When to Use It Encourage students to
add to their Foldables as they work
through the chapter and to use them
to review for the chapter test

Get Started on the Chapter

You will learn several new concepls, skills, and vocabulary bermes as you study this chapler.

To get ready, identify important terms and organize your resources. You may wish to refer

to previous chapters to review prerequisite skills.

| } StudyOrganizer MewVocabulary

Quadratic Expressions and Equations Make Lhis Foldable Lo pohmomial
felp you organize your noles aboul quadralic expressions and binomial
equalions. Begin with five sheels of grid paper. Erinormial
degres ol @ monomial
degree of a polynomial
slandard form of
a polynomial
4 Foldin hall along the width, On the first three sheets, leading coefficient
cul b cenlimelers along the fold al the ends. On the FOIL methad
second bwo sheebs cul in the center, stopping 5 quisdrtic expression
centimelers from Lhe ends. facloring
First Sheats Second Sheets lactoring by grouping
| Zero Product Property
guisdradic equition
3” } B prirme potynormial
& dilference of two
SOuares
Sguare Rool Properly

ReviewVocabulary

2 Insert the first sheels through the second sheets and
align the folds. Label the front Chapler 8, Guadralic
Expressions and bguations. Label the pages with kesson
numbers and the last page wilh vocabulary.

390 | Chapter 7 | Quadratic Expressions and Egqualtions

absolule value the absolule valwe of any number nis the
distance the number is from 2ero on a numbser line and is

writlen | a1
2wty

A i

= =1 o 1 z

The absote velue of —2 I5 2
becaise it & 2 units from 0

perfect square @ numiber with a square rool thal s a
ristional number
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Quadratic Expressions and Equations

Chapter Planner

Diagnostic Assessment
Guick Check

Algebra Lab: Adding and Subtracting

Multiplying a Polynomial by a

Title Adding and Subtracting Polynomials

| Polynomials  Monomial
Objectives ® [J5p algebra tiles to add and subftract I = Write polynomials in standard form. = Multiply a polynomial by a monomial.
nomiaks.
poly =& Add and subtract polynomials. ® Solve equations involving the products of
monomials and polynomials.

Key Vocabulary polynomial, binomial, trinomial, degree of a
monomial, degree of a polynomial, leading
coefficient

wbpagoy

DI

HeMES
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7-3 sy 7.3

Algebra Lab: Multiplying Polynomials ‘ Multiplying Polynomials ' Special Products

= Use algebra tiles to multiply polynomials. & Multiply binomials by using the FOIL method. ® Find squares of sums and differences.
® Multiply polynomials by using the Distributive ® Find the product of a sum and a difference.
Proporty.
FOIL method

quadratic exprossion

Formative Assessment
Mid-Chapter Guiz

Copyright T McGraw-HIll Education

38B0B



Quadratic Expressions and Equations

Chapter Planner

Algebra Lab: Factoring

i 3 SR Using the Distributiv Algebra Lab: Factori .
. Using the Distributive o = l.ge “f i Solvingx” + bx + ¢ =10
Property Trinomials
Property |
Uhiecti'ues = |jsp algebra tiles to model ® Use the Distributive Property | = Use algebra tiles to model = Factor tinomials of the form
using the Distributive Property  to factor polynomials. factoring trinomials. P+
to factor binomials.
b = Solve quadratic equations of & Solve equations of the form
the form b+ o=0
ax® + b =10.
Key Vocabulary factoring guadratic equation

factoring by grouping
Zero Product Propernty

wbpagoy

RINET [JH-MRIDIY

104}
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Solving ax? + bx + ¢ =0

= Factor trincmials of the form
o’ + b+ €.

& Solve equations of the form
o+ 4+ c=0.

prime polynomial

Copyright T McGraw-HIll Education

Differences of Squares

® Factor binomials that are the
difference of squares.

® |Jse the difference of squares to
solve cquations.

difference of two squares

| ® Factor perfect square trinomials.

| ® Sphve equations involving perfect
SQUAres.

l perfoct square trinomial

Summative Assessment
Study Guide and Review
Practice Test

Roots and Zeros

= Determine the number and type of
roots for a polynomial equation.

® Find the zeros of a polynomial
function.

3880D



Quadratic Expressions and Equations

IAssessment

SE = Student Edition, TE = Teacher Edition

Diagnosis J Prescription
ok Beginning Chapter 7
E E Get Ready for Chapter 7 SE Response to Intervention TE
=8 =
E L Beginning Every Lesson
Eg Then, Now, Why? SE Chapter 0 SE

During/After Every Lesson

Guided Practice SE, every example Differentiated Instruction TE
- E Check Your Understanding SE Differentiated Homework Options TE
= g H.OT. Problems SE
= i
< E Spiral Review SE
E -l Additional Examples TE
-l Watch Outl TE

Step 4, Assess TE

Mid-Chapter
Mid-Chapter Quiz SE
=

= : Before Chapter Test
=
EE Chapter Study Guide and Review SE
Em Practice Test SE
Wy E Standardized Test Practice SE

wbpagoy

RINET [JH-MRIDIY

104}
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Quadratic Expressions and Equations

Differentiated Instruction

k:5d

Visual/Spatial As students learn the rules for factoring trinomials,
encourage them to use algebra tiles to confirm their results.
Students should soon realize that the greater the values of band ¢
in the trinomials, the more cumbersome the algebra tiles become,

Option 1 Reaching All Learners

; Option 3 Beyond Level O

Tell students that some polynomials are prime when considering the
set of integers, but can be factored when the set of real numbers is
considered. For example, x? — 7 is a prime polynomial. However, it
can be factored if the set of real numbers is considered. That is,

which should then reinforce the importance of leaming to factor
using the methods in the text.

=T =+ \E}tx = \E] Ask students to factor other prime
polynomials such as 3x? — 2 when the set of real numbers is

considered. [xv/3 + V2)(xv3 — V2)

Challenge students to a competition. Have pairs go to the board.
Have one student multiply two 2-digit numbers using the FOIL
method while the other student multiplies the same numbers using
the multiplication algorithm. Repeat with other numbers. Which
method appears to be faster? Then, extend the competition to
include a mixed number times a mixed number.

Auditory Ask groups to create a mnemonic device that will help
them remember how to factor one of the types of trinomials studied
in this chapter. Then write an example of a trinomial on the board
and have a volunteer say his or her mnemonic device as he or she
factors the trinomial.

| Option 2 Approaching Level ©»

In large print, write a number and each step of its prime factorization
(using the factor tree-method) on sticky notes. Each number in the
steps should be on a separate note. On other notes draw some
arrows. Stick the notes randomly on the board. Ask volunteers to
arrange the factor and arrow notes so that they show the prime
factorization of the number.

5 4 10 i
¥ ¥ ] a0 ] 3 N w N
a0
W N
q 10
'3 " "y b
5 3 i 5

Make a set of "problem” cards showing a monomial times a
polynomial, such as —3x(5x* — 2x + 3). Make a set of
“simplification” cards showing the simplification of the problems on
the “problem™ cards. Make enough cards so that students from half
the class gets one card from the “problem™ set and the other
students get cards from the “simplification”™ set. Ask each student
holding a card from the "problem” set to find the classmate holding
the “simplification” card that corresponds to his or her problem.
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uadratic Expressions and Equations

Focus on Mathematical Content

VerticalAlignment Lesson-by-LessonPreview

h 4

71 Adding and Subtracting Polynomials

Before Chapler F A polynomial is a monomial or a sum or difference of
Related Topics monomials. Polynomials can be added or subtracted.
= write prime factorizations using exponents = Toadd polynomials, add the coefficients of like terms using

: : s the rules for adding real numbers.
= jdentify the greatest common factor of a set of positive .

integers ® Tosubtract polynomials, first replace each term of the
polynomial being subtracted with its additive inverse. Then

Previous Topics combine the like terms.
e e 1D|5trrhut|1.re YOI 1 SRUPRIY sttt To aid in adding and subtracting polynomials, like terms can be
expressions . ; ;
grouped using a horizontal or vertical format.
) 4 7-2 Multiplying a Polynomial by a Monomial
The Distributive Property can be used to find the product of a
Chapter 7 polynomial and a monomial.
Related Topics = Fach term of the polynomial is multiplied by the monomial
= add, subtract, and multiply polynomials using the rules for monomial multiplication.
= factor as necessary in problem situations = Apply the rules for multiplying real numbers if the monomial
= splve quadratic equations using concrete models, tables, B nepuve.
graphs, and algebraic methods = Simplify the product by combining like terms.
Equations often contain polynomials that must be added,
v subtracted, or multiplied before they can be solved. To solve such
equations, first simplify each side. Then apply the rules for solving
After Chapler T multi-step equations and equations with variables on each side.
Freparaiion 7-3 Muitiplying Polynomials

= use tools including factoring to simplify expressions and

i When multiplying two binomials, use the Distributive Property in
to transform and solve equations Plying : perty

either a vertical or horizontal format.
= determine reasonable domain and range values of

quadratic functions =  Multiply the terms of the first binomial by one term of the

second binomial.
= analyze situations involving quadratic functions and

: ; ®=  Then, multiply the t f the first bi ial by the oth
formulate gquadratic equations to solve problems e TIPS Wi T OF T T e

term of the second binomial. Combine like terms.
= solve quadratic equations using graphs, tables, and

g A shortcut, called the FOIL method, can be used to multiply two
algebraic methods Ply

binomials. To use this method, find the sum of the products of
the First terms (F), the Quter terms (Q), the Inner terms (1), and
the Last terms (L).

Product of Product of Product of  Product of
F L First terms Quter terms Inner terms  Last terms

| ! ! |} g

(x +3a}_(f -2} =) + (-2 + G)x) + G)-2) =
| =X -+ —6 g

0 =X +x—6 )

The Distributive Property can be used to multiply any two
polynomials. Products are not in simplest form until all like
terms have been combined.

JOELENES (I H-MEs
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Special Products
Some binomials have products that follow a specific pattern.
Some patterns are the
= sguare of @ sum or a difference:
@+ bj2=a’+ 2ab + b or o — b}’ = o — 2ab + b*
= pnroduct of a sum and a difference of the same two terms:
(@ + b)ja — b) = a* — b*
Being able to identify and use these patterns can make it
easier to simplify these special products.

Using the Distributive Property

The Distributive Property is used to find the product of a

monomial and a polynomial. Reverse the process to factor a

polynomial whose terms have a GCF. To factor a polynomial,

= First, find the GCF of all its terms.

= Then, rewrite each term as the product of the GCF and its
remaining factors.

= Finally, use the Distributive Property to factor out the GCF.

Or, use factoring by grouping if the polynomial has four or

more terms.

Factoring can be used to solve some equations containing

polynomials. According to the Zero Product Property, if the

product of two factors is 0, then at least one of the factors

must be 0. The Zero Product Property can be used to solve

equations that can be written in the form ab = 0. Each factor

is set equal to 0 and the resulting equations are solved.

Solvingx?+bx+c=0

Some trinomials of the form x* + bx + ¢ can be factored into
two binomials.

= To factor a trinomial of the form x2 + bx + ¢, find two

integers, m and p, whase sum is b and whose product is ¢.

The factors of the trinomial are the two binomials (x + m)
and (x + p), when b = m + p and c = mp.
= Determining whether m and p are positive or negative

depends on b and ¢ If b is negative and ¢ is negative, then

m and p must have different signs.
= First, factor the trinomial. Then set each factor equal to 0.
Solve the resulting equations.

Solvingax? + bx +c=0

In this lesson the trinomials are of the form ax? + bx + ¢

with g # 1. To factor ax? + bx + ¢,

= first factor out the GCF of the terms,

®  then, if the new trinomial has @ = 1, use the method
learned in Lesson 7-6 to complete the factorization.

= [f, in the new trinomial, o still does not equal 1, then find
two factors, m and p, such thatoc = mpand b =m + p.

Rewrite the trinomial, replacing bx with mx + px, forming
the polynomial ax? + mx + px + c. In this form, the
grouping technigue used in Lesson 7-5 can be used to
factor the polynomial into two binomial factors.

= Any polynomial that cannot be factored is prime.

= Fquations of the form ax? + bx + ¢ = 0 can be solved by
using the method above to factor the trinomial and then
applying the Zero Product Property.

Differences of Squares

To factor the difference of squares, find o (the square root
of the first term) and b (the sguare root of the last term).
The two binomial factors are the sum of the square roots
and difference of the sguare roots. In the factored form,
a’— b*=(a + b)la — b).

If the terms of the original expression have a GCF, factor
it out before applying any other factoring technigue.

Perfect Squares

Products that result from squaring a binomial, a® + 2ab + b?
or a — 2ab + b?, are known as perfect square trinomials.

Three conditions must be satisfied for a trinomial to be
a perfect square trinomial.

= The first term must be a perfect sguare.

= The last term must be a perfect square.

= The middle term must be twice the product of the sguare

roots of the first and last terms.

To factor a perfect square trinomial with a plus sign before
the middle term, use the pattern a2 + 2ab + b2 = (a + b)~.
To factor a perfect square trinomial with a minus sign before
the middle term, use the pattern a° — 2ab + b? = (g — by*.

The Sguare Root Property can be used to solve any equation
that is in the form x% = n, where n = 0, or that can be written
in that form. This property lets you take the sguare root of
each side of the equation as long as both +/n and —/n

are considered.

Roots and Zeros

According to the Fundamental Theorem of Algebra, every
polynomial eguation with a degree greater than 0 has at least
one root in the set of complex numbers. And according to a
corollary of that theorem, the number of complex roofts of a
polynomial equation is the same as the degree of the
equation.

Descartes’ Rule of 5igns says that there is a relationship
between the signs of the coefficients of a polynomial function
and the number of positive and negative real zeros. By the
Complex Conjugates Theorem, if an imaginary number is a
zero of a function, its conjugate is also a zero.



Algebra Lab
Adding and Subtracting
Polynomials

Mgebra tiles can be used Wo model polynomials. A polmomial is a
monomial or lhe sum ol monomials. The disgram below shows the models.

Polynomial Modets

« Polynomials are modeled
using three types of tiles.

Jl 1=

Activity1 Model Polynomials
Use algebra tiles to model each polynomial.

« 53X

« Each tile has an opposite.

To model this polynomial, you will need 5 green rtiles.

s~ +x+3 H I H H H
To model this polynomial, you will need 2 red —xtiles, - - E
" @

1 green x-tile, and 3 yellow 1-tiles.

Monomials such s 3x and —2x are called Bke fenms because they have the same
witriable to the same power.

Polynomial Models gy
« Like terms are represented by tles I.-'/H \‘..
that have the same shape and size. \ o
\ ;
« A zoro poir may be formed by pairing one tie b - : el
with its opposite. You @n remove or add zero Iz tems 1210 palr

pairs without changing the polynomial.

Activity2  Add Polynomiais
Use algebra files to find (222 — 3x + 5) + (22 + 6x —4).

 Step 1
Model each polynomial. T
: - [l G G
i - Al (i - !
ix + —dx + 5
. é  DEga
e v ! - iy H ’
x* + Gx + -
. . feditnved of B mexd poge)

m

'1 Focus

Objective Use algebra tiles to add and
subtract polynomials.

Materials for Each Student
= algebra tiles

Tips for New Teachers

Zero Pairs Prior to Activities 2 and 3,
discuss the concept of a zero pair. Have
students form zero pairs using Hiles,
x-tiles, and x”-tiles and their opposites.

|2 Teach

Working in Cooperative Groups
Put students in groups of two or three,
mixing abilities. Have groups complete
Activity 1and Exercises 1-3.

= Make sure students understand that
the number of x-tiles and x*-tiles
represent the coefficients of x and x?,
respectively. The number of 1iles
represents the constant in the
expression.

= Tell students to be careful to use the
tiles with the correct colors. It is easy
to incomectly substitute an x-tile for
a —x-file.

= Talk about like terms in the context of
the tiles. Tiles with the same shape
and size represent like terms.

= For Activity 2, tell students that it is
easier to model the polynomials if
they arrange the tiles in the same
order as the monomials within each
polynomial. In this case, the
monomials are arranged in
descending order of degree.
Therefore, students should arrange
the tiles in descending order from left
to right.



After groups have completed
Activity 2, write the addition of the
two polynomials vertically so students
can see that the coefficients of like
terms are added.

= For Activity 3, explain that adding a
zero pair to the polynomial does not
change its value because the zero
pair is egual to zero.

& After groups complete Activity 3,
write the difference vertically so
students can see that coefficients
of like terms are subtracted.

Practice Have students complete
Exercises 6 and 7.

' 3 Assess

Formative Assessment

Use Exercise B to assess whether
students can use models to compare
polynomials.

From Concrete to Abstract

Write a polynomial addition or
subtraction problem on the board.
Have students determine the sum or
difference without using tiles. If they
answer incorrectly, have them use their
tiles to help them find their errors.

Algebra Lab
Adding and Subtracting Polynomials costinues

¥ s 2|
Combine like terms and

oWl

< | L
mm o
| QUAEN o

==

b

2 + i

EE] wirite the polynomial. (22 —3x+5)+ (P +6r—4) =322 +3xr+1
5

Activity 3 Subtract Polynomiaks
Use alpebra tiles to find (4x + 5) — (—3x + 1).
E’ﬂ Model the polynomial 4x + 5.

L
« +

E=H] 1o subtract —3x + 1, remove 3 red
—x-tiles and 1 vellow 1-tile. You can
remove the 1-tile, but there are no
—x-tiles. Add 3 zero pairs of r-tiles.
Then remuwe the 3 red —x-tiles.

Eﬂ Write the polynomial.
(Ar+5) —(—3x+1)=7Tx+4

W,

HUGRAEAEEA -

1 | @anam
T + H

.

Model and Analyze
Lise alpebra tiles to model each polynomial. Then draw a diagram of your model. 1-3. See margin.
1 -2t 2 5r—4 X

Wrile an alzebraic expression for each model.

4 2 — 5. e
al

Use algebra tiles o find each sum or difference. 6.4’ +3r+4 Txl+12x+3 B Syl —4x
6 (P+ir—2)+ (3P —2x+6) Z(P+8r+1)-[-d4x—-2) & (—4+x)—(*+51)

—2rt + 20 +1

352 | Explore 71 | Algebwa Lab: Adding and Sublracling Polynomials
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Adding and Subtracting Polynomials

|- Why?

Write polynomizls in - @ In 2017, sales of digital audio players are

standard form. expeced to reach recond numbers. The
sales data can be modeled by the equation
Add and subtract
; u 2T A4 + 1227, where Ul is
polynomials.

the number of units shipped in millions and .
t = the number of years since 200G,

The expression — 27 + 494t + 12875
an example of a polynomial. PFolynomials
@an be used to moded situations.

1 Pﬂl‘rnﬂmiﬂls in Standard Form A ial is a monomial or the sum of
monomials, each called a ferm of the polynomial. Some pofynomials have sperial
names. A binomial is the sum of foe monomials, and a rinomial is the sum of tree
micsnomiials.

Momomial Binomial Trinomial
Ax Iel 7 £ —Tix +1

The degree of a monomial i= the sum Degree ——
of the exponents of all its variables. A |
nonzero constant term has degree (), and s e
zero has no degree. 1 1 linnsar
‘The degree of a polynomial is the greatest s { e ikt
degree of any term in the polynomial. 4 s
You can find the degree of a polynomial 4 quantic
by finding the degree of each term_ 5 auintic
Polynomials are named based on their
d = i 6 ormoee | Gthdegree, Tih degree, and soon

Determine whether each expression is a polynomial. If it is a polynomial, find the
degree and determine whether it is a monomial, binomial, or trimoemial.

Blonoenisl, bennemial,
Expre=ciion k= it & poiynomind® Degres
a. Ay — Ser Yies, dy — Soc i U Samm ol Ay and — Sz 2 binomial
b. —E5 Yo, —6.5 is & real e [i] ol
. To x + 9 Ho, Ta iz j which & nol a monomial. - STELTS
d Bl b b+ Yo G 4 dx 4 x+3 =6 4504 3, 1 Erineriial
he sum of thiee monomiaks.

0. Mo 10— = E, which is not a monomial, and
b GuidedPractice x

B hasa variable exponent.
1A x yes; T monomial 1B. —3y" — 2y + 4y —1 yes; Z; trinomial
L. S5rx + Tiur yes; 3; binomial 10, 10 * — Ex®

‘1 Focus

VerticalAlignment

-

Before Lesson 7-1 Work with square
roots and simplifying a radical.
-

Lesson 7-1 Find the degree of a
polynomial. Write polynomials in
standard form. Add and subtract
polynomials.
v
After Lesson 7-1 Simplify the
product of a polynomial by a
monomial.

' 2 Teach

Scaffolding Questions
Have students read the Why? section of
the lesson.

Ask:
= What is the value of f for the year
20072 2

= What would be the value of f for the
year 20107 &5

= |cing the equation, find the value of
U for the year 2007. 216.7

= How many monomials make up the
expression that equals U? 3

= What are they? —2.7t"; 49.4¢; 128.7

393



The terms of a polynomial can be written in any order. However, polynomials in one
‘1 Degree of a Polynomial variable are usually written in standard form. The standard form of a polynomial has the

£ terms in order from greatest to least degree. In this form, the coefficient of the first term
Example 1 shows h-::nwtu determlne_ e the B fcient
whether an expression is a polynomial

and how to find the degree of a

po_rynumiﬂ}.&a!nelelshmhuwm 5 G MRS GG
write a polynomial in standard form and

identify the leading coefficient.

Wrrite each polynomial in standard form. Identify the leading coefficient.

Formative Assessment a 3+ 425 —Tx b. 5y—9— 2yt — byt
Use the Guided Practice exercises after Find the degree of each term. Find the degree of each term.
each example to determine students’ Degree: 1% i. :. Degree: 1 i.l -1 ?
understanding of concepts. SR o | sal: 5y — 9 — 2yt — 6P
The greatest degree is 5. Therefore, The greatest degree is 4. Therefore,
the polynomial can be rewritten as the polynomial can be rewritten as
4% + 322 — 7x, with a leading ~2y* — Gy + 5y — 9, with a
\ I Determine whether each spelicsntol 4. el eoplaed of =51
expression is a polynomial. If it is P GuidedPractice 20.4x* — 2" — I+ 84 2B -1 +5° - 27 +y+10:—7
a polynomial, find the degree 28 08— vt 4 4yt —Ox W oy+57 -2 T+ 10
and determine whether it is a
monomial, binomial, or trinomial. Add and Subtract Polynomials Adding polynomials involves adding like terms.

2 i b { group like terms i horizontal or vertical format.
a. bx — 4 yes; 1; binomial e : by kg -

b. x%+ 2y — 7 yes; 2;
trinomial Find each som.
c 144 1 19e? o a (245 —7) + (3 — 4 + 6a)
ok
d. 266~ yes; 2; monomial Group and combine like terms.
Write each polynomial in (22 + 55— 7) + (3 — 4 +6x)
standard form. Identify the =22 + (—4?)] + [5x+ &x] + [-7 + 3] R —
teﬂdﬂ'lg coefficient. = v+ 11lx— 4 Coanbde ke fevmes.
a 9+ 30 —dx
o’ b | b Gyry-5) + (- sy 2y +)
: StudyTip
b. 12+ 5y + bxy + BJ{j’Z ::T;HT MT:‘D::‘ A Align like terms in columns and combine.
8xy” + Bxy + By + 12; 8 in standsnd form with ke 3 2
,\_ ) serme sioned Since ere it y+y+3y—3 Imseeifl & paceholder bo heldp afign the berms. o
e 3 -deerm i e Bt (+)2 }'3 + 41',1 —4y+ B Ehgn and combine Hoe lems. :r:
patymamial, Oy & used as 8 I ayt— y+3 =
placeholdes. 5
2 Add and Subtract Polynomials ! P GuidedPractice g
Example 3 shows how to add 3A (52 —3x +4) + (6r — 322 —3) 2024+ 3w +1 =
polynomials by grouping like terms. (s +7) H (2 r 2yt 1) —y -y -4 B
Example 4 shows how to subtract a '— )
polynomial by adding its additive 94 | Lesson 71 | Adding and Subliacting Pelynomials

inverse. Example 5 shows how to use
addition or subtraction of polynomials

to model a real-world situation. Teach with Tech Focus on Mathematical Content
Interactive Whiteboard Write numbers 1 Degree of a Polynomial The degree of a
through 10 on the board. Then write several polynomial should not be confused with the
polynomials on the board. For each polynomial, number of terms. For example, B +1isa
ask students to identify the degree of the binomial, but the degree is 3, not 2, because
polynomial. Grab the correct number and drag it the greatest degree of any of the terms is 3.
undermneath that polynomial.

394 | Lesson 741 | Adding and Subtracting Polynomials
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. You can subtract a polynomial by adding its additive imverse. To find the additive inverse

StudyTip L of a polynataial, write the opposite of each term, as shown.

Acitive lvecse: When % —(a?+2r—6) =3 -2+ 6

Tinfirg U sdidilioe imverse 5

of & pokomial, you A Addilive lmverse

EEG Eeples
Find each difference.
a(3-z+2)) —(x—5+3Y)

Subtract 4x — 5 + 3x” by adding its additive inverse.
(3—2x+2?)—(8x—5+ %37
The sddilive irverse of
=(3-2r+2%) +(—ax + 53 A —5+ 3 I —lr 45— 2
=[22 + (3] + [(—=20) + (—40)) + [3+ 5]  Group ke tems

=—r —6x+8 Conshine Bee berms.
b. (7p + 4p* - 8) — (3p” + 2 — 9p)
Align like terms in columns and subtract by adding the additive inverse.
4pt +0p* +7p— 8 4t +0p* + Tp — 8

0 y-%pt? [T () -+ -2
- apt —3p +16p — 10
¥ GuidedPractice

an (1 -3t +er—4) —(-22 +2° - 2) 6 — 4 +6x—2

48, (8y — 10+ 5¢7) — (7 — ¥ +12y) P+ 57— 4y — 1

Adding or subtracting integers resulis in an integer, so the set of integers is dosed under
addition and subtraction. Similarly, adding or subtracting polynomials results in a
polynomial, so the set of polynomials is closed under addition and subtraction.

ELECTROMICS The equations F' = 7m + 137 and C = 4m + 75 represent the number
of cell phones P and digital cameras C sold in m months at an electronics store. Write
an equation for the total monthly sales T of phones and cameras. Then predict the
number of phones and cameras sold in 10 months.

T write an equation that represents the total sales T, add the equations that represent
the number of cell phones P and digital cameras (.

T=7m+ 137+ 4m + 78

=1lm+ 215

Real-WorldLink + ﬁ:bﬁﬁhieW&rmE:pmdidﬂ'E@b@:dp&mﬁundm&ddhlﬂmﬂu
Sales af diylal cameras T'=110(10) + N5
neceilly oy eased by =110 + 215 or 325
AR in one year. Sales ane . o 3 H
b i Iherefore, a total of 325 cell phones and digital cameras will be sold in 10 months.
m.h.ﬂﬁ'im.h::u.a b GuidedPractice D ——

s = 3m — 5%
‘:m:mwm i 5. Use the information above to write an equation that represents the difference

L i in the monthly sales of cell phones and the monthly sales of digital cameras.

Comgarry LUse the equation to predict the difference in monthly sales in 24 months.

Focus on Mathematical Content

Mumber of Terms When adding or subtracting polynomials, the number of terms in the sum or
difference may or may not be the same number as in the polynomials being added or subtracted.
Students may assume that having more or fewer terms in the sum or difference must be the sign
of an emor or an unsimplified answer. Use an example to explain why this is faulty thinking.

< | Find each sum.

a. (Iy' +2y— 3+
(2 — 4y + 5¢°)
12y — 2y —1

b. (! —2x+ T+
(3 — Tx? — 9)
3% +x—2

n Find each difference.

a. 6y + 8y — 5 —
(9" — Ty + 2%
—y Ayt + 2y

b. (60 + 1 + 2n) —
(4n — 3 + 509
Mn?+n?—2n+3

WatchOut!

Preventing Errors Some
students may find it helpful to
mark through like terms as they
mentally combine them. This

group like terms.

saves time spent on rewriting to




Example 1 Determine whether each expression is a polynomial. If it is a polynomial, find the degree

A VIDEO GAMES The total amount and debermine whether it is a monomial, binomial, or trincmial.

of toy sales T (in billions of 1. Tab + &b — 2ot yes; 3; trinomial 2 2y—5+ 3y yes; 2; trinomial
i i - . . Am Mo; a monomial cannot have a variable

dirhams}) :_:onm.t.is of two groups: 3. 3¢ yes; 2; monomial L e inator. «
sales of video games V and sales 5. 5m’p® + & yes; 5; binomial 6. 5%+ 6y No;Sq *= L and a monomial cannot
of traditional toys R. In recent b 2 wariabie i the d ———
years, the sales of traditional Example 2 Write each polynomial in standard form. Identify the leading coefficient.
toys and total sales could be T2 —12+3r "+ Ix— 122 8 -4t +1 - —4d*—d®+ 1,4
represented by the following 9 4z—22—5A S22 4 4r;—5 M. 2o+ 4% — 52— 1 & — 50+ 20 —1;4
equations, where n is the number
of years since 2000. Examples 3-4 Find each sum or difference. 13. o'+ 60—3 15.—82—37—2r+13 16.—2d* + 64— 20
R=046m— 1902+ 30+ 19 1 (6 —4) + (-2 4+ 9) & +5 2 (-2 +55+6)— (¢ +2%) *— 3  +39+6
T = 0450 — 18502 + 4.4n + ® G+ -2 (- 8at7) 1. (8y —4y’) + (3y — 9’) —By* + 1y
226 5. (—42 — 22+ 8) — (a2 4 3:2—5) 6. (—3d2 — 8+ 2d) + (4d — 12 + d2)
a. Write an equation that 7. (y+5)+ (v + 47— 2) 4% + 3y +3 18 (30 —5n+n?) — (—Hn® + 3n%) 907 —Sa

represents the sales of video
P ExampleS 19, SENSEMAKING The total mumber of students T who traveled for spring break consists

games V. : 5 of two groups: students who flew to their destinations F and stodents who drove to
V=—00mw+ 0052+ their destination 1. The mumber {in thousands) of students who flew and the total
140 4+ 36 number of students who flew or drove can be modeled by the foflowing equations,
: 3 ; ; where r is the number of years since 1995,
b. Use the equahu_n to predict T= e 451 Fe a7
the amount of video game
sales in the year 2012. a Write an equation that models the number of students who drove to their
10.32 billion dirhams S S oy e e R 152,000 students

b. Predict the number of students who will drive to their destination in 2018,
. How many students will drive ar fly to their destination in 20207 164,000 students

Practice and Problem Solwing

-
‘ 3 Pracuce Example 1 Determine whether each expression is a polynomial. If it is a polynomial, find
the degree and determine whether it is a monomial, bimomial, or trinomial
i 3
Formative Assessment 20. No; a monomial 20, Lz+-'h.' 2. 21 yes; O; monomial
= I & 5
Use Exercises 1-19 to check for Grmut hfmza 22, ¢* — 272 +1 Yes:i 4 trinomial 23. d + 3d° Mo; the exponent is a variable.
understanding MRIpen . L
" denominator. 24, o — a2’ yes; 2; binomial 25. 5ot + ng’ yes; 4; binomial
Use the chart at the bottom of the next .
page to customize assignments for your Example 2  Write each polynomial in standard form. Identify the leading coefficient. 4
students. 26 5x' — 2+ 3r Sxi 43— 25 Z0. 5y + Ty TP 4+ BT 5
28 4 —3c— 5" —5c*—3c+ 45 B+ +2 P +IF+E &
Teach with Tech A
interactive Whiteboard Write an M2+ 2P M- N 24— 21 =
&
expression on the board to add or 2 -3t 47 —3-‘+%x+?:—3 33. —9b% + 10b — b* —b® — 96 + 10b; —1 ¥

subtract two polynomials. Drag the like
terms to group them together. Then
combine like terms and simplify the
expression.

398 | Lesson 74 | Adding and Sublracling Polynomials
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Interpersonal Learners Have students work in pairs to find the sums and differences in

Exercises 11-18. Then compare answers and steps used to get their answers. When they differ,
pairs should consult with another pair of students. Students should offer constructive reinforcement
to each other.
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Examples 3-4 Find each sum or difference.

M (2 + b+ )+ (52 —T) T2 +6c—3 .{1r+3:'*]—{?—ﬁf*] e’ + 20 —7
36 (3 —c+1)— (2 +2c+8) F(2+Dd+(2-1) 22 +z—n

3T —c2—3c+3
3 (-2 +1)— (Sy+ )y 5y 130 (40— 52 +3) +(6—2a+36) 267+ 20+9

2. (fy 32 +y) + (By—2%) |
—x’y = 3x i .
42 (5n— 2p% + 2np) — {4p2+u} - 41{4?11 #r'x + x2) — (6rx® + 5ext — 267)

3x? — rxt — Brix — Brx?

Example 5 %FEI'EI‘rm‘nIW:I‘mnmgi'lMH the number of birds [} and the number of cats C

{in hundreds) from animal shelters in a country are modeled by the equations
I}=12n+ 3 and C= n + 4, where n is the mrmber of years since 1999

a. Write a function that models the total number T of birds and cats adopted in
hundreds for this time period. Tim)=3n+7

b. If this trend continues, how many birds and cats will be adopted in 20037
4900 birds and cats

45 4xr—3r' +5 :_:_Iadﬂ: 46. 11" cubic monomial 47. 9+ y* quartic binomial
48. 3r* — 7 cubic binomial 43, —2r° — 1" +5x— 8 50. 10t — 41 + & cubic trinomial
guintic polynomial
51. ENROLLMENT In a rapidly growing school system, the numbers (in hundreds) of total
students is represented by N and the mumber of students in Kindergarten throogh
5I:|'lgr.=ld2'is IJ}'P.ThEi.lq'Ll.al:imN=12.'5!‘2—i+?.5ElndP=U.?E2—
0.95f + 3.5, model the number of students enrolled from 2000 to 2009, where | is the
mumber of years since 2000
a. Write an equation modeling the number of students £ in grades 6 through
12 enrolled for this I:irl'lEperind_ 5=0.55¢" — 0.05¢ + 3.7
b. How many students were enrolled in grades 6 through 12 in the school
system in 2077 3030

A (—8xy + 32" — 5y) + (4" — 2y + 6ay) Ta2 — 2y — Ty

52. REASOMING The perimeter of the triangle can be represented by ST F-n-d
the expression 3x° — 7x + Z. Write a polynomial that represents / i~
the measure of the third side. 4x - =

2 — 10w+ 8

53. GEOMETRY Consider the rectangle. 4 s 21

a. What does (4r* + 2r — 1){(2¢* — r + 3} represent?
b. What does 2{4x* + Zr — 1) + 2{Zr* — x + 3) represent?
53a. the area of the rectangle 53b. the perimeter of the rectangle
Find each sum or difference.
54, (4x+ 2y — fiz) + (Sy— 2= + 7x) + (92— 2x — 3y) Ix+ Ay — 17z
85 (5a* —4) + (e* — 2a 4+ 12) + (4a* — fa + 8) 100* —Ba + 16
56 (3 —7) + (e +7) — (2 +5c—8) 22 —c+8

52 (3 + 3n—10) — (dn? —5n) + (4n® — 30 —9m+ 4) T*— T2 —n—6

58. FOOTBALL The Mational Foothall League is divided into two conferences, the American
A and the Mational &, From 2002 through 2004, the total attendance T (in thousands)
for both conferences and for the American Conference games can be modeled by the
following equations, where x is the number of years since 2002.
T=—06%" 4+ 5585 + 64331x + 10,538 A= 378 + 58.9%x" + 26596z + 5257
Estimate how many people attended Mational Conference football games in 2009
B.829,000 people

2 -+

Differentiated Homework Options

Level | Assignment Two-Day Option

21-43 odd, 60, 66-69

Dﬂasic

e Core
‘:’ Advanced

2044, 60-62, 65-M
70-91
21-49 odd, 58-69 20-33, 66-69

44-83, (optional: 84-91)

2044 even, 61, 62, 65,

| 34-44, 58-65, 70-91

Teaching the Mathematical
Practices

Sense-Making Mathematically
proficient students start by explaining
to themselves the meaning of a
problem. In Exercise 19, ask students to
explain how the given polynomials
relate to the number of students who
drove.

Reasoning Mathematically proficient
students abstract a given situation
and represent it symbolically and
manipulate the representing symbols.
In Exercise 52, tell students to start by
writing an equation for perimeter.



&5 Multiple Representations

In Exercise 60, students explore
perimeter and area of rectangles
graphically and analyze their results to
determine the length and width that
produces the largest area possible.

I (8 cARRENTAL The cost to rent a car for a day is AED 15 phas 15 fils for each kilometer
driven.
a. Write a polynomial that represents the cost of renting a car for m kilometers. 15 + 0.15m
b. If a car is driven 145 kilometers, how much would it cost to rent? AED 36.75

. If a car is driven 106 kilometers each day for four days, how much would it cost
to rent a car? AED 123

d. If a car is driven 22 kilometers each day for seven days, how moch would it oost
to rent a car? AED 336
60. S MULTIPLE REPRESENTATIONS In this problem, you will explore perimeter

and area_
_n See Ch. 7 Answer Appendix.
a. Geometric Draw three rectangies that each have a perimeter of 400 centimeters.

b. Tabular Record the width and length of each rectangle in a table like the one shown
below. Find the area of each rectangle.

1 100 @ 100 m 10,000 m?®
2 50m 150 m 7500 m?
3 T5m 125m 9375 m?
1 xm 200—xim | x{200—x)m?

See Ch. 7 Answer Appendix.
. Graphical (n a coordinate system, graph the area of rectangle 4 in terms of

the length, x. Lise the graph to determine the largest area possible.

d. Analytical Determine the length and width that produce the largest area.
The length and width of the rectangle must be 100 centimeters each to have the largest area.

HO.T. Problems  Use Sigher-Order Thinking Skills

61. CRITIQUE Majed and Mazen are finding (22 — x) — (3x + 32 — 2). Neither, neither of

64. Sample Is either of them cormect? Explain your reasoning. them found the
additive inverse

answer: When
praane = a8 lem\ssht:ljl:i hawve
o @xt - %) - O + 3t - 2) (5 - - Out 3 -2 S tgied
m‘mral ={1g1. r-]+,['.'$¢ +";,;1. 1} 'W'I"’f‘.gl—#—ﬂ tﬂ—‘.
equations, like e ., | e
terms are
combined,
which reduces g7 REASOMING Determine whether each of the following statements is frue or false.
“'EI "?Eu' Explain your reasoning. 62a. False; sample answer: a binomial must have at least
resaliing a. A binomial can have a degree of zern. one monomial term with degree greater than zero.

=2

uation. This b« The order in which polynomials are subtracted does not matter. False; sample answer:
Filr {2x — 3) — (4x — 3) = —2x, but (4x— 3) — (2x — 3} = Zx.

=

m_ul_d!'emh 63. CHALLENGE Write a polynomial that represents the sum of an odd integer 2n + 1 and s
ey the next two consecutive odd integers. 60+ 9 =
number of £
operations  gg Eﬁ“l‘l’ﬂil!lﬂ]ﬂ Why would you add or subtract equations that represent real-
performed world situations? Fagplain. a
when using

uogEnpa |

the equations. 65. WRITING IN MATH Describe how to add and subtract polynomials using both the
vertical and horizontal formats. See margin.

398 | Lesson 741 | Adding and Subtracting Folynominls
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Standardized Test Practice

66, Three consecutive integers can be represented
by r, x+ 1, and x + 2. What is the sum of these

68. Which ordered pair is in the solution set of the
systemn of inequalities shown in the graph? C

three integers? €
Axix+1Mx+2) Cix+3
B +3 Dx+3
Bx + 12 units

67. SHORT RESPONSE What is the perimeter of a
square with sides that measure Zr + 3 units?
68. Jamal cuts a board in the shape

of a regular hexagon and
pounds in a nail at each vertex,

as shown. How many rubber A(—3.0) C (5.0
bands will he need to stretch a
B {0, —3 D {05

rubber band armoss every poasible ( ) .5
pair of nails? F
F 15 G H 12 19

A

Spiral Review
5?!1?“]’. L=zt 010 2‘1’.‘?“_!
0. V72 6v2 . ViE - VI 6T 72 \f1ax'y 7. # V2
2

7 /A VEat |o2] B 5 0+5v7 3

y TR ¥ R y 7% — 7. Y2 a5 —8/3
75 15 v 10E g 11—z ™ 7 +y5

78. FINANCIAL LITERACY 5 woms by 3 shirts and 2 pairs of slacks on sale at a clothing
store for AELD 72 The next day, a friend buys 2 shirts and 4 pairs of slacks for AED %6. If
the shirts you each bought were all the same price and the slacks were also all the same
price, then what was the cost of each shirt and each pair of slacks? [leson ooy shirk AED 12; slacks: AED 18

Graph the following points, and connect them in order to form a figure. (Lo 08 79-80. S5ee margin.
9. A(—5, 3), B3, —4), and (-2, —3)

B0, P(—2, 1), (N3, 4), R(5, 1), and 5{0, —2)

GROCERIES Find an approximate metric weight for each item. (e 0 3

B g2, 3.
Net Wt: 8.2 oz
4245¢g 7325g HMHetWh25lb 125kg
84, t{5)(7) 1o 85 nilnr)(—2n?) —20® 86 (509105 5005 &7 (—8u'z®)5uzt) —a0u®:®
g8, [(3)*) 729 go. [ sa 90, {Zertk ) —3ar ) N (6xy?)*(2e%y%7)" 288005

—108m"k™
399

Differentiatedinstruction QO

Extension Tell students the equations for the monthly unit sales of CDs C and DVDs D are
C=7Tm + 87 and D = 9m + 152, where m represents time in months since a store opened.
Suppose the total monthly sales of CDs, DVDs, and videos is represented by T = 15m + 248.
Write an equation that can be used to calculate monthly video sales V. How many videos did the
store sell in the sixth monthwhenm =57 V=(—1m + 9;4

Teaching the Mathematical
Practices

Critiqgue Mathematically proficient
students distinguish correct logic or
reasoning from that which is flawed,
and explain any flaws in an argument.
In Exercise 61, have students check
each step of each solution. Remind
students that both need to add the
additive inverse of each term in the
polynomial being subtracted.

4 Assess

Ticket Out the Door Make several
copies each of five polynomial
expressions. Give one expression to
each student. As the students leave the
room, ask them to tell you the degree of
their expressions.

Additional Answers

65. Sample answer: To add
polynomials in a horizontal format,
you combine like terms. For the
vertical format, you write the
polynomials in standard form, align
like terms in columns, and combine
like terms. To subtract polynomials
in a horizontal format you find the
additive inverse of the polynomial
you are subtracting, and then
combine like terms. For the vertical
format you write the polynomials in
standard form, align like terms in
columns, and subtract by adding
the additive inverse.

¥
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; Multiplying a Polynomial
1 Focus by a Monomial

. Mow :-Why?

VenrticalAlignment :-Then

i ® You multiplied ® 4 Muiplyapoynomial @ Sindiya = opening 3 fitness i} T i e ‘w
monomials. Solve equations gl O i M e < o Y
e A be three times the width plus 8 0
of monomiats and To cowver the floor with mats for exercs
Lesson 7-2 Multiply a polynomial polynomials classes, Sindiyya needs to know the area’

of tne floor 50 she multples thewidh

by a monomial. times the length, w(3w + 8).

Solve equations involving the

products of monomials and Polynomial Multipied by M ;
: Mathematical Practices mial i onomial To find the product of a polynomial and a
vpl]hﬂlﬂmIEIEE. :"WT‘* tooks monomial, you can use the Distributive Property.
After Lesson 7-2 Mutiply binomils
and polynomials. Find —3x72% — x + 4).
—Jl:‘l'{':"xl —x+ 4} Driginal expres=ion
= —3\1’1{?11} = {—:!fz}f,x} + {—JJ.J}IH:I Distribufive Property
l 2 Teach = —21x* — (3" + (-1 Mulpy.
. - =—2x* + 3 — 1 Shmpliy.
Scaffolding Questions
| Vertical Method |
Have students read the Why? section of ;
the lesson. e
(%) —3x® Disiribwitive Property
Ask: —x + 3 — 120 Mutiply.
= What is the formula for finding the b GuidedPraciice
area of a rectangle? A = fw, where #
£ is the length and w is the width. T;?ll P ot s I B i Bl T
e = —edMagt — g g
= What are £ and w for the expression =
shown? £is [3w + B) and wis w. £
We can use this same method more than once to simplify large expressions. !
= Which of the dimensions is a -
monomial? w ] 1plity Expressions E
= . . L =
= [Describe how you would find the area ] .]2 i +5’:} il a4
of the room if the width is 20 meters. 2p(~4p* +5p) — 5{2p" + 20) e <
20(3 « 20 + 8) = 20{60 + 8) = = (2p)(—4p”) + (2p)(5p) + (—5)(2p%) + (—5HA)  Dissuive Property =
1200 + 160 = 1360 m? — _8p* + 10p% — 10p% — 100 G
= —EF!:!' + {“JFE b= ].UFII] — 10} Commuilafive and Associnlive Properiies E
= —Hp."' — 100 Combire Be ams :
J400 | Lesson T-2

400 | Lesson 7-2 | Multiplying a Polynomial by a Monomial
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1 Polynomial Multiplied by

GuidedPractice ATt o —12 =
Simplify each expression. 2B. 150y°1° + T3y°* — 8y’ Monomial
20 3507 + 2x—4) — {7 + 22— 3) 28 1561097 + 5v°1) — 2(v + 4 Example 1 shows how the Distributive
R T Property can be used to multiply a
polynomial by a monomial. Example 2
shows how to use the Distributive

We can use the Distributive Property to multiply monomials by polynomials and sobve

GRIDDED RESPONSE The theme for a school event is
“Solid Gold.” For one decoration, Sumayya is covering
a trapeznid-shaped piece of poster board with
metallic gold paper to look like a bar of gold.

If the height of the poster board is 18 centimeters,

in square centimeters?

M+ 4

Read the Test ltem

The question is asking you to find the area of the trapeznid with a height of i and
bases of bk + 1 and 2h + 4.

Solve the Test ltem

Write an equation to represent the area of the trapesoid.
Letb, =h+ 1, let b, = 2 + 4 and let i = height of the trapeznid.

P GuidedPractice
3. SHORT RESPONSE Fatema is making triangular bandanas for the cats in her pet
chub. The base of the bandana is the length of the collar with 4 centimeters added to
each end to tie it on. The height is 3 of the collar length.
A. If Fatema's cat has a collar length of 12 centimeters, how much fabric does she
need in square centimeters? &0
B. If Fatema makes a bandana for her friend’s cat with a é~centimeter collar, how
much fabric does Fatema need in square centimeters? 21

Teaching the Mathematical Practices
Tools Mathematically proficient are able to use

Focus on Mathematical Content
Order of Operations When simplifying

1 =
SR R SAEIR =1 GRIDDED RESPONSE Admission
=hifh+ 1)+ @t 4] by=n+Tands, =20 44 PR % to the Super Fun Amusement
~Lhen+5 Ry ‘%“g K Park is AED10. Once in the park,
= . @eE e e super rides are an additional
=gl Tt Proguiy 68588 AED3 each, and regular rides are
~ 38 + 308) L % % % % % an additional AED2. Wafa goes to
L % % % w the_park and rides 15 rides, of
= S——y which s of those 15 are super
Sumayya will need 531 square centimeters of metallic paper. rides. Find the cost in dirhams if
o] g mespomee XK. Wafa rode 9 super rides. 49

Property more than once to simplify
large expressions. Example 3 shows
how to write and evaluate a polynomial
expression for a real-world problem.

Formative Assessment

Use the Guided Practice exercises after
each example to determine students’
understanding of concepts.

24y° — 54" — 42y
~ X Simplify 3(2t° — 4t — 15) + 61(5¢
+2). 361 — 45

Teach with Tech

Document Camera Display a square
photograph. Label each side as p.
Discuss how to find the area of the
photo. Then add a portion of a frame to
the top of the photo. Discuss the new
length of the photo and frame, and how
to find the new area of the view.

relevant external mathematical resources. Point
out that there are different ways to represent
the same formula, and formula sheets may show
a different representation than one they leamed.
For example, the area of a trapezoid may also
be shown as
by + by
)

Az%{b,+h3]om=h(

expressions involving products of monomials
and polynomials, the order of operations must
be followed. Multiplication precedes addition,
unless parentheses indicate otherwise.




2 Solve Equations with
Polynomial Expressions
Example 4 shows how to solve
equations that contain polynomials
on both sides.

' 3 Practice

Formative Assessment
Use Exercises 1-17 to check for
understanding.

Use the chart at the bottom of the next
page to customize assignments for your
students.

Tips for New Teachers

Multiplying by a Negative

Monomial If students are having
difficulty multiplying by a monomial with
a negative sign, you may want to have
them apply the negative first {by
multiplying all terms by —1) and then
multiply by the rest of the monomial.

Solve Equations with Polynomial Expressions We can use the
Distributive Property to solve equations that imvolve the products of
monomials and polynomials.

F i )

Combining Like Terms When ) Solve 2ai5a — 2) + 3a(2a + &) + 8 = al{da + 1) + 2alba — 4) + 50.
samplifying a lomg expression,

2 ey e Belphsts i Za(5az — 2) + ZalZa + &) + 8 =afda + 1) + 2a(6a — 4) + 50  Driginel equation
ciree around one set of like et —da+ba’ +18a+8=da’ +a+ 122" — Bz + 50  Distibutive Propesty
R 1ba® 4 Ma + 8 = 1ba® — Ta + 50 Comibsine ke lesms.

Al s, & tianghe anound

anolles s, and 50 on Ma+8=—Ta+ 50 SMH.ra:LﬁE}ﬁnmudl side.
e+ 8 =50 A T lo each sidde.
Na=42 Sublract B from emch side.
a=2 Diniide ewch side by 21.

CHECK
2a{5a — 2) + 3al2z + 6) + 8 = a{4a + 1) + 2a(a — 4) + 50
DS — 2] + 32D + 6] + 8 2 204(2) + 1] + 2 [6(2) — 4] + 50
4(E) + 60100 + & L 2(9) + 4(8) + 50 Samplity.
+H6E0+EI 1432450 Multiply.
100 =100 « Add and sublract
P GuidedPractice
A8 nifx+4)+7=(x+8) +2fx+ 1) +12 2]
4B did+3) —dld —4)=%—16 8

L 15w+ 10w’ — 20w 2.185° + 245" +60g° —65°  2.32°m" 4+ 8°m” + 200’m”

Check Your Understanding

Example1  Find each product. 5. 1405 + 20%62 — 407

1 Sw{—3uw’ + 2w —4) 2 bg' 3t gt W — 1)
3. Sk *{Bkm? + 2kZm + 5Kk) 4. —3p'r(2p*rt — aptr* — 5) —6pfr’ + 18p™" + 15p*
& 2abi7a*s* + a*h — 20) 6. A{5cd” — 3347 — ad) Scd™ — 3505 — actdS
Example 2 Simplify each expression. 7.4t + 1562 — 81+ 4
T 4+ 150+ 4) — 43t — 1) B n3c’+4) +2(Fx—3) P+ 18x —6

9. —2d(dc® — 4de® + 2d%) + cHde? — 3d%) —5d% + Bd®c? — A4d%c + dc*
0. —Sotifr’y — Nae?) + fxf%mr® — 4w — 307 —40wx + 55w " + Sdwa® — 28w — 187

Example 2 11. GRIDDED RESPOMSE Mohammed is buying a new plasma television. The height of
the screen of the television is one half the width plus 12.7 centimeters. The width is

76.2 centimeters. Find the height of the screen in centimeters. 50.8 -'?

Exsmple 4 Solve each equation. 5
7 611 -2 =7(-2—123 2 n.::z:+3}+m=z:1t—3}—% g
Mo+ +w=7—4dw 3 15. 3y —2) + 2y =4y + 14 20 :

B o+ +ala—6)+3B=ma—5+aa+7) 7
Ton—4)+mn+El=nr—13+np+1)+161

uogEnpa |

402 | Lesson 7-2 | Multiplying & Polynormial by & Monosrial

Differentiatedinstruction € C» |

Visual/Spatial Learners Have students group algebra tiles to form a
rectangle with a wide of 2x and a length of x + 3 using 2 blue x*iles
and 6 green x-tiles. Ask students to use their models to write an
expression for the area of the rectangle. Then ask students to use the
formula for area to calculate the area. 2x” + 6x; Zxfx + 3) = 2x° + 6x

402 | Lesson 7-2 | Multiplying a Polynomial by a Monomial



Practice and Problem Solving

Example 1

Exampile 2

Find each product. 18-23. See margin.
8. bpz — 120+ 1)

20. —3m(2m® — 12m* + 2m + 25)
22 2pr2pr + Sp'r — 150)

Simplify each expression. 24. —13x* —9x — 27 26. —20d" + 55d + 35
24 352+ 2x+ W)+ a2 —3) 25. a{—8a® + Za + 4) + 3{pa® — 4) —8Ba® + 200 + do— 12
26. —4d(5d2 — 120+ F{d +5) ZT. —gl—2e+ )+ 3" +4) 97+ g7 +12

28 (77T + e+ 5k) — 9 —2%2 + 22+ 3) 1477 + 257 — 17k + 187 — 1847

29. 4m{2’p” — 3mp? + 5u) + dplen’p — 2np? + 3p)
8n*p? + 120%p? + 200 — Bap® + 12p*

30. DAMS A new dam being built has the shape of a trapesoid. The
length of the base at the bottom of the dam is 2 times the height.
The length of the base at the top of the dam s  times the height
minus 9.15 meters.

a. Write an expression to find the area of the trapeznidal cross section
of the dam. %hi_ﬁ,l,

b. If the height of the dam is 54.9 meters, find the area
of this cross section. 306023 m?

9. 2 + 2f + 25)
21 2757 — 157 + 2 +2)
23, 4-u2® — 1084 + 2)

Solve each equation.
@7+ 5 -9 +i=Hn—-2+13 2

32 widw + 6) + 2w=22w* + Tw—3) 1

3. 5:-11+f=}—1{z—4}=?a(z+4]—apz—z}—4s%
M, 9cfc— 11) + 10(5c — 3] = 3efc+ 5) + clsc— 3) — 30 o
38, 25— 2) — 1002 — 3 + 6 = —8fif + 4) + 4027 — 7
36, 2k(—3k + 4) + 6(k2 + 10) = kitk + 8) — 2k(2k + 5) —86

EP Simplify each expression. 37. 20np* + 6n%p —8ap? 3B 6%+ 3710 + 9°°

dasation
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2 - rd 3 T 3 3
RW +49n’p —12) | M?jll'f.luﬁ+5ﬂ + 1584 T
39. —5¢°uw’'ldq + Tm) + 4qu7q'w + 29) — 3qwiiy’n + 9) Bgiw? — 2Tqw
80, —x'z{2z% + dar’) + i + Gz} + PG+ dam) —E? 4 Sae o+ 3t

#41. PARKING A parking garage charges AED 30 per month plus 50 fils per daytime hour
and 25 fils per hour during nights and weekends. Suppose Tarek parks in the garage
for 47 hours in Jamuary and # of those are night and weekend hours.

a. Find an expression for Tarek's January bill. 53.50 — 0.25k
b. Find the cost if Tarek had 12 hours of night and weekend hours. AED 50.50
42 MODELING !Hamad is building a house for his new kitten. The upper

face of the house is a trapesoid. If the height of the trapesnid
is 3.5 centimeters, find the area of the face of this piece of the hoose. 20516 m?

Differentiated Homework Options
Level | Assignment Two-Day Option
€Y Basic 18-36, 45, 48-T 19-35 odd, 51-54 | 18-36 even, 45, 48-50,
557
O core 19-39 odd, 41-45, 18-36, 51-54 37-45, 48-50, 55-71
487 |
O Advanced 37-69, (optional: 70-71)

Tips for New Teachers
Multiplication Facts In Exercises 18
through 29, some students may prefer
using the horizontal method for
multiplying a polynomial by a monomial.
Others may prefer the vertical method.
Since these two methods are
equivalent, either may be used.

Exercise Alert

Formula For Exercises 30 and 42,
suggest students refer to Example 3 to
help them with the formula for the area
of a trapezoid.

Teaching the Mathematical
Practices

Modeling Mathematically proficient
students routinely interpret their
mathematical results in the context of
the situation. In Exercise 41, ask
students what their result means and
why it might be useful to Trent.

Additional Answers

8. ' —12° +b

19. 7+ 272 + 25¢

20. —6m® + 36m> — 6m* — 75m°>
21. 10/° — 307* + 47 + 472

22. 4p%7 + 10p%° — 30p%2

23. 8t — 40r'” + 8%



&5 Multiple Representations

In Exercise 44, students use algebraic
expressions and a table of values to
show the degree of a product of a
monomial and a polynomial.

@) TeENMIS The tennis club is building a new tennis court S

with a path around it.
f———— l———
!i h

b 44, 5" MULTIPLE REPRESENTATIONS In this problem, you will investigate the degree of the
product of a monomial and a polynomial.

a. Tabular Write three monomials of different degrees and three polynomials of
different degrees. Determine the degree of each monomial and polynomial.
Multiply the monomials by the polynomials. Determine the degree of each produoct.
Record your results in a table like the one shown below.

a. Write an expression for the area of the
tennis court. 1.5x" + 24x

b. Write an expression for the area of the path. x* — 9x

. If x=11 meters, what is the perimeter of the outside
of the path? B0.5m

uu—u|m P ar—— |m R S S—

oo oot | e
2x 1 xt—1 2 2 — 2x 3
3t 2 41 5 2’ + 3 7
43 3 x*+1 [ Ax® + 4x? 3

b. Verbal Make a conjecture about the degree of the product of a monomial and a
pobynomial. What is the degree of the product of 2 monomial of degree 2 and
a polynomial of degree b7 The degree of the product is the sum of the degree of
the monomial and the degree of the polynomial; o + b.

HO.T. Problem=  yse Migher-Drder Thinking Skills

45, ERROR AMALYSIS Obaid and Adnan both worked on this problem. = either of them
correct? Fplain your reasoning,  Adnan; Obaid used the Distributive Property incorrectly.
50. Sample answer: To multiply a polynomial by

a monomial, use the =
Distributive Property. Multiply oo, Adnan
each term of the polynomial by etk + B + 7) 2+ g+ 2]
the monomial. Then simplify by P S b+ 5 A
multiplying the coefficients

& Cu¥ & |1:1‘.
together and using the Product

of Powers Property for the variables.
46. PERSEVERANCE Find p such that 3274 ¥ + 22~ %) = 17 + ™. 3

47. CHALLENGE Simplify 4x Y22y ™% + 7yt — 4y 3
By + 245 "0 —16x 3

48. REASOMING |5 there a valoe for x that makes the statement {x + 22 = x* + 27 true? If
50, find a value for x. Explain your reasoning.  Yes; 0; when 0 is substituted in for x in the
equation, both sides are 22 or 4, which makes the equation true.

49, OPEN EMDED Write a monomial and a polynomial using i as the variable. Find
their product. Sample answer: 30, 47+ ;120" + 3n

50. WRITING IN MATH Describe the steps to multiply a polynomial by a moncomial.

404 | Lesszon 7-2 | Mulliplying a Polynomial by & Monomial
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51. Every week a store sells § jeans and  T-shirts. 53. GEOMETRY A triangle has sides of length
The store makes AED 8 for each T-shirt and 5 centimeters and 8.5 centimeters. Which of the
AEID 12 for each pair of jeans. Which of the following cannot be the length of the third side? A
following expressions represents the total 3
amount of money, in dirhams, the store makes ki DEI_'II:I!I’!I'ELE‘I’S
B 4 centimeters

every week? B
) . C 5.5 centimeters
A B+ 1 C 206 + ) z
L L 12 centimeters
B 12j + 8¢ D 9t v
‘.‘3;|*|11|:|I|!elns:m!nl=1—i1
52. fe=5x+ 7yand b= 2y — 3x, whatisa + b7 H 54. SHORT RESPONSE Write an equation in
F 2r— 9y H 2x+ 9y which x varies directly as the cube of y and

inverse the square of
G 3y +4x J x— 5y by e

-

Find each sum or difference. j=oea7] S6. 4272 +2r—7 S57.—9% '+ 40+ 7
85 (2 —7)+ (8 —5r9) —3x2+1 56 3+ 21+ (-6

58. (¢’ —3a° +4) — (427 + 7) 59. (2ab — 3a + 4k) + (5a + 4ab)
o' —7a*—3 Gab + 20 + 4b

S (2a—4r* +1)— (5e* — 22— 6)

8. (2 -3t +e—N— (349
St —3ct+ec—1n

61. CLOCKS The period of a pendulum is the time required for it to make
one complete swing back and forth. The formula of the period P in

- [4 .
secomds of a pendolum is P = T where £ is the length of the

pendulum in meters. (Lesson 0-10)

a What is the perind of the pendulum in the clock shown to
the nearest tenth of a second? about 2.1 seconds

b About how many centimeters long should the pendulum be in
order for it to have a period of 1 second? about 9.7 cm

Solve each imequaliby. (lewon 05
62 —14n =42 {n|n<—3)
B4, —20—5 < 20 [0 ] @ > —12.5)

6. p+6>15 [p|p>9) A
65. Sr=dr—26 (x|x=<—13)

66. b(b2(b") b° 67. 2y(3y”) 6y° 68 —y'(-2y) 7y’
69, 350+ 29 1827 —62* 0. 2m(—4m") — 3(—5m?) M. 4p%(—2p") + 2p"(5p%) —8p® + 10p™
—8m* + 15m*

Differentiatedinstruction QO

Extension Give students this problem: Nate multiplied a polynomial by a monomial and got
6x® — 3x* + 9x2. If the polynomial factor was 2x® — x? + 3, what was the monomial factor? 3x?

WatchOut!

Error Analysis For Exercise 45,
point out to students that Pearl’s
method should draw a critical eye
because her final polynomial has
only two terms. When a monomial
is multiplied by a polynomial with
three different degree terms, the
result will be a polynomial with
three terms.

Teaching the Mathematical
Practices

Perseverance Mathematically
proficient students consider analogous
problems. In Exercise 46, students may
be intimidated by the variables in the
exponents. Encourage them to think of
how they treat numbers as exponents.

4 Assess

Crystal Ball Ask students to write a
sentence predicting how leaming to
multiply a polynomial by a monomial
will help them to learn to multiply
polynomials by other polynomials in
the next lesson.




Explore 7-3

‘1 Focus

Objective Use algebra tiles to multiply
polynomials.

Materials for Each Student
= algebra tiles
= product mat

Teaching Tip

Some students may benefit from laying
tiles along the top and side of the
product mat to model each expression.
Have them remove the two factors
before determining their final product.

' 2 Teach

Working in Cooperative Groups
Put students in groups of two or three,
mixing abilities. Have groups complete
Activities 1-3 and Exercise 1.

= For Activity 1, make sure groups mark
the dimensions properly on the
product mat. Since x-tiles are
rectanguilar, remind students that the
long side is the correct side to use to
mark a value of x on the mat.

= When students are filling in the mats
with the tiles, remind them to look
carefully at the horizontal and vertical
dimensions of each tile on the
product mat. If both dimensions have
a value of x, then use an xZtile. If one
dimension is x and the other is 1, then
use an x-tile. If both dimensions are 1,
then use a Hile.

D> Algebra Lab
Multiplying Polynomials

Yiou cin use algebra Liles Lo find the produd of bwo binomials.

Use algebra tiles to find (x + 3){x + 4).
I'he rectangle will have a width of x + 3 and a length of x + 4. Use algebra

tiles to mark off the dimensions on a product mat. Then complete the
rectangle with alpebra tiles.

I'the rectangle consists of 1 blue x™-tile, 7 green x-tiles, and 12 yellow 1-tiles.
The area of the rectangle isx* + 7r + 12 50, (x+ 3z +4) ="+ Tr + 112

\

Use algebra tiles to find {x — 2){x — 5.

E e rectangle will have a width |
of x — 2 and a length of x — 5. i
Use algebra tiles to mark off the
dimensions on a product mat.
Then begin to make the rectangle -3
with algebra tiles. 3

E=F] Determine whether to use 10 yellow 1-tiles or
10 red —1-tiles to complete the rectangle. The
area of each yellow tile is the product of —1
and —1. Fill in the space with 10 vellow 1-tiles
to complete the rectangle.

The rectangle consists of 1 blue x™-tile,

7 red —xtiles, and 10 yellow 1-tiles.

The area of the rectangle is x* — 7r + 10l
S0, (r— D{x— 5 =xr"—Txr+10.

\.

406 | Explore 7-3 | Algebsa Lab: Mulliplying Polynomials
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Use algebra tiles to find (x — 4)(2x + 3).

Ex I'he rectangle will have a X - SO I e
width of x — 4 and a length
of 2x + 3. Use algebra tiles X
to mark off the dimensions

on a product mat. Then —1:: ‘
begin to make the rectangle 1]
with algebra tiles. -]

1

E=F Determine what color xtiles and what color 1-tiles o
use to complete the rectangle. The area of each red x-tile
is the product of x and —1. The area of each red —1-tile is
represented by 1(—1) or —1.

Complete the rectangle with 4 red r-tiles and 12 red —1-tiles.

m Rearrange the tiles to simplify the polynomial you
have formed. Motice that a 3 zero pair are formed
by three positive and three negative x-tiles.

‘There are 2 blue r-tiles, 5 red —x-tiles, and 12 red

L
e

—1-tiles left. In simplest form, {x —4)(2x + 3) = A
& & =1}
L
Model and Analyze

Use algebra tiles to find each product.
L ix+1Mx+4) ¥*+5x+4

4 (x+ D2+ 3 22 +Tx+6
T-8. 5ee margin for drawings.

2 (xr—3x—2) ¥ —5Sx+6
S {r— 1{2r—1) 2xr?—3xr+1

Is each statement tmu’fdﬁe’]usﬁfyymmwithadmwiuguf algebra tiles.
& (x+3Hx+5)=x"+15 false

Llx—aMz—2)=xr"—tx+ 5 true
9. WRITING IN MATH You can also use the Distribotive Property to find the
product of two binomials. The figure at the right shows the model for
{x + 4)(x + 5) separated into four parts. Write a sentence or two explaining
hiow this model shows the use of the Distributive Property.
By the Distributive Property, {x + 4) (x + 5) = x{x + 5) + 4{x + 5).
The top row represents x{x + 5) or x2 4+ Sx. The bottom row
represents 4 (x + 5) or 4x + 20.

3 (x+50r—1) ¥*+4r—5
6 (r+402r—5) 22*+3x— 20

Additional Answers

1. -2 8.

A

¥4+ 3%

=
-l.-l-l.—l.l
_._.._L_.]

¥+5

BNiENs

x|

N | | O

= For Activity 2, Step 2, have students
pay close attention to whether the
dimensions for each tile are positive
or negative, as this affects which tile
to use. If both dimensions are
positive, then the tile is positive.
If one is positive and the other is
negative, the tile is negative. If both
are negative, then the tile is positive.

® For Activity 3, as an alternative to
removing zero pairs, have students
write the expression based on the
tiles without removing zero pairs.
They can then simplify the expression
by combining like terms.

Practice Have students complete
Exercises 2-9.

| 3 Assess

Formative Assessment
Use Exercise 9 to assess whether
students can model a product correctly.

From Concrete to Abstract

After students have completed

Exercise 9, help them to see that when
using the Distributive Property to
multiply polynomials, each term from
the first polynomial is multiplied by each
term from the second polynomial.

Extending the Concept

Ask students to model (x — 3){x + 2)
using algebra tiles. Then ask students
to write the expression based on the
files without removing zero pairs.
X+ 2—3x—6

Finally, ask students to find the sum of
the product of the two first terms, outer
terms, innef terms, and last terms of
{x — 3){x + 2) and then compare the
results to the expression they wrote.
The two expressions are the same.




Lesson 7-3

1 Focus

VenrticalAlignment
-
Before Lesson 7-3 Multiply
polynomials by monomials.
-

Lesson 7-3 Multiply binomials by
using the FOIL method. Multiply
polynomials by using the Distributive
Property.

v

After Lesson 7-3 Find sguares of
binomials involving sums and
differences.

. Multiplying Polynomials

;- Why?

' 2 Teach

Scaffolding Questions
Have students read the Why? section of
the lesson.

Ask:
= What expression would you get if you
multiplied the first term in (f — 81.3)

times (%n + 23)? S+ 28h

= What expression would you get if
you multiplied the second term in
(h — 813) by {%h + 23]?
—40.650 — 22764

= What expression do you get when
you add these two answers

together? %nz —12.65h — 2276.4
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@ You multiplied L] Multiply benomiats. @ Bodyboards, which are used to nde waves, are made
potyniomials. by by using the FOIL of fiom and are more rectanguiar than surfboands.
monomials. method. A bodyboard's dimensions are determined by the "
Multiply pol ) height and skill level of the usar. . .
by Lsing the The length of Omear's bodytoard should be Omar's: / o
Distribetive Property. eIt i minus 13 centimeters or b — 813, The '
board's width should be half of Omar's height phe
iﬂm'rtmatfsa%h  Z8. To approamate the area of
1 e 1
the bodyboard, you nesd ko find fi m.q{ibi-nl,_\
NewVocabulary 1 Muitiply Binomials To multiply two binomials such as h — 81.3 a.nd%.h + 28,
4 the Distributive Property is used. Binomials can be multiplied horizontally
WPEC o or vertically.
Mathematical Practices .
Lok o o v e ool I‘n'd-zadl]rmd:ud_
A—_— a. (2x+3)x+5)
Multiply by 5. Multipty by x. Combine like terms.
2+ 3 Zx+3 2Zr+ 3
(x)x+ 5 (<)x4+5 {(x)x+5
likx + 15 Tl + 15 1k + 15
22 3x . o
5(x+3)=1x+15 i+ 3)=2r"+3x M 413+ 15

A08 | Lesson 7-3

o — ) + 4) = x(3x + 4) — 203 + 4)

2x+ 3+ 5}=§r+5}+3{:+ 5)

Wl

Resville g2 the sum of Iwo producis.

= + lkx + 3x + 13 Diztributive Property

Rewvile as lhe dilference of o prodiscis.
=3 +t4x—bx— 8
=3 —2x—8§

Diziribalive Properly
Combine o teim=

=2 4+ 13 + 15 Combine o b :-';I_

b fr—2){3x+ 4) F
Multiply by 4. Multiply by 3r. Combine like terms.
E—a x—.2 x—2 3

(%) 3xr+4 (%) 3x+4 (%) 3r+4 g
dr—8 ir—§ r—§ =

3t — fx 3ot — fx &

4r— N =4x—8 Sxxr— 2 =3 — bix St —2r—8 &

:

¥




FOIL method_
| KeyConcept FOIL Method ]
! 1
Wards To multiply two binomiats, find the sum of the products of F the First terms,

O the Owuter terms, | the laner terms, L and the Lost terms.

- = Eﬂqie Prosdinch off Producl of Product of Prosdinch off
ReadingMath I F _.1_ [Firsl Terms Ourfier Teymes Inmer Teames L=l Tesme
e I A } ! '
expression by -+ iy — D ks ’;5; 2 T R R I . S
reod s guaality x plus 4 - - tAr—8
Hivess: U quontily i o 2. I

0 F+—18

Ed.zatian

Capyrght £ MeGrawH

GuidedPractice
W FmtOm+5 Im 190 +20 B Sy — iy +8) 5P+ 38— 6
e

A shortout version of the Distributive Property for multiplying binomials is called the

Find each product.
a. (2y —7H3y +5)
F =]
P
2y — D3y + 5) = (2y)3y) + 2yN5) + (—7)Ey) + (=TUS5) FOR. medhed
= Gy” + Wy — 21y — 35 Mailtipty.
i =6yt —1Iy—35 Coambire: like befms.
0
b. {4a — 5){2a —9)
(4 — 5)(2a2 — 9)
= (4a){2a) + (4a)(—9) + (—5H2a) + (—5)—) FOIL method
= Ba® — 36a — 10z + 45 My,
= Ba® — 46a + 45 Combine fike lerme.
b GuidedPractice
28 (x+3)xr—4) PX—x—12 2B. (4b —5)(3k + 2) 1267 — TH— 10
2C. 2y — Sy — &) 2 — 17y + 30 20. (5a + Z)(3a — 4) 15¢° — 140 —8

8

Motice that when two linear expressions are muoltiplied, the result is a quadratic
expression. A quadratic expression is an expression in one variable with a degree
of 2 When three linear expressions are multiplied, the result has a degree of 3.
The FOIL method can be used to find an expression that represents the area of a
rectangular object when the lengths of the sides are given as binomials.

Differentiatedinstruction QO

Ii) students are less familiar with the Distributive Property,

E::’ they may wish to use the vertical method for multiplying binomials because it is similar to
multiplying two-digit numbers. Suggest that students use the method with which they are
most comfortable.

1 Multiply Binomials

Example 1 shows how to multiply two
binomials using the Distributive
Property. Example 2 shows how fo
multiply two binomials using a shortcut
of the Distributive Property called the
FOIL method. Example 3 shows how
to use the FOIL method to solve a real-
world problem.

Formative Assessment

Use the Guided Practice exercises after
each example to determine students’
understanding of concepts.

« I Find each product.

a. [y+8y—49
¥+ a4y — 32
b. (2x+ T)x + 6)
2+ 13+ 6

E Find each product.
a. (z—6)lz—12)
-1z +T72
b. (5x — 4)(2x + 8)
10x2 + 32x — 32
\ J

Focus on Mathematical Content
Multiplying Other Polynomials The
FOIL method only works for multiplying
two binomials. To multiply any other
polynomials, the Distributive Property
must be used.

Tips for New Teachers
FOIL Point out that FOIL is a memory
tool. The order in which the terms are
multiplied is not important, as long as
all four products are found.



=1 PATIO A patio in the shape
of the triangle shown below is
being built in Laila’s backyard.
The dimensions given are in
meters. The area A of the triangle
is one half the height & times the
base b. Write an expression for
the area of the patio.

B+ 4

(3x? — 19x — ) m?
LY J

2 Multiply Polynomials
Example 4 shows how the Distributive
Property can be used to multiply any
two polynomials.

.} Find each product.

a. (30 + 4)jg* — 120 +1)
30° — 3207 — 450+ 4

b. (2b% + 7b + 9)b* + 3b —1)
2b% + 136° + 2807 +
206 —9

Teach with Tech

Interactive Whiteboard Work through
an example multiplying two binomials.
Write the example on the board and use
a different color for each of the four
terms. Then create a table with four
columns, one for each of the four parts
of FOIL. In 2ach column, write the
expression for the two terms to be
multiplied using the color coding from
the original expression.
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mmmﬁmhbﬁhﬁl@ihk
is x meters from every side of the pool. Write an
- expression for the total area of the pool and deck.

e <= =
SR ——— " Understand We need to find an expression for the total
i - area of the pool and decke.
Thee cost of & swimming poal :: ; y
dispinds on many Taclons, Plan Find the produoct of the length and width of the pool with the deck.

induding the size of the poo,
whilher lhe pool is an abowe
groirsd of an in-ground pocd,
and the material wed.

Area = length - width
= (2r+ 20)(2x +15)

Somroe: At i Drcam Huormss

= (2x){2x) + (Zx)(13) + (20)(Zx) + (20){15)

= 4x* + 30r + 40 + 300
=4 + Flir + 300

Solve Since the deck is the same distance from every side of the pool, the length
and width of the pool are 2v longer. 5o, the length can be represented by
2x + 20 and the width can be represented by 2x + 15.

Area of & rectangle
Subrsfilution

FOIL Method
Mulighy.

Comnbine fike lerms.

Sa, the total area of the deck and pool is 4% + Plx + 300.

Check Choose a valoe for x. Substitute this value into (2x + 20){2x + 15) and
4x? + Tl + 300. The result should be the same for both expressions.

b GuidedPracice 4x? + 90x + 500

Multiply Polynomials The Distributive Property can also be used to multiply amy

two polynomials.

Find each product.
a. (bx+ 5)(2® —3x —5)
(6x +5)(2c* —3x—5)
= b 22 — 3x — 5) + 5(2% — 3x — 5)
= 12" — 18x* — 30x + 10® — 152 — 25
=12 — B’ —45xr— 25

StudyTip
IF & polynomial wilh ¢ ems b (2@ 43y —1) (397 — 5y + 2)
and a polynoms with o terms {25'1"‘35'—1][33'1—53-1-2}

are misliphed ogelr, Bere
will b ¢ - af et bedore
sarmplifying. In Example 4a,
I e 2« 3 01 6 e

besfores samplilyinng. =6t — " — 1y + 1y —2

i GuidedPractice . | 02 go 4 49
A Br— 522+ Tx—8)
N
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3. If the pool is 25 meters long and 20 meters wide, find the area of the pool and deck.

Distributive Propesty
Malticly.
Combine fike lefms.

=273 — Sy +2) + 393’ — 5y +2) — (3’ — 5y +2) Diriuiive Property
=6y — W + 4"+t — 15" by — 3T+ 5y — 2

Mustiply.
Combine ke leims.

am*+ e — 2wt + 3m—15

48. (m®+ 2m—3){4m® — Tm + 5)

LOREINER | |y o wlido

I bn A AT R



Check Your Understanding
Examples -2 Find each product.

y+2y—8
1+ 5x+2) 2 (y— 2y +4) 3 (-7 +3 PP —ab—2
+7x + 10
q.ﬁ]:u+i?;:+u} 5. (Bl — 1)(zh —3) 6 (22 + 9)(5a — &) 100® + 330— 54
4n? + 39+ 27 6h* —26h + 3
Example 3 7. FRAME Hussam is designing a frame as shown at the right.
The frame has a width of x centimeters all the way anound. 0 e i
Write an expression that represents the total area of the
picture and frame.  4x* + 72x + 320 16 o7
Example 4  Find each product.
8. (2a— 9(32% + 42 — 4) 60 —190° — 440+ 36
9, (47 —3)(ay + 7y +2) 6 +28° — 47— 2y —6
F__ r = & __ st
MW [ —dxr+ 5057+ 3r—4) Sr*— 1+ 9 + 3 — 20 16. 15y — Ty + 4
1 (20 + 3n — 6)(50% — 20— 8) 10n* + Mn® — 520 — 120 + 48 17. 244 — 62d + 35
18. 6m” + 19m + 15
19. 490" — B4n + 36
Pracfice and Problem Solving

Examples -2 Find each product. 12. 3¢+ 4c—15 13.29% + 159 — 50 15.24x% 4+ 18243
12. (3c— 5)c+3) 3. g+ 10(2g — 5) . (ba+ 552+ 3) 300+ 430+ 15

@ (ax+ D +3) 16. (5y — 4)(3y — 1) 7. (6d —5)4d— 7)
18, (3m+ 5(2m+ 3) 19. (7n— 6{7n — &) 20. (12t — 5){12¢ + 5) 14442 — 25
2L (5r+ A)Er— 1) 22. (Bw + 4x){5w — fx) 23, (11z — 5yMdz + 2y
252 —49 40w’ — 2Bwx — 24x° 332+ Tz — 10
Example 3 4. GARDEM A walkway surrounds a rectanguiar garden. The width of the garden is § meters,
and the length is & meters. The width x of the wallkway around the garden is the same
on every side. Write an expression that represents the total area of the garden and
walkway. 4x* + 2Bx + 48
Example &  Find each product.  25-30. See margin.

26 (4a+ 7922 +2a —7)
28 (! + 5 — 1)(52 — i + 1)
30. (62 — 5z — 2)(3* — 2= —4)

25. (2y — 11)(y* — 3y + 2)

27 (m? — 5 + 4)m? + 7m —3)

29 (31 —4b — 7)(2h2 — b— 9)
[> simpiy.

3. (m+ D[ (m?® + 3m — 6) + (m® — 2m +4)] 2m*+5m* —4

2 [(2+3—8)—(2—2+a)li—9 52—381+56

STRUCTURE Find an expression to represent the area of each shaded region.

5 _ 3
1. 34 Ut —5
:' Rl Qx4
ﬁ a1
B iz S . | =~
E 3 ] e r—
|- amx® 4 12%x + 9% — 3P — 5k — 2 . 23
41
Differentiated Homework Options
Level Assignment Two-Day Option
€Y Basic 12-30, 45, 47-66 13-29 odd, 50-53 12-30 even, 45, 47-49,
54-66
O core 13-33 odd, 35, 36, 12-30, 50-53 31-45, 47-49, 54-66
37-41 odd, 4345,
47-66

© Advanced

31-62, (optional: 63—66)

3 Practice
Formative Assessment

Use Exercises 1-11 to check for
understanding.

Use the chart at the bottom of this page
to customize assignments for your
students.

WatchOut!

Common Emrors When students
multiply polynomials horizontally,
they often try to combine terms
that are not like terms. For
students who are having difficulty
finding the product in Exercises
12-23, suggest that they try
multiplying the polynomials in
vertical form, aligning like terms.
Ay -

Exercise Alert

Formula For Exercise 33, students will
need to know the formula for the area
of a circle, A = .

Teaching the Mathematical
Practices

Structure Mathematically proficient
students can see complicated things as
single objects or as being composed of
several objects. In Exercises 33 and 34,
ask students what shapes they see in
each diagram, and how the area of
each shape can be represented.

Additional Answers

25. 2 — 1yt + 3y — 22

26. 360° + Na? — 140 — 49

27. m* + 2m® - 3am® + 43m — 12

28. 5x* +19x% — 34 + Mx —1

29. 6b° — 3% — 35p% — 1064 +
43b + 63

30. 182° — 152 — 1822 — 42 +
247 + 8

an



&5 Multiple Representations

In Exercise 44, students use a table
of values and analysis to express the
results of squaring a sum of the form
la + b).

VOLLEYBALL The dimensions of a sand volleyball court are represented by a width of
by — 5 meters and a length of 3y + 4 meters.

a. Write an expression that represents the area of the court.  18y* + 9y — 20
b. The length of a sand volleyball court is 9.5 meters. Find the area of the court. 141 meter

36. GEOMETRY Write an expression &wdgaraanfatria‘nglemmahamnflr+3

and a height of 3 — 1. 3.1+%1—5

Find each product. 37-42. See margin.

7. (o — 2P 3B, (3c+ 4d)? 3. {r—5y)°
20, (2r — 3P a1 (5¢+ 20 42. (4y + 32)(4y — 32
43. CONSTRUCTION A sandbox kit allows you to build a ik
sguare sandbox or a rectangular sandbox as shown, ' 2
a. What are the possible vahies of ¥? Fxplain. See margin.
b. Which shape has the greater area? square s
€. What is the difference in areas between the two? 4 ft2 s
b‘ 44. "5 MULTIPLE REPRESENTATIONS In this problem, you will investigate the square

of a som.

a. Tabular Copy and complete the table for each sum.

Expression | (Eupressionf?
A+ %+ 10x+ 25
41 9+ 6y +1
4y 24+ 2g+tgt

b. Verbal Make a conjecture about the terms of the square of a sum. See margin.

. Symbolic For a sum of the form a + b, write an expression for the square of

the sum. o+ 2ab + b*
45. Always: by grouping two adjacent terms a trimomial can be written as a binomial, a sum of two guantities, and

apply the FOIL method. For example, (2x + 3){x? + 5x + 7) = (2¢ + 3)x2 + (Sx + 7)1 = 2x(x®) + 2x(5x + 7) +
3{x?) + 3{5x + T). Then use the Distributive Property and simplify.

H.O.T. Problems (e shigher Orrier Thinking Skills

45. REASONING Determine if the following staternent is sometimes, always, or never troe.
Explain your reasoning.
Thee FONL. method can be wsed o modtiply o binomial end a frinermal

46. CHALLENGE Find (r® + ") (x™ 1 — '~ P+ o).
AN _ym gty gt ey gmte gy g2

47. OPEN ENDED Write a binomial and a trinomial involving a single variable. Then find
their product. Sample answer:x — 14,22 —x— L fr— Ml —x — 1) =27 —2x? +1

Aoy

48. REGULARITY Compare and contrast the procedure used to multiply a trinomial by a
binomial wsing the vertical method with the procedure used to multiply a three-digit
number by a two-digit number. See Ch. 7 Answer Appendix.

W I

49, WRITING IN MATH Summarize the methods that can be used to multiply polynomials.
See Ch. T Answer Appendix.

uogEnpa |
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50. What is the produoct of 2r —5and 3x + 47 B
ASr—1
B 6r'— 7xr—20
C 6x*— 20
D 6+ Fxr— 20
51. Which statement is correct about the symmetry
of this design? F
-1 aiptlats &)

{3, 4] 3,41
-1, 4){i1_4)

=3, ) [3. ~B)
F The design is symmetrical only about the

y-axis,
G The design is symmetrical only about the
F-axis.

H The design is symmetrical about bath the
- and the r-axes.

] The design has no symmetry.

52. Which point on the mumber line represents
a number that, when cubed, will result ina
number greater than itself? D

[ [l i
—_—
85 4 3 -32-1% 0 1 2 A 4 HK

AP CR
B DT

53. SHORT RESPONSE For a science project, Nabila
selected three bean plants of equal height. Then,
for five days, she measured their heights in
centimeters and plotted the values on the

graph below.
Bean Plant
Growth
¥
Ig f
g i 7-._!).'
1! A
- BIREY. o8
JER7 AEN
2 - I -]
; [
{1 1]

T [ B B O
Day

She drew a line of best fit on the graph 3

What is the slope of the line that she drew? 2

N

54. SAVINGS Moura has AED 6,000 to invest. She puts x dithams of this money into a savings account
that earns 7% interest per year. She uses the rest of the money to purchase a certificate of
deposit that earns 4% interest. Write an equation for the amount of money that Noora will
have in one year. leson 77 T= 1022 + 1.04{6000 — x)

Find each sum or difference. [ 79 57, 30% — 60 + 10

55, (7a® —5) + (-3¢ + 10) 42? +5
57 (4 +n* + 309 + (20 — 9n® + 6)
§9. (h+4)+(c+30—2) db+c+2

61 (—am* —m +10) — (3o + 3% —7)
—Tm® — 3w —m+ 17

56. (8n — 2n?) + (4n — 6n?) 120 — 8n?

58, (—4u — 9+ 2u) + (6w + 14 + 2?) — 20 +Bu+5
60. (32 — 6a) — (3a* 4+ 5a) —Mao

62 (3a+ 4ab + 3b) — (2b + 50 + Bab) —20— 4ab+ b

& (- ‘E — 3(—27)*

64 (—3h2)? — H—p3)?
—56t —29h"

108" + 4n*
65 2(—57)" + (—3v') 66 3(—6a®)’ + (—20%)
S0y — 27"
413

Differentiatedinstruction QO

Extension Tell students that one way to multiply 25 and 18 mentally is to multiply (20 + 5)
by (20 — 2). Have them show how the FOIL method can be used to find each product.

a. 35(19) 35(19) = (30 + 5){10 + 9) = (30){10) + (30)(9) + 5(10) + 5(9) =

300 + 270 + 50 + 45 = bbb

b. 67(102) 67(102) = (60 + 7)(100 + 2) = (60)(100) + (60)(2) + 7{100) + 7(2) =

6000 + 120 + 700 + 14 = 6834

Teaching the Mathematical
Practices

Regularity Mathematically proficient
students look both for general methods
and for shortcuts. In Exercise 48, tell
students to start by multiplying a three-
digit number and a two-digit number to
analyze the procedure.

|4 Assess

Mame the Math Ask students to name
the mathematical procedures they use
when multiplying two binomials with
the FOIL method.

Additional Answers

37. a* — 4ab + 4b?

38. 9¢* + 24cd + 16d*

39. x?— 10xy + 257

40. 8 — 36r%t + 54t — 2783

41. 125g° + 150g%h + 60gh* + Bh*

42, 64y° — 48y°z — 36yz? + 272°

43a. x > 4; If x = 4 the width of the
rectangular sandbox would be
zero and if x < 4 the width of the

rectangular sandbox would be
negative.

44b. The first term of the square of a
sum is the first term of the sum
squared. The middle term of the
sum is two times the first term of
the sum multiplied by the last
term of the sum. The third term of
the square of the sum is the last
term of the sum sguared.

413



1 Focus

VenrticalAlignment
-
Before Lesson 7-4 Multiply
binomials by using the FOIL method.
-

Lesson 7-4 Find squares of sums
and differences.
Find the product of a sum and a

difference.
-

After Lesson 7-4 Factor a
polynomial using the Distributive
Property.

' 2 Teach

Scaffolding Questions

Have students read the Why? section
of the lesson.

Ask:
= What two factors equal (2r + 24)*
when multiplied? (2r + 24)(2r + 24)

= |se the FOIL method to find
(2r + 24 4r + 96r + 576

® If 2r = gand 24 = b, does (2r + 24)
equal a* + 2ab + b*? Explain. Yes;
(2r+ 24)° = (24% + 2(20(24) + 247
= 4 + 96r + 576.

414 | Lesson 7-4 | Spedial Products

]
¥

Special Products

. Mow :-Why?

® You multiplied ° 1 Find squares of sumes @ Faleh wanis to attach a dartboard to a square piece of " ,
binomiais by using and differences. corkboard. if the radius of the darthoard is r -+ 12, how ‘ ‘, f
the: FOIL method. the square corkboard need to be? "
Find the product of a A R I -"\ /"-
sum and a difference. alief knows ciameter darthoard i 2fr + 12) ,’ \
or 2 -+ 24. Each side of the square also measures 2r + 24, ' j\ .
To find how much corkboard is needed, Faleh must find the .- ‘
area of the squarec A = [Ir 4 247
z 2.#
Mathematical Practices 1 Squares of Sums and Differences Some pairs of binomials, such as ¢
L"'*i“;;_: E"""E_"d squares like (2r + 24)%, have products that follow a specific pattern. Using the
p— pattern can make multiplying easier. The square of a sum, {2 + B2 or (o + Bz + b),

s one off those prodscts.

@+ h

=-+H++ﬂ

]

A+ = a + a0+ W+ 8

[ iy KeyConcept Square of a Sum

Words The square of o + b is the square of o plus twice the
product of o and b plus the square of b.
Symbols fo+ b = {a+ blja-+b)  Example x4 4" =+ 4)x 4+ 4)
a® + 2ab + b* B+ 16

Find (3x + 5)2.
(a+ B = a® + 2ab + b*
(3x + 5)% = (32 + 2(32(5) + 5°
=9 +3x+ 25

Stjuane of & sm

a=31x k=5

Smplify. Use FOIL to chedk yoir solwtion.

L RANGG || W MRS I

b GuidedPractice
Find each product.

1A (8c + 3d)? 64c? + 4Bcd + 907 1B (3x+ 43)? 9x 4 240y + 167

el gl ]
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There is also a pattern for the square of a difference. Write @ — b as a + (—b) and square
it using the square of a sum pattern.
(@—B?=la+ (B
=g+ HNa)(—b) + (—B)* Souaie of & sum
=g*— Jab+ B Simplly.

{'ﬁ'hﬁm Square of a Difference

Wards The square of o — b is the square of o minus twice the
product of @ and b plus the square of b

Symboks {@—b)'=ja—bjo—b)  Example f[x— 3" = (r— Ix~3)
= g’ = 2ab + b* 2 = Bx k9

e Sl T T square ofabifference Y
Regularity Remember tal Find (2x — 5y)*.
5:?3’*;?3“ {a — B2 =g — Zah + B Squsae of a difference
T (2x— 5y)* = (202 —220)(5y) + By)?  a=Zemtb=3y
irr—-?:—]‘:li,:—?,l = 4" — My + 25y° Samplify.
sailate | b GuidedPractice
Find each produoct.
2A (6p— 1) 36p° —12p+1 28. (a— 2h)? o — dab + 4b*

The product of the square of a sum or the square of a difference is called a perfect
square irinowrial. We can use these to find patterns to solve reabworld problems.

* Real-World Ecample 3

PHYSICAL SCIENCE Each edge of a cube of aluminum is
4 centimeters less than each edge of a cube of copper.
Write an equation to model the surface area of the
aluminum cube.

Let ¢ = the length of each edge of the cube of copper.
50, each edge of the cube of aluminum is ¢ — 4.

A =6st Formuila for soarface sres of & cobe
SA =6(c—4)* Reploce s wilh ¢ — 4.
5A = 6] — 240 + 1-2] Somaie of a dilference
SA =6l — Bc+16) Simplify.
P} GuidedPractice

3. GARDENING Ahmed has a garden that is ¢ meters long and g meters wide. He wants
toy add 3 meters to the length and the width.

A Show how the new area of the garden can be modeled by the square of a
binomial. (g + 3)¢

B. Find the square of this binomial. g% + 6g+9

Focus on Mathematical Content Teach with Tech

Squares of Sums and Differences Since Wiki On your secure classroom wiki have
the square of a sum and the square of a students write a real world situation that uses
difference are the same except for the sign of their choice of the sguare of sums, the square
the middle term, the risk of making a careless of differences, or the product of a sum and
mistake when finding the sum or difference of difference. These situations can be used as

a square is high. Tell students to pay close a review for a chapter test.

attention to the signs when finding squares of

sums or differences.

4 Squares of Sums and
Differences

Example 1 shows how to follow a
specific pattern to find the square of
a sum. Example 2 shows how to find
the square of a difference. Example 3
shows how to use the square of a
difference to write an expression that
models a real-world situation.

Formative Assessment

Use the Guided Practice exercises after
each example to determine students’
understanding of concepts.

497 + 282+ 4

*X Find (3c — 4)~
9c2 — 24c+ 16

=} GEOMETRY Write an expression
that represents the area of a
square that has a side length of
3x + 12 units.
{9x% + 72x + 144) units?

Tips for New Teachers

Alternative Method Even thoughitis
important to learn the special products,
point out to students that they can
always find these products using
methods from previous lessons in

the chapter.

Teaching the Mathematical
Practices

Regularity Mathematically proficient
students notice if calculations are
repeated, and look both for general
methods and for shortcuts. Encourage
students to look for patterns in the
Examples and step through finding
each pattern before you present the
formulas in the Key Concepts.
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Product of a Sum and a Difference MNow we will see what the resull is
2 PI'DdIJCI of a Sum and when we mulliply a sum and a difference, of {2 + Bjla — B). Recall that a — b can
a Difference be writtén as g -+ {—B).

Example 4 shows how to use the P 3 Pt

pattern for the product of the sum and
difference of the same two terms. a - + E ﬂ + E
i - §

a+b
1]1

_ ) Find (94 + 4)(9d — 4).
Bld? — 16 Motice that the middle terms are opposites and add to a zero pair.

Sofa + bja—b) = a?— ab+ ah— b2 = a? — 2

Focus on Mathematical Content StudyTip | & KeyConcept Product of a Sum and 3 Difference ],
Difference of Squares The product of :m“‘:mm’ Wards The product of @ + band @ — b is the square of @ minus
a sum and difference of the same two b s, variabies, o g
terms, (a + b){a — b), is a® — b This P | Symbols  {a + blfa — b} = fa — bia + )
resulting product has a special name, s
the difference of squares.
[——
Find (22 + 3} — 3).
3 Pracﬁce {2 + Bjla — b) = a* — b* Produc of 2 sum and a difference
(@t + 32t — 3) = (2292 — (32 o=2"and b=13
Formative Assessment =45' -9 Simplily.
Use Exercises 1-11 to check for
understanding. P GuidedPractice
Use the chart at the bottom of the next Kl eochs pondact:
page to customize assignments for your 4A (3n+2)(3n—2) 9n®—4 48. (4c — 7d){4c + 7d) 16 — 49d*
students. -

Examgples 1-2 Find each prodoct.  4.9m* —24m + 16 5.g° — 8Bgh + 16h* 6.9 + 36cd + 3607
2 g B . | 2 2
L+t 2 m-al . g &) (2x + 74)? 42+ 28y + 497

2

4. (3m — 4){3m — 1) 5. (g — 4h){g — 4hH) 6. (3c+ 6d)? o ¥ 2

Examgie 3 7. GENETICS The color of a cat’s fur is genetic. Dark genes [J are dominant Dl op| By I =
over yellow genes y. A cat with genes [ or Dy will have dark fur. [ | F

A cat with genes yy will have yellow fur. Pepper’s genes for fur ¥ [BE] g

color are [y, and Kamiro's are yy. | Bl
a. Write an expression for the possible fur colors of Pepper’s and Ramirn's kittens.
b. What is the probability that a kitten will have yellow fur? 50% 0.50y + 0.5¢°

uogEnpa |
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n students have trouble remembering the pattern for special products studied in this lesson,

have them write the symbols for and examples of each Key Concept in this lesson on separate
index cards. They can use their note cards for a quick reminder on how to proceed when

they are finding products of squares of sums or differences or the product of a sum and

a difference.

416 | Lesson 7-4 | Spedial Products
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Example 4  Find each product.
B (a—3)a+3) oa®—9 8 +5)E—5 25
W, {6y — Pty + 7) 36y" —49 M. (9% + G} — 6) BIE — 35

Examples -2 Find each product.
12. (a2 + 10Mz + 10) o2+ 200+ 100 13 (b —6)h— &) b2—12b+ 36
W (h+ 77 b +14h+ 49 15 (r+ 6 2+ 120+ 36
6. (8 — m)? 64 — 16m +m” 7. {9 — 2y)2 81— 36y + 4y”
18. (2b+ 3) 462 +120+9 9. (5¢— 2)2 2562 — 20t + 4

20. (8h — 4n)2 64k — 64hn + 160"

Example 3 21 GEMETICS The ability to roll your tongue is inherited

genetically from parents if either parent has the dominant r| e an
trait T_ Children of two parents withowt the trait will not — {
be able to roll their tongmes. r|m ]

a. Show how the combinations can be modeled by the
squareof asom. (T+H2=T"+IM+F

b. Predict the percent of children that will have both dominant
genes, one dominant gene, and both recessive genes. TT: 25%; TE 50%; i 25%

Example &  Find each product.  22-44. See margin.

22 (u+3)u—3) .tb+?}{b—?'.l M 2+12—1

25 (41— B+ 26. (2g + 51)(2g —5r) 27. (342 + 76)(3% — 7H)
D> 28 (5y+7p 79 (8 — 10g)? 30, (10 — 2)(10x + 2)

(4 1DEE—1D) 2. (a4 4B 33. (39— 5172

34, (20— ud)? 35. (g + 5k)7 36. (6w — 13){6y + 13)

3. (3a* —b)(3a* + ) m. (5 —y?)° 29, (8a — 969)(8a7 + 953)

a0. 3+ u)l a. [:%y— 4}1 42, (722 +5y°) (72" — 5y?)

43, (2m + 3)(2m — Hm + 4) 84, (r+ 2ir—5)r— Dir + 5)

45. SENSE-MAKING Write a polynomial that represents the area of
the figure at the right. 262+ 2x + 5 1] |

46. FLYING DISKS A flying disk shaped like a circle has a radius of

x + 3 centimeters. — s

a. Write an expression representing the area of the flying disk. =z + 6=z + 9=
b. A hole with a radius of x — 1 centimeters is cut in the center of the disk. Write an
expression for the remaining area.  Bwx + 8=

GEOMETRY Find the area of each shaded region.

X2

- o, Gx+3 .= J *+Mx—6
é x=1 Fb
% 1 x¥4+2
= g |
- L e A=a ‘
- i . :
¥— £+ 8
a7
Differentiated Homework Options
Level Assignment Two-Day Option
€Y Basic 12-28, 56, 57, 59-90 13-27 odd, 62-65 12-28 even, 56, 57,
5561, 66-90
O core 13-53 odd, 55-57, 12-45, 62-65 46-57.59-61, 66-90
59-90
O Advanced 46-87, (optional: 86-90)

Teaching the Mathematical
Practices

Sense-Making Mathematically
proficient students can explain the
comrespondences between equations,
verbal descriptions, and diagrams. In
Exercise 45, ask students to explain
how to write and simplify the
polynomial based on the diagram.

Exercise Alert

Formula For Exercises 46 and 55,
students will need to know the formula
for the area of a circle, A = ©wre

Additional Answers

22, v* —9
23. b*— 49
24, 4 —x?
25. 16 — x*
26. 4g2 — 2512
27. 90* — 49p?

28. 25y + 70y + 49
29. 64 — 1600 + 1000
30. 100x* — 4

3. 92— 14

32. o + 8ab + 16b?
33. 9g* — 30gr + 25r°
34. 4c® — 36cd + Bld?
35. g2 +10gh + 25h°
36. 36)y°— 169

37. 908 — p?

38. 25x* — 10642 + y*
39. ﬁ;a“ — B1n®

40. Ekz + 12k + 64

1. %yl — %, +16

42, 497% — 254

43, 4m3 + 16mZ — 9m — 36
44. 4 — 29 + 100



Find each product. 49.c% 4+ 3c%d+ 3cd® +0° S0, 80% — 120%b + Bab® — b7

o Multiple Representations _ -
In Exercise 56, students use algebra et dbrdictd] Sia=h 5L+~ +9F+Fo—1"—g
and a physical model to represent the Sk -wEk ol BE-piety | R Gte—n o +gr—e’—r
difference of two sguares. I — k'm — k" +m A —mp—np"+ P g5a about (3047 + 56.52r + 254.34) ft>

.m A high school wrestling mat must be a square with
11.6-meter sides and contain two circles as shown. Suppose the
inner circle has a radius of r meters, and the radius of the outer O

circle is 2.7 meters longer than the inner circle. 11.6m

a. Write an expression for the area of the larger circle.

b. Write an expression for the area of the portion of
the square mutside the larger circle.
about (1189.66 — 3.14r* — 56.52r) m?
> 6. "§ MULTIPLE REPRESENTATIONS In this problem, you will a a
investigate a pattern. Begin with a square piece of s et o ool
construction paper. Label each edge of the paper a. In ' {
any of the corners, draw a smaller square and label the edges b | i - i

a. Numerical Find the area of each of the squares. See margin. a

b. Concrete Cut the smaller square out of the corner. a—b [
What i the area of the shape? o? — b2 I ')

. Analytical Kemove the smaller rectangle on the bottom. g | —
Turmn it and slide it next to the top rectangle. What is the :
length of the new arrangement? What is the width?
What is the area? o+ b,0— b, o+ b)io — b) 7

d. Analytical What pattern does this verify? [ T |}
7

(o + bYjo — b) = o* — b?

HO.T. Problems  Use Sigher-Order Thinking Skills

57. WHICH OME DOESN'T BELONG? Which expression does not belong? Fxplain. See margin.

(2 — dif2c — d) (e + dific — d] 2 + dif2c + d} fc + diic + d)

58. STRUCTURE Does a pattern exist for the cube of a sum, {a + b)*?
a. Investigate this question by finding the product (z + b){a + )z + b).o” + 30%b + 3ab® + b’
b. Use the pattern you discovered in part a to find fx + 25, 2 + 62+ 12x + 8
. Draw a diagram of a geometric model for (a2 + 5.
d. What is the pattern for the cube of a difference, (a — k)7 @ —3a’b + 3ab” — b*

Aoy

59. REASOMING Find - that makes 25 — 9lx + ¢ a perfect square trinomial. 81
58c. S5ample answer:

60. OFEN ENDED Write two binomials with a product that is a binomial.

Then write two binomials with a product that is not a binomial. B

Sample answer: (x —2)x + ) =r* —Sandx — 2)ix— ) =x—ax + 4 %
61. WRITING IN MATH Describe how to square the sum of two quantities, . =

square the difference of two quantities, and how to find the product b "

of a sum of two quantities and a difference of two quantities. 5

See margin. f a
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418 | Lesson 7-4 | Spedal Products



Ghl S MeGravweH1l Edocafian

Capy

Standardized Test Practice

64. Maren can drive 4 kilometers in m minutes.
At this rate, how many minuotes will it

62. GRIDDED RESPOMSE In the right triangle, DB
bisects #B. What is the measure of ZADE

in degrees? BS take him to drive 19 kilometers? G
A 7 LT
F Tt H T]
19m 4
g ©a ! om
A 65. What property is illustrated by the equation
M- e +0=222C

A Unmmutative Property of Addition
B Additive Inverse Property

C Additive Identity Property

D Associative Property of Addition

63. What is the product of (20 — 3) and (2e —3)7 D
Adr+12a+9 Cda’—12a—9
B4 +9 D 4g®—12a+9

-

Spiral Review
Find each produmct. [1een 73
66 (y— Hly—2) ¥ — 6y +8

60, (4h—23)2h—7) BAT—34h+21 0. (3x 4+ 5){2xr+3) B2+ 1Ox+15 L (5m 4+ 4){8m 4+ 3)
40m* + 4Tm + 12

6 (2c—1)jc+3) 27 +5c—3 68 ([d—9(d+5) o —4d—45

Simplify. fLesson 72)
T2 il —7) +5r 2x*—2x

75. —2d(5d) — 3dld + &)

T oc—8) +20c+3) 32— 2
76. Smel2m® + m® + ) + 4m

TA. By(—3y + 7) — 11y" —35y" + 56y
1. 3plop — 4) + 2{]5;-1— 3p)

—134% — 18d 10m* + 5m* + 44m 19p% — 18p

Siqlﬁf]l‘. Ple=sistn 0-10

78 VIE W3 72, Vie2 92 80. V254" 5a%p? 81 \Jasn® 3*sx

Write the ordered pair for each point showmn. (e 05 HEELER

8. A (—3,-3) 83. B (4,—3) N FC)

B4 C|—4.0) 8. 0 (L2 R ! |

86. F (0.1) . F (—1.—1) z
Al i

Write each polynomial in standard form. Identify the leading coefficient.
B8 2y —x —8+x 89, —5p' +p* +12+2p°
89.2p° —Sp* +p? +12:2

90. —10 +&* —a + 6a®

BB '+ 2+ x—8; 1 90. &@ + 6o — o0 —10;1

419
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Extension A diagram of the Gwennap Pit is shown here. Tell students e

the historical Gwennap Pit, an outdoor amphitheater in southern England, (//::_ = % \
.". Ir':- \.' .HI

consists of a circular stage surrounded by circular levels used for seating. [
Each seating level is about 1 meter wide. Suppose the radius of the stage
i5 5 meters.

—
a. Find binomial representations for the radii of the second and third seating _—__,.//
levels. s+ 2,5+ 3

b. Find the area of the shaded region representing the third seating level. about (6.3s + 15.7) m*

Exercise Alerts

Construction Paper For Exercise 56,
students will need a square piece of
construction paper.

Isometric Dot Paper For Exercise 58,
students may want to use isometric dot
paper to draw their models for the cube
of a sum.

Teaching the Mathematical
Practices

Structure Mathematically proficient
students look closely to discem a pattern
or structure. In Exercise 58a, point out
that (o + b)ja + bia + b) can be
rewritten as (@ + bjja 2 + 2ab + b ).

' 4 Assess

Ticket Out the Door Make several
copies each of five squares of sums
that need to be multiplied. Give one
expression to each student. As the
students leave the room, ask them to
tell you the products of the expressions.

Additional Answers

56a. The area of the larger sqguare
is aZ. The area of the smaller
square is b2

B7. Sample answer: (2c + d) -
(2c — d); The product of these
binomials is a difference of two
squares and does not have a
middle term. The other three do.

61. Sample answer: To find the square
of a sum, apply the FOIL method or
apply the pattemn. The square of
the sum of two quantities is the first
guantity squared plus two times the
product of the two guantities plus
the second quantity squared. The
sguare of the difference of two
guantities is the first quantity
squared minus two times the
product of the two guantities plus
the second guantity squared. The
product of the sum and difference
of two quantities is the square of
the first quantity minus the square
of the second guantity.

419



Formative Assessment
Use the Mid-Chapter Quiz to assess
students’ progress in the first half of
the chapter.

For problems answered incorrectly,
have students review the lessons
indicated in parentheses.

]0)):: 102y StudyOrganizer
[Fouuass}

Dinah Zike’s Foldables”

Before students complete the Mid-
Chapter Quiz, encourage them to
review the information for Lessons 7-1
through 7-4 in their Foldables.

Additional Answer

Tc. 30.07 people/mi?; Since 2020 is 90
years after 1930, substitute 90 for y
in the equation.; 38.3 people/mi?;
Since 2030 is 100 years after 1930,
substitute 100 for v in the eguation.

420 | Chapter 7 | Mid Chapter Quiz

“ 1 -
*Mid-Chapter Quiz
Lessons 7-1through 7-4

i

Determine whether each expression is a polynomial. If it is a

polynomial, find the degree and determine whether it is a

monomi, binomial, or frinomial. (e 79

1 EI}""—? yes; 2; binomial
2. 4% + 3 + I yes; 5; trinomial
] i
5 not a polynomial
4. ox* nota polynomial
5. 34" yes; 2; monomial
6. 2= —dx+1 nota polynomial

7. POPULATION The Llable shows the populstion density for
& oounlry hor varnous years. [Lesan 7§

— | Years Progle
Since 130 | Square kiomeler

30 ] [iT]

1960 0 16

1980 50 73

190 &0 109

2000 70 182

a The population densily o of a country from 1930 to
2000 can be modeled by f = 0.005r" — 0270 +1,
where mrepresents the number of years since 1930,

Identily the type of
quadratic trinomial
b. Whal is the degree of the polynomial? 2
. Predicl the population density ol the country for 2020
and lor 2030. Explain your method. See margin.

Find each sum or difference. [Leco 77
B+ + 3+ A+ —1) S+ 2
9. G-+ N—r—0+8 I —n*—1
0. {5+ o) — (4 — 4d9) 5d2+ 5d— 4

n e+ +@+2—0 2 +4x—3

12 Bo—3b+ 7 —jdo+5b) —o—Bb+2
13 Br— '+ I+ P+ Se+ 7+ 12

420 | Chapter 7 | Mid Chapler Quiz

ial for 0.006m° — 01270 + 1.

Find each product. e 73

1. Gy + 3y + 1) By + 18y2 + By

15, 3n{n? — b+ 2) 3n? — 1502 + Gn

16. o4—4 — 30 + %) —Ad® — 3d® + 24*

7. —2oy(dx + 2y — #%) —6xy — Ax%y" + Bxy®
18. o120 + 5b — ab) 120%b6® + Sab® — ob?
19. x5 30° — x + 27 3yt — Byt + 2%yt

20. MULTIPLE CHOICE Simplity x{4x + 5} + 3(2c® — 4 + 1.

[Leszom 7-2} B
A 0 H 1+ 3 C 2—Tw+3
B W —Tx+3 D 2 +1x+3

Find each producl. [Lesson 7.3

A (x+HYe+5 22+ T+ 10

22 (3h—2b—4) 32— 1AL+ B

3. n—5n+3 nt—2n—15

24, jdc—2c+2) A +6c— 4

25 [k — Ok — Y —3 + 4k —k

26. (B — 32 +d +1) 1687+ 207 + 54 —3

Z7. MANUFACTURING A company is designing a box for dry
pastain the shape of a reclangular prism. The length is
2 cenlimeters mone than twice the widlh, and the height is
3 cenlimeters more than the length. Wrile an expression in
terms of Uhe width for the volume of the boe. (e 7 3)
4w + 1w + 10w

Find each produch. jLesson 7.4)

ZE +2 x4 axt 4

29 (n—1F it —22n+121

30. (4b — 77 166 —16b + 4

3. (6c+3F 362+ 36c+9

32, (5d — 3)5d + 3) 254° —9
{ A 3 {xe® + 6.5%xx +

33 (9k + T8k — 1) BlkZ—1 10.5625=%) in?

34. DISC GOLF The discs approsved for use in disc goll vary in

Sipe  [Lesson T-4)
Smallest dise

34a. =m{x + 3251 in?,

Largesi disc

8

@ r) | ‘I‘I
- S‘iu 3251 em

ey

=

HAWE 3 3l

a. Wrile bwo dillerent expressions lor the area of the
lrpeest dise.

b W xis 267, whal are the areas of the smallest and
larged discs? 2350.9 cm?; 383225 cm® g

Enpa




Algebra Lab

Factoring Using
the Distributive Property

When lwo or more numbers are mulliplied, these numbers are foclors of the

product. Somelimes you know the product of binomials and are asked Lo find

the faclors. This is called factoring. You can use algebra liles and a producl mil Lo faclor
Erinoamiisls.

Activity1 Use Algebra Tiles to Factor 2x — 8

ETE siodel 2x— 5.
E 888
=1 | = =1 [

Activity2 Use Algebra Tiles to Factor x2 + 3
Model x* + 3x.

-

m Arrange the tiles into a rectangle. The
total area of the rectangle represents the
product, and its length and width
represent the factors.

K—4

The rectangle has a width of 2 and a
length of x — 4. Therefore, 2x— 8 =
Hx — 4).

Arrange the tiles into a rectangle.

Y43

e -

The rectangle has a width of x and a
length of x + 3. Therefore, x* + 3z =
xx + 3).

9. S5ample answer: Binomials can be factored if they can be

Model and Analyze

represented by a rectangle. Examples: 3x + 3 can be factored and

Use algebra tiles to factor each binomial.  3x + 2 cannot be factored.

1 4x+12 4fx+3) 2 dr—6 2(2x—3)

3 3 +d4r x(3x+4)

4 10— 2x 2(5—x)

Determine whether each binomial can be factored. Justify your answer with a drawing.

5 bx—9 yes B 5r—4 no

9. WRITING IN MATH Write a paragraph that explains how you can use algebra tiles

7 4x*+7 no

8 x°+3x yes
5-8. S5ee Ch. B Answer
Appendix for drawings.

to determine whether a binomial can be factored. Include an example of one

binomial that can be factored and one that canniot.

a2

-3 Assess

Formative Assessment
Use Exercise 3 to assess whether students can
use algebra tiles to factor a binomial.

From Concrete to Abstract

Write x* + 5x on the board. Have students factor
the binomial without using tiles. If they answer

incommectly, have them use their tiles to help
them find their errors.

'1 Focus

Objective Use algebra tiles to model
using the Distributive Property to factor
binomials.

Materials for Each Student
= algebra tiles and product mats

' 2 Teach

Working in Cooperative Groups
Put students in groups of two or three,
mixing abilities. Have groups complete
Activities 1 and 2 and Exercises 1-4.

= For Exercises 1-4, students should
recognize that they must arrange the
tiles into a rectangle with a width
greater than 1in order to find the
factors of the polynomial.

= Point out that the area of the
rectangle represents the polynomial,
and the length and width represent
the factors of the polynomial.

Practice Have students complete
Exercises 5—9.

= For Exercises 59, emphasize that if
a binomial can only be modeled with
a width of 1, it cannot be factored.
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1 Focus

VenrticalAlignment

-
Before Lesson 7-5 Use the
Distributive Property to evaluate

EXpressions.
-

Lesson 7-5 Use the Distributive
Property to factor polynomials. Solve

guadratic equations of the form
ax’ + bx=0.
w

After Lesson 7-5 Solve equations of

the form ax® + bx + c = 0.

' 2 Teach

Scaffolding Questions
Have students read the Why? section of
the lesson.

Ask:
= What is the formula for the area of
arectangle? A=£ X w

= What do you multiply w by to get
16w” + 6w? 16w+ 6

= What is the area for Mr. Eissa’s store
expressed as a monomial times a
polynomial? wil.6w + &)

= What is the area when w = 507
4300 m?

® Used the Distributive &

Property to evaluate
ENESSIDNG.

MewVocabulary
Iacloing

Faciosing by growping
Zero Produc Propesty

Riearion atrslractly and
ustnlilativedy_

422 | Lesson T-5

lUse the Distributive @ The cost of rent for Mr. Eissa's siore |

Property to factor = determined by the square meterage

polynomiats. of the space. The area of the store
can be modeled by the equation

mﬂﬁ““ A= 16w 1 6w, where wis the

TR width of the store in maters. We can
s fadtoning and the Zero Product
Praperty to find possible dimensions
of the store.

;- Why?

1 Use the Distributive Property to Factor You have used the Distributive
Property to multiply a monomial by a polynomial. You can work backward to

express 8 pofynomial as the product of 2 monomial factor and a polynomial factor.

Lbw® + bw = 1.6adw) + Glmw)
= w{l.bw + B}

So, wilfiw + ) is the factored form of 1.6w? + 6. Fackoring a polynomial invobves
finding the compietely factored form.

a. 27y" + 18y
Find the GCF of each term.
zrf:? ¥e ZE{: - 5 \,—'!-r,» -y
ity =2-(3)-3)- @

GEF=3+3-yordy

Facior each lesm

Clrcle commeon fackors.

d,

Write each term as the product of the GCF and the remaining factors. Use the
Distributive Property to factor out the GUE.
2737 + 18y = 9yi3y) + 9y(2)

~ 9y(3y +2)

b. —4a*h — Sab® + 2ab

Rewirile et term using the GOF.
Disdribulive Properly

—4a’h=—1- '\? -2 ré_\' = '{bl Fachor each lerm

—Babt=—1.(2)-2.2 .:'E:"{'-_._r_;.l:.\_u.b

Circle common foctors

—

2= @-(-®
GUF=2-g=bor2ab

—4gth — Bab? + 2ab = Zab{—2a) — Zab{4k) + 2ah{1)
= Zab(—2a — 4b + 1)

Rewiite each berm wsing the GCF.
Distribuifive Propesty

b GuidedPractice

1A 15w — 30 3Ew—v) 1B 7ut? + Flub® — ut wb(Tot + 28— 1)

By heen

HMA.E0W 2

_anps

salow) Adssselawy puegu@p s jul U
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Using the L¥stributive Property to factor polynomials with four or more terms is
called factoring by grouping because terms are put into groups and then factored.
The Distributive Froperty is then applied to a common binomial factor.

I{'ﬁ'l{m Factoring by Grouping ]

Wiards A podynomial can be factored by grouping only if all of the following conditions exist.
= There are four or more terms.

= Terms have commeon factors that can be grouped together.
= There are two common factors that are identical or additive inverses of each other.

1 Use the Distributive Property
to Factor
Example 1 shows how to use the
Distributive Property to factor a
polynomial. Example 2 shows how to
use grouping to factor a polynomial.
Example 3 shows how to use grouping
with additive inverses to factor a

Symbok  ax + he oy + by = fox ¢ be) 4 oy + B polynomial.
- xfo + b+ o+ B
(x+ pilo + b

%

It can be helpful to recognize when binomials are additive inverses of each other. For

Formative Assessment
Use the Guided Practice exercises after
each Example to determine students’

understanding of concepts.
Factor 4qr + 5r +3q + 6.
Agr+8r+3g+6 Driginal expwession
= (4gr + 8r) + (39 + &) Group benms wilh common faciors.
=d4rig++3g+12) Factor the GCF from each group. : I Use the Distributive Property to
Motice that {g + 2) is common in both groups, so it becomes the GCF. factor each polynomial.
= {er+3)ig+2) Distrbuiive Property a. 15¢+ 25¢% 5x(3 + 5x)
b GuidedPractice b. 12xy + 24xy? — 30x%*
i el Bxy(2 + dy — Sxy)
A m+5m—r—5 fr+5)n—1) 28. 3np + 15p — 4n — 20 (0 + 5)(3p — 4) £ 3 Factor 2xy + Ix — 2y — 1.

k—M2y+7)
= Factor 15a — 3ab + 4b — 20.
(—3a + 4)b — Bjor

example 6 —a = —1(z — &). (30— 4)5 — B
& o
StudyTip L
Cheek To eheck yous ;
Tacloned answers, mutiply Factor Zmk — 12m + 42 — Tk Focus on Mathematical Content
your factors oul. You shoud Zmk —12m + 42 — Tk Greatest Common Factor

qed your original expeession
a5 a nesull.

= (2mk — 12m) + (42 — 7H)

Groop et wilth common Taciors.

Factoring using the Distributive Property

_ ﬂ: B i; I ;;?__] ]:1 P ;‘_T:'_T_"::‘ - requires expressing a polynomial as the
£ = Sl — 6) — Tk — 6} AN Y pml:luct_ of the greatest com mnn_
: = (2m— Dk — 6) R monomial factor of the polynomial’s
: terms and a polynomial factor. To find
f P GuidedPractice 20 (e -+ A)2d — 1) or fc — At — 2 the nonmonomial factor, each term of
=

=
il
=
&
L

Tips for New Teachers

Factor each polynomial.
A c—2od + 84— 4

3B.(p+9)3 —Zp)or [—p—9)2p—3)
3B 3p—2p° —1p +27

Teach with Tech

the polynomial is divided by the
common monomial factor.

Reasoning Sometimes students find the
monomial that is the GCF of the terms of the
polynomial but do not know how to get the
other polynomial factor. One way to find the
remaining factor is to divide each term of the
polynomial by the GCF. Tell students to check
their answers by multiplying their factors using
the Distributive Property.

Video Recording Separate the class into
groups and have each group create a video
showing how to factor by grouping. Assign a
different expression to each group, and share
each group’s video with the class.



2 Solve Equations by Factoring
Example 4 shows how to solve two
different quadratic equations—one in
factored form and one that must be
factored. Example 5 shows how to
solve a real-world problem using the
Zero Product Property.

.2 Solve each equation. Check your

Solve Equations by Factoring Some equations can be solved by factoring.
Consider the: Gollosing
) =0 02 —2=0 —312(0) =0 0(0.25) = 0

Motice that in each case, at least one of the factors is (. These examples are
demonstrations of the Zero Product Property.

& KeyConcept Zero Product Property

Words If the product of two factors is 0, then at least one of the factors must be 0.

solutions.
a (x—2)ax—1)=0 2,1
b. dy = 12y2 ﬂ.% " Watchout
Unknown Valee 1T may be
Lemptitg bo sohe an egualion
Focus on Mathematical Content b s
< varialbile has an wknowi
Zero Pmdu:t Property Guﬂd_ratm o A e
equations can be solved by using the by O, witichy is ol

Zero Product Property: If the product of
two factors is zero, then one of the
factors is zero. To solve equations using
this property, write the equation with
the terms in factored form on one side
of the equation and zero on the other
side. Each factor is then set equal to
zero, and the resulting equations are
solved to arrive at the solutions.

Symbols For any real numbers o and b, if @b = 0. then @ = 0, b = 0, or both o and b equal 2ero.

Recall that a solution or root of an equation is any value that makes the
equation true.

a (2d + 6)(3d — 15 =0

(2d+ &)3d —15) =0 Original equation

d4+6=0 or 3d—15=0 Zero Product Property
2d=—h 3d=15 Sodve each squition
d=—3 d=25 Divide.

The roots are —3 and 5.
CHECK Substitute —3 and 5 for d in the original equation.
(2d + 6}3d —15) =0 (2d + 6)(3d — 15) =0
[2(—3) + 6][H—3)—15] L 0 [2(5) + &][3{5) — 15] 0
—6+6—9—15) 20 (10 + &5 —15) 2 0

y—24) L 0 16(0) 20
D=0+ =0+
b c2=3c
2 =3c nirginal equation
2—3c=10 Subiract I from sach side to get § on s side of e squation.
oe—3 =0 Fachor by eiing the GCF fo get the fomm ab = 0

c=0 or c—3=10 Temo Produd Property
c=23

‘The roots are () and 3.

Sohve parh equaton.

Chech by suhstiufing 0 and 3 for c.

b GuidedPractice
A 3nfn+F =0 0,-2

o

4B. 8b2 —40k=0 0,5 4C. ¥ =—10x 0,—10

WS 3 el e

uogEnpa |
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‘ .:' students have trouble sclving quadratic equations like Example 4b,

you may wish to allow students to use algebra tiles. They can use the methods from
Explore 8-5 to factor the quadratic to solve the equation.
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Real-WorlkdLink AGILITY A famous dog competes with her trainer in the agility course.
Doy agiBty lests a person’s Within the course, the dog must leap over a hurdle. The dog’s jump can be modeled
skills g% & traines and handier. by the equation h = —16¢" + 20, where | is the height of the leap in inches at
Compeiilon race Brough an t secomds. Find the valoes of { when b = 0.
ubslacle course thal inCisdes
hurdles, {unnek, 3 soe saw, h=—166* + 201 Dviginal exqusation
and line pales. _ 5 )

0= —168 + 20t Substilion, k=0
[ PRy e
i 0=4H—41+5) Fechur by wesireg the GCF.

T | =0 or —4+5=0 Zeso Produsd Froperty
t=4a —d4t = -5 Solve esch equeation_

Examiple 1

}=%m’l.25 Divide each side by —i_
The dog's height is 0 inches at () seconds and 1.25 seconds into the jump.

P GuidedPractice
5. KANGARDODS THEI'DPcﬁah

of twhen h=10. 0,15

Lise the Dstributive Property to factor each polynomial.
1 21b — 15z 3(7b —5a) 2 M+ 2 2fTe+1)
3. 10g%hE + 9gh® — ¢’k gh{10gh + 90 —g) 4 12k 2+ 6%+ 2% * Zjk(Sk + 3 + jk)

Examples 2-3 Factor each polynomial.

@ np + 20+ 8p + 16 (n+ Bp+2)
7 3bc—2b— 10 + 15¢ (b +5)3c—2)

6 xy—Tr+Ty—49 (r+ Ty —7)
B. 95— 45— 7g +35 (9r—7)g —5)
9. ik + 10 =0 0,—10
0 20’ — 15 =0 ‘-’L%
13. SPIDERS Jumping spiders can commonly be found in homes and barns throughout
the Uinited States. A jumping spider’s jump can be modeled by the equation
k= 333t — 1607, where ¢ represents the time in seconds and # is the height in feet.
a. When is the spider’s height at () feet? 0 seconds and 2.08125 seconds
b. What is the spider’s height after 1 second? after 2 seconds? 7.3 ft. 2.6t

0. (4m+ AEm—9) =0 —, 3

2
12. A =14r 0,94

14. REASOMING At a national celebration, a rocket is launched straight up with an initial
velocity of 125 feet per second. The height k of the rocket in feet abowve sea level is
modeled by the formula b = 125t — 164, where | is the time in seconds after the

rocket is laomched.

a. What is the height of the rocket when it returns to the ground? 0 ft

b. Let h =0 in the equation and solve for . 0, 7.8125

c. How many seconds will it take for the rocket to return to the ground? about 785

@ Follow-up

Students have explored modeling using quadratic functions.

Ask:

= What are the advantages of using quadratic functions for modeling? Sample answer: They have well-
known and understood properties; they can be used to model situations that have both increasing and
decreasing behavior; the computation that is done to make predictions is relatively easy to perform.

Jeenes

can be modeled by h = 24 — 16 where h
represents the height of the hop in feet and £ is the time in seconds. Find the valoes

)| FOOTBALL A football is kicked

into the air. The height of the
football can be modeled by the
equation h = —16x” + 1ox,
where fr is the height reached by
the ball after x seconds. Find the
values of x when i = 0.

0 seconds, 1second

' 3 Practice

Formative Assessment
Use Exercises 1-14 to check for
understanding.

Use the chart at the bottom of the next
page to customize assignments for your
students.

Teaching the Mathematical
Practices

Reasoning Mathematically proficient
attend to the meaning of guantities, not
just how to compute them. In Exercise
14, tell students that the path of a
projectile or other body moving through
space is called a trajectory. Quadratic
functions are always used to represent
motion of a trajectory.



Teaching the Mathematical
Practices

Sense-Making Mathematically
proficient students check their answers
to problems using a different method.
In Exercise 45, have students check
their answers by substituting values for
g and b and finding the areas directly
and by using their expressions.

Exercise Alert
Grid Paper For Exercise 47, students
will need grid paper.

& Multiple Representations

In Exercise 51, students use a diagram
and analysis to factor an algebraic
expression.

Additional Answers

47a. FTEAEREA
olalw]alo
atb. [ v [ ]

L 1
10

srrasy

0 1] X
[ 1]
51b.
¥ +3x
—2X —h
5ic. ¥ +3
b J:':I +3x
2| —2x | -6
fx + 3)lx — 2)

83. If o = 0 and b = 0, then all real
numbers are solutions. If a3 0,
then the solutions are —% and §_

56. Rewrite the equation to have zero
on one side of the equals sign.
Then factor the other side. Set

each factor equal to zero, and then
solve each equation.

Practice and Problem Solving

Example 1 Use the Distributive Property to factor each polynomial.

15. 16t — 40y B(2t — 5¢) 16. 30w + 50r 103 + 5x)
17, 2k2 + 4k 2k +2) 8. 5z% + 1lkz Szfz+ 2)
19. 4’ + 2a%h — 1ak? 20. 5c% — 15552 + 5057 Sctvil—3v+ v
Zob{2ab + o — 5b)

Examples 2-3 Factor each polynomial.  25. (3¢ — 10){Sp — 3]  35. 3cd(9d — 6od + 1) 37. 2{Bu —15)(3t + 2)
.E—5S+4f—?-ﬂi§+ﬂ{f—5] 22. 0° —4a— M + ba (o — i+ 6)
23 kb —2h+ 5 — 10 (h+ 5} — 2) Moy 2—2+y k+Ty—2)
25, 45pg — g — 50p + 30 26. 240y — 18t + 4y — 3 (6t + 1){4y — 3)

20 3di— 21d + 35— 5 (Bd—5HE—7) 2B 8 +12r dd2r+3)
29, 2Uth— 3t —35h +5 (3 —5)Th—1)  30. op + 120+ 8p + 96 (v + Bljp+12)
3L Shr—25b+2r— 10 (r— 556 +2) 32 Zm— Bu+ 3n—12 [2u+3)n—4)

33 5¢f + g°f + 15¢f gfi5F+ g + 15) M orp—Yr+Yp— 51 [r+9)p—9)
35. 27cd” — 1854° + 3ad 36. T8PE + 1207 — et 6ro#[Ed + 20— 1)
37 A8tu — 90t + 32u — 60 38. l6gh + Mg — 2h— 3 (Bg— 1){2h + 3)

Example 4  Solve each equation. Check your solutions.

30, 3h{oh —27)=0 0,3 0. e+ 3 =00,—1
41 {8z + 45z +10) = 0 ;,—z 12.(?:+3:|{2t—6}={ll—:,3
43 b*=—3b 0,—3 44 0" =40 0,4
Example 5 45 SENSEMAKING Lise the drawing at the right. 3}
a. Write an expression in factored form to represent the | 5 3
area of the blue section. ab it

b. Write an expression in factored form o represent the
area of the region formed by the outer edge.
. . >y %+5Hb+5_l
€. Write an expression in factored form to represent the
yellow region. 6o + & + &)
E}ﬂim&tenﬂnﬁamtﬁﬁremkiﬂﬂhﬁmd&mgrmrd[ﬂefﬂmheigh

of the shell in meters is given by the formula b = 80¢ — 4.9, where  is the time in
seconds after launch.

a Write the expression that represents the height in factored form. #(263 — 16£)

x'g';;'“d b. At what time will the height be 07 Is this answer practical? Fxplain.

seconds; Yes, . What is the height of the shell 8 seconds and 10 seconds after being fired? 1080 m; 1030 m
the shell starts d. At 10 seconds, is the shell rising or falling? The shell has begun to fall.

at ground level

andisintheair 47. ARCHITECTURE The frame of a castle doorway is an arch that can be modeled by the graph

for 16.4375 of the equation y = —3x* + 12x, where ¥ and y are measured in meters. On

seconds before a coordinate plane, the floor is represented by the r-axis. a-b. See margin.

landing on the a. Make a table of values for the height of the arch if r =10, 1, 2, 3, and 4 meters.

DSIRE Ag b. Plot the points from the table on a coordinate plane and connect the points to

form a smooth curve to represent the arch.
. How hiph is the doorway? 12 m

A2E6 | Lesson 7-5 | Uking thee Distribaitive Propery
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Differentiated Homework Options
Level | Assignment Two-Day Option
O Basic 15-45, 52, 54-80 15-45 odd, 57-60 1644 even, 52, 54-56,
61-80
O core 1545 odd, 46-52, 15-45, 57-60 46-52, 54-56, 61-80
54-80
O Advanced | 46-80
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48. RIDES Suppuose the height of a rider after being dropped can be modeled by
b= —4.9F — 29¢ + 48.8, where | is the height in meters and ¢ is time in seconds.
a. Write an expression to represent the height in factored form. 96{—# — 61+ 10)
b. From what height is the rider initially dropped? 160 m
c. At what height will the rider be after 3 seconds of falling? Is this possible?
Explain. —272 m; Mo, the rider cannot be a negative number of meters in the air.

B.ﬂuﬂ‘l‘ The height h in meters of an arrow can be modeled by the eqoation
b= 64 — 1682, where ¢ is time in seconds. lgnoring the height of the archer,
how long after the arrow is released does it hit the ground? 45

50. TEMMIS A tennis player hits a tennis ball upward with an initial velocity of 24.4 meters
per second. The height b in meters of the tennis ball can be modeled by the equation
= 24 4t — 166, where { is time in seconds. lgnoring the height of the tennis player,
how lomg does it take the ball to hit the ground? 5s

ki T

51, %' MULTIPLE REPRESENTATIONS In this problem, you will .
excplore the box method of factoring. To factor x* + x — &, Mo i
write the first term in the top left-hand corner of the boe,
and then write the last term in the lower right-hand comer. 7 7 <K
a. Analytical Determine which two factors have

a product of —6 and a sum of 1. 3and —2

b. Symbolic Write each factor in an empty square in the box Include the positive or
negative sign and variable. See margin.

c. Analytical Find the factor for each row and column of the box. What are the
factors of ©* + r — 7 See margin.

d. Verbal Describe how you would use the box method to factor x° — 3z — 40,
54d. Sample answer: Place x2 in the top lefi-hand corner and place —40 in the lower right-hand cormer. Then

determine which two factors have a product of —40 and a sum of —3. Then place these factors in the box. Then

find the factor of each row and column. The factors will be listed on the very top and far left of the box.

52. CRITIQUE Faleh and Mansour are solving 2m® = 4m. Is either of them correct? Explain
your reasoning. Mansour; the equation first must have 0 on one side.

Faleh Mamsaee
Zval = 4 2 =
Bl _ Aot 2" ~ by =0
W T
T Emlm - 21 =10
o= oy — 2=
w= |
- 2

53. CHALLENGE Civen the equation (ox + bj{ax — k) = 0, solve for x. What do we know
about the values of @ and b? See margin.

54. OPEN ENDED Write a four-term polynomial that can be factored by grouping. Then
factor the polynomial. Sample answers: 5 + 2xy + 3 + 6y, (0 + 3)ix + 2y)

55. REASOMING Civen the equation c = & — ab, for what valoes of 2 and b does c= 07
Sample answer: @ = 0 or ¢ = b for any real values of o and b.

56. WRITING INMATH Explain how to solve a quadratic equation by using the Zero
Product Property. See margin.

Teaching the Mathematical
Practices

Critiqgue Mathematically proficient
students compare the effectiveness of
two plausible arguments. In Exercise 52,
remind students that the quickest way
to check a solution is to substitute the
value back into the original equation.



| 4 Assess

Yesterday's News Have students write
how yesterday’s concept of finding the
GCF of a set of monomials helped them
with today’s new material.

57. Whichisafactorof 62" —3z — 2+ 427 D 59. GRIDDED RESPOMSE Maila is making a
14{-centimeter by 160-centimeter quilt with quilt
gk Cxtd squares that measure 8 centimeter on each side.
w2 D21 Haw many will be needed to make the quilt? 350
58. PROBABILITY Hala has 10 blocks: 2 red, 60. GEOMETRY The area of the right triangle shown
4 blue, 3 yellow, and 1 green. What is the below is 5h square centimeters. What is the
probability that a randomly chosen block will be height of the triangle? D
either red or yellow? H A 2cm
F H B 5em 2
L 7 C Ecm
"5 T D 10cm

%

&1 GEMETICS Lirown genes B are dominant over blue genes b. A person with genes BE or
B has brown eyes. Someone with genes bb has blue eyes. Manal has brown eyes with
Bh genes, and Ali has blue eyes. Write an expression for the possible eve coloring of
Manal and Ali's children. Ikterriﬁrve the probability that their child would have blue
eyes. flesson 74) 0.58b + 0567 <

*2
Find each product. feson77)
62 nin* —4n+3) i —4n?+3n 63. 2hF* + b —5) 26° + 267 — 100
B4, —cfdcl + 2 —2) —4F — 2%+ 2 B5 —dr(rd 4+ x4+ 2x— 1) —de* — 4 —Bx? 4 Ax
66. 2ab{4c’h + 2ab — 2bY) Ba*b® + 4a’® — dab® 67 —daylx® +xy + 2yT) —3xy — ey — 6y

6B. CLASSTRIP Mr. Mahmoud's History class will take taxis from their school in Dubai, to the Ethad
Museom. The fare is AELD 2.75 for the first kilometer and AED 1.25 for each additional kilometer. If
the distance i m kilometers and ¢ taxis are needed, write an expression for the cost to transport the
FrOUp. [Lesasn A L75t4 1_251‘[01 == '|]

Find the degree of each polynomial. (e

69.20 0. —3a1 S +3xr 2

T2 & —6 4 73 2 —dz+ 8z 3 3+ -4t +1 4

Find each product.

o5 fa+2a+5) e*+To+10 6 d+4d+10) *+94d4+40 T (z—1{z—8) *—9%2+8 .
8. e +9c—3) 2+ 6c—27 9. (x— T)x—6) x* —13x+ 42 BO. (7 — iz +11) g+ —22 2

HAWE 3 3l

uogEnpa |
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Extension Write the following polynomial on the board: c2xy — ¢ — x% + cx.
Ask students to factor it by grouping.

(¢ — x)0xy — c), or [x — cA)ic — xy)
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Algebra Lab
Factoring Trinomials

You can use algebra Libes Lo laclor rinomials. B a pelynomial represents the arsa ol a
rectangle forrmed by algebra liles, then the rectangle’s length and width are foctors of
the area. i a rectangle cannol be lormed Lo represent the trinomial, then the
trinoersial is nol factorable.

Activity1 Factorx” + b + ¢
Use algebra tiles to factor x* + $x + 3.

al
E=T1 Modelx? + 45+ 3. %
EF] Place the xtile at the corner of the product
mat. Arrange the 1-tiles into a rectangular
array. Becanse 3 is prime, the 3 tiles can be
arranged in a rectangle in one way, a

1-by-3 rectangle.

ETH Complete the rectangle with the x-tiles.

The rectangle has a width of x + 1 and
a length of x + 3.

Therefore, x* + 4x + 3 = (r + 1){x + 3).

Activity2 Factorx® + b+ ¢
Use algebra tiles to factor x* + 8x + 12

(GG
IR
¥1 1l

E=H model 22 + 8x + 12

m Flace the x™-tile at the corner of the produoct
mat. Arrange the 1-tiles into a rectangular
armay. Since 12 =3 x 4, try a 3-by-4 rectangle.
Tty to complete the rectangle. Motice that
thiere is an extra x-tile.

m Arrange the 1-tiles into a 24by-6 rectangular
array. This time you can complete the
rectangle with the xtiles.

The rectangle has a width of x + 2 and
a length of x + 6.

Therefore, ©° + #x + 12 = (x + 2ix + &).

N2

'1 Focus

Objective Use algebra tiles to model
factoring trinomials.

Materials for Each Group
= algebra tiles
= product mat

Teaching Tip

You may want to remind students that
the area of the rectangle represents the
polynomial, and the length and width of
the rectangle represent the factors of
the polynomial.

' 2 Teach

Working in Cooperative Groups
Place students in groups of two or
three, mixing abilities. Have groups
complete Activities 1-4.

= Ack students to name the shape they
must form with the tiles in order to
factor a polynomial. rectangle

= |n Activity 1, remind students to read
the width of the tiles along the edge
of the rectangle. The x’tiles have a
width of ¥ and the x-tiles have a width
of one.

= For Activity 2, encourage students to
try several different arrangements
until they can form a rectangle. While
the x*-tile should be in the COorner,
there is more than one correct way
to arrange the tiles into a rectangle.

429



= As students work through Activity 3,
remind them to pay close attention
to the sign of each tile.

= As students work through Activity 4,
remind them to be careful to add one
¥-file and one —x-tile when they add
a Zero pair.

Practice Have students complete
Exercises 5-13.

' 3 Assess

Formative Assessment

Use Exercises [ and 8 to assess
whether students can use algebra tiles
to factor frinomials.

From Concrete to Abstract

After students complete Exercises 1-8,
ask them whether they noticed a
correlation between the need to use
Zero pairs to factor the trinomial and the
appearance of the resulting factors.
Sample answer: When zero pairs are
used, the signs of the constant terms of
the factors are opposite. When zero
pairs are not used, the signs of the
constant terms of factors are the same.

Extending the Concept

Ask students what they notice about the
sum of the constant terms in the factors
of the trinomials in Exercises 1-8.
Sample answer: Their sum equals the
coefficient of the middle term of the
trinomial.

Additional Answers
1T x+Nx+2)
2. (x+ 2)ix +4)

Algebra Lab
Factoring Trinomials continves

Activity3 Faclorx® — b+ ¢
Use algebra tiles ko factor ™ — 5x + 6.

ETX1 Model 2 — 5x + 6.

&l @l
CUIT R
am

E=X] Place the x’-tile at the comner of the product 3
mat. Arrange the 1-tiles into a 2-by-3

rectangular array as shown.

| Siep 3 | Complete the rectangle with the xtiles. The
rectangle has a width of x — 2 and a length
of x— 3.

Therefore, ©* — 5x+ 6= (x— H){x— 3).

Activity 4 Faclorx® —bx— ¢
Use algebra tiles o factor ™ — 4x— 5.
ET Model x¥* — 4x — 5.

E=E Place the rtile at the comner of the
product mat. Arrange the I-tiles into
a 1-by-5 rectangular array as shown.

m Place the x-tile as shown_ Recall that you x—5

can add zero pairs without changing the |
—m‘ -
| .

value of the polynomial. In this case, add
a zero pair of -tiles.
The rectangle has a width of x + 1 and a
length of x — 5.
Therefore, ©* —4r— 5 = (x + 1}{xr — 5.
13. Trinomials can be factored if they can be represented by a rectangle. Sample
Model and Analyze  ,ncers: «® + 4x + 4 can be factored, and x* + 6x + 4 cannot be factored.
Use algebra tiles to factor each trinomial. 8. 5ee margin.
L4342 2 +iéx+8 2 +3x—4
X+ Fr+10 6 P —2r+1 12 +r—13
Tell whether each trinomial can be factored. Justify your answer with a drawing.
0. ©—5r—6 yes flL—xr—4 o
13. WRITING IN MATH How can you use algebra tiles to determine whether
a trinomial can be factored?

2200 Dai

4 ©—Tr+12
B ¥ —8r+15

12 ' — 4 yes
5-12. See Ch. 8 Answer Appendix

for drawings.

9. r*+3r+6 no
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Teaching the Mathematical Practices

I k—1x+4

[ A ) Tools Mathematically proficient students
4. =3 —4 consider the available tools when solving a
5. [x+ 2){x+5) mathematical problem. Encourage students to
6. (x— Nx—1) use algebra tiles as they progress in the chapter.

Provide tiles or paper tiles that they can keep in

L x+48)fx—3

[ A ) their notebooks so they are always available.
B. x—3)x—5)

430 | Explore 7-6 | Algebra Lab: Factoring Trinomials
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® Huda is having a rectanguiar
in-ground swimming pool installed

anchitect needs to find two numbers
that have a product of 36 and a sum
of 12, half the: perimeter of the pool.

Factor x2 4 bx + ¢ You have learned how to multiply two
binomials using the FOIL method. Each of the binomials was a factor of
the product. The pattern for multiplying two binomials can be used to factor

certain types of trinomials.
x+Nr+d)=r+4x+3x+3-4
=r’+3+3x+3-4
=r+7r+12

Lise Bhe FOIL melbod.
Distributve Property
Simplify.
Muotice that the coefficient of the middle term, 7z, is the sum of 3 and 4, and the last term,
12, is the product of 5 and 4.
Observe the following pattern in this multiplication.
T+t Hh="+E+3Nx+{3-4)
f+mx +p) =2 + (p + mix + mp
=zl 4+ (m+ plx+ mp

leii=mand d=p.

Commulstive (+}

~ 4+ b + c b=m+4 pandc=mp

Motice that the coefficient of the middle term is the som of m and p, and the last term is
the product of m and p. This pattern can be used to factor trinomials of

the form x* + br + ¢

[ 'F’szrl:nn:ept Factoring x2 + bx + ¢

‘Words To factor trincmials in the form x® + bx + ¢, find two integers, m and p, with a sum of
b and a product of ¢. Then write ¥ + bx + cas{x + m)jx + pl.

Symbols ¥ thrt =[x+ mix+ p)whenm + p=bandmp = c.

Example Gand2-4=8

¥ b Bx+ 8B =[x+ x4, because 2 + 4

When ¢ is positive, its factors have the same signs. Both of the factors are positive
or negative based upon the sign of b. If b is positive, the factors are positive. If b is
negative, the factors are negative.

1 Focus

VerticalAlignment
v
Before Lesson 7-6 Multiply
binomials by using the FOIL method.
-

Lesson 7-6 Factor trinomials of the
form x2 + bx + c. Solve equations of
the form x* + bx + ¢ = 0.
v

After Lesson 7-6 Factor trinomials
into two binomials.

2 Teach

Scaffolding Questions

Have students read the Why? section of
the lesson.

Ask:

= Why do you need to find two
numbers that have a product of 36 to
find the dimensions of the pool? The
pool s a rectangle, so the area is
equal to the length times the width.
Since the pool’s area is 36 m?, the
length and width must be two
numbers with a product of 36.

® What pairs of integers have a product
of 367 1and 36; 2 and 18; 3 and 12;
d4and9; band b

= Which pair has a sum of 127 Gand &

= What are the dimensions of the
pool? 6m by & m



1 Factorx® + bx + ¢

Examples 1-3 show how to factor
trinomials of the form x2 + bx + c,
when b and ¢ are positive, when b is
negative and c is positive, and when ¢
is negative.

Formative Assessment

Use the Guided Practice exercises after
each example to determine students’
understanding of concepts.

2 B Factor x + 7x + 12.

(x+ 3)x + 4)
vl Factor x2 — 12x + 27.
{x — 3)px — 9)
' ™
WatchOut!

Preventing Errors If students
use a graphing calculator to
check their factoring, make sure
they clear all other functions
from the list and clear all
other drawings from the draw
menu. Caution students that
while two graphs may appear to
coincide in the standard viewing
window, they may not. Suggest
that students use the| TABLE
feature to verify identical
y-values.

Tips for New Teachers

Calculators Have students change the
line type on the graph of the second
equation so they canseeitasitis
graphed on the first graph.

Factor x* + %+ 20.

4 In this trinomial, b = % and c = 20. Since ¢ is positive and b is positive, you need
to find two pasitive factors with a sum of 9 and a product of 20. Make an organized
list of the factors of 20, and look for the pair of factors with a sum of 9.

Factors Sum of

™
Problem-SolvingTip |
Guest and Check When
Tachoiing & Winomial, mak:
an educabed guess, dheck Ron
Peasonabi=ness, aid then
adsst the guess unlil B

conmect answes is found. af 20 Factors
1, H [ rd |
210 12
4.5 9

The cored fischors ane 4 and 5.
49+ = (x+mix+p)
=G +4)ix+5)
CHECK You can check this result by multiplying the two factors. The produoct
should be equal to the original expression
+4A)r+58=r+5xr+4x+20 FOIL Meibod
=xr'+ 9%+ 20+ Simpilily.

Wrils {be palbem.
m=damdp="5

b GuidedPraciice
Factor each polynomial.

%+ 1+ M (d+ 3)d +8) B, 9+ 106+ £ (E4 e+ 1)

I".

When factoring a trinomial in which b is negative and ¢ is positive, use what yoo
know about the product of binomials to narmow the list of possible factors.

Example 2
Factor x* — 8x + 12. Confirm your answer using a graphing calculator.

In this trinomial, b = —8 and ¢ = 12. Since ¢ is positive and b is negative, you need
tn find bwo negative factors with a sum of —& and a product of 12

Factors Sum of

of12 Factors
StudyTip || 2| -
Regularity Oncethe cormed ) —2, —& -8
Tactors ane Tound, it & nol —3, —4 —7

nestessany o kel any olfer The corred] Eaclors are —2 and —6.

ke - 1= P—B8r+12=(r+m)x+p)  Wilethepatien

—& are e cosrect lacbors, 5o S ik Hed P .
—3 and —4 do nol need Lo ey e SRamip=—N =

e ettt CHECK Graphy=x"—8r+12andy= ([t — 2xr— 6
om the same screen. Since only one graph
appears, the two graphs must coincide.
Therefore, the trinomial has been factored
correcthy. «

b GuidedPradice
Factor each polynomial.
28 M — 2m+m? (m—1)m—2)

=10, 10] sek 1 oy [—90 98] 5ok 1

2B. w’— 1w+ 28 [w— T)jw—4)

L

832 | Lesson7-6 | Sobingx” + by + e =0
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Differentiatedinstruction €» C»

‘ I3 the concept of factoring trinomials seems somewhat abstract to some students,

@ whenever you introduce abstract concepts, it is a good idea to reinforce them with concrete
examples. After introducing factoring trinomials, refer students to the lesson-opener problem.
Ask students to describe any similarities they notice between finding the dimensions of the
pool and factoring a trinomial. Some students may benefit from modeling some problems using
algebra tiles. They can then use this method to solve quadratic equations.

432 | Lesson 76 | Sovingx® + bx +c=10
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When ¢ is negative, its factors have opposite signs. To determine which factor is
positive and which is negative, look at the sign of b. The factor with the greater
ute value has the same sign as b.

Example 3
Factor each polynomial. Confirm your answers using a graphing calenlator.
a x*+2x—15

In this trinomial, b = 2 and ¢ = —15. Since ¢ is negative, the factors m and
P have opposite signs. 5o either m or p is negative, but not both. Since b is
positive, the factor with the greater absolute value is also positive.

List the factors of —15, where one factor of each pair is negative. Look for

the pair of factors with a sum of 2.
Factors ‘ Sum of
of —15 Factors
—1,15 1
—3,5 ‘ 2 The exret Bl e 3 and 5:

£+ 2x—15=(x+ mix+ p) Wrile: the palber.

={x—3)x+5) e S
CHECK (r— 3){x+5)=x '+ 58— 3x—15 FOIL Method
=r*+2x—154 Simpily.
b. X —Tx— 18

In this trinomial, b = —7 and ¢ = —18. Either m or p is negative, but not both_
Simce b is negative, the factor with the greater absolute valoe is also negative.
List the factors of —18, where one factor of each pair is negative. Look for the pair
of factors with a sum of —7.

Factors Sum of

of —18 Factors

1, —18 —17
29 -7
o6 —3 The corestd [aclors are 2 and —9.
1'1—?:—Hi={z+m}ﬂr+_p} Wik he patiern.
=1‘,!+2}I',I—']} m=2amp=—3

CHECK Graph y =x" — 7x — 18 and v = (x + 2}{x — Y) on the same screen.

[=10. 15] sek: * by [—40, 20] sel: 1
The graphs coincide. Therefore, the trinomial has been factored correctly. «

GuidedPractice
3A yi 4 13y —48 [y —3)y + 16) 3B A —-2r—M jr+4)ir—8)

= 1| Factor each polynomial.
a. x> +3x—18
x + B){x — 3)
b. x>’ —x—20
e — S)x + 4)

A

Focus on Mathematical Content
Factoring Trinomials A trinomial of the
form x2 + bx + ¢ may or may not be
factorable into binomial factors. If the
trinomial is factorable, then the factors
of  must be two integers, m and p,
suchthatm + p=band mp = c.

Teach with Tech

Web Page Develop a class Web page
about how to factor different types of
trinomials. Update the page with
information from the most recent
lesson, such as notes from class, video
clips, and additional resources.

Teaching the Mathematical
Practices

Regularity Mathematically proficient
students maintain oversight of the
process, while attending to the details
of solving a problem. Stress that
exactly one pair of factors comectly
factors a trimomial of the form

x* + bx + c that can be factored.



2 Solve Equations by Factoring

Example 4 shows how to solve an
equation of the formx2 + bx + c =0
by factoring. Example 5 shows how to
solve a real-world problem by factoring.

_ ¥ Solve x2 + 2x = 15. Check your
solutions. —5, 3

ARCHITECTURE Maha wants to
build a new art studio that has
three times the area of her old
studio by increasing the length
and width of the old studio by the
same amount. What should be
the dimensions of the new
studio?

la— K—F*—iz m—

Existing
Studio

p— ——z

The dimensions of the new
studio should be 18 m by 20 m.

WatchOut!

Common Errors Students often
are not careful when rewriting
eguations so that one side equals
zero. Remind them that they must
perform the same operation on
both sides of the equation and pay
attention to the signs in the
resulting eguation.

P oo ey

Factoring A

quadratic equation can be written in
+ bx + ¢ =1, where o # . Some equations of the form

x* + bx + ¢ = 1) can be solved by factoring and then using the Zero Product Property.

Sn['u'zrz+hx=2?.ﬂwti)n:rsnhlinn.

StudyTip Ct+or=% Owiginel equation

Salving an Equation By | T He—27=0 Sublirncl Z7 feom each side.

Facloring Remsember b gel -3+ =0 Fasclior.

:E‘:_"“‘r"ﬁ“m"”q'”ﬁ’" ( r—3=0 or r+9=10 Teno Proded Propesty
e Ak x=3 r=-—4 Solve each equation.

The roots are 3 and —9.
CHECK Substitute 3 and —9 for x in the original equation.

©C+x=2% x4 by =727
B +e3) =2 N +6(—9) 227
94+18=2 2 Bl —54 137
=94 =0+
P GuidedPractice

A 2 —3z=T0 —7.10

|
5,

Understand
Plan

Solve

A company thal producis
vl S recommeenids
foamcone boands for evenl
sagns thal will be wsed anly
o, Far Signs used mdie
han ande, e a sionger

bypee ol foameore board.

Souroe: MagaPanl b

Real World Example 5

DESIGH Majat is designing a poster. The top of

the poster is 102 centimeters long and the rest of the
poster is 5.1 centimeters longer than the width. If the
poster requires 3974.2 square centimeters of poster
board, find the width w of the poster.

You want to find the width of the poster.

Since the poster is a rectangle,

width « length = area.

Let w = the width of the poster.

The length is w + 5.1 + 102 orw + 15.3.
wiw + 15.3) = 3974.2

4B. © +3r—18=0 3. —6

Factoring can be useful when solving real-world problems.

(GO TIGERS

Wrike the sgualion.

w® + 153w = 39742 MulEiply.
w4+ 153w — 39742 =10 Subilmel 616 lrom each side_
(w+ 711w —56) =0 Facior
w+7ll=0 o w—5=0 Iero Product Property
w=—711 w= 5k Solve each equalics.

Since dimensions cannot be negative, the width is 56 centimeters.

wi bl

Check If the width is 56 centimeters, then the area of the poster is 56 - (36 + 15.3)

or 39742 square centimeters, which is the amount the poster requires. «

b GuidedPractice
5. GEOMETRY The height of a parallelogram is 18 centimeters less than its base.
If the area is 175 square centimeters, what is its height? 7com

L%

834 | Lesson 76 | Sobingx” + by +c=0
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Extension Write the trinomials x? + x — 6 and x> — x — 6 on the board. Ask students to compare

the two trinomials. How are the trinomials related? How are their factors related? The trinomials are
the same except for the sign of the middle term. When factored, x2+x—6is x + 3)}x — 2}, while

rd

434 | Lesson 76 | Sohingx®* +bx+c=10

X“—x—6is x — 3){x + 2). The factors have opposite signs in the constant term.
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L+ M+ M k+ 2+ 12)
L ni+4n—21 (a+Tin—3)

2 y* — Ty — 30 (y — 0}y +3)
4. m*— 15m+ 50 [m— 5){m — 10)

Example & Solve each equation. Check your solutions.
5 X —d4xr—H=0-37 6w —3n+2=012
Ixr—15x+54=0 69 B r4+12r=—32 —4,—8
9 F—x—72=0 —8.9 0 - 1lr=—24 4.6

Exampie 5 1. FRAMING Lamis bought a frame for a photn, but the photo is too big for the frame.

Lamis needs to reduce the width and length of the photo by the same amount. The

area of the photo should be reduced to half the original area_ If the original photo is

12 centimeters by 16 centimeters, what will be the dimensions of the smaller photo?
Bemby12em

Practice and Problem Solving

Examples 1-2 Factor each polynomial. Confirm your answers using a graphing caloulator.
12, 2+ 17+ 42 [x+ 3)x + 14) 2oyt — 1Ty + 72 (y— 9y —3)
M oa’+8r— 48 lo— Ao+ 12) 15 ' —2m—35 (n—Nin +5)
16. 44 + 15h + k2 (b + 4)jh+11) 7 40— 22v + x° (x— 2)jx — 20)
12 —24 — l0x+ 2 (x+ 2)x—12) 19. 42 —m+ m’ (m+6)jm—7)

Example 4 Solve each equation. Check your solutions.
20— 7r+12=03,4 @ +y=04-5
22 ¥ —ix=7 -39 2 g+ 1la=—18 —2,—9
24 A4+ Wec+9=0 —1,—9 25 ¥ —18r=-32 2,16
26 ' — 1M =7n —B,15 2. 424+ 56 =—18d —4,—14
28 ' — %W =13y —518 29. h* + 48 =16h 4,12
Example 5 30. GEOMETRY A triangle has an area of 36 square meters. If the height of the trhiangle

is & meters more than its base, what are its height and base? 12 m, 6m

1. GEOMETRY A rectangle has an area represented by x* — 4x — 12 square meters.
If the length is x + 2 meters, what is the width of the rectangle? (x — &) m
32a. Let £ = length, A = area of the field, £[£ — 45) = A.

[» 32. FOOTBALL ‘The width of a high school football
ﬂm B
(

field is 41.2 meters shorter than its length.
3. " — May — 5ly" (= + 3plic— Ty

a. Define a variable, and write an expression for
thie area of the field.
36. a° + 1lah — 398 (o + 13b)jo — 3b)

b. The area of the field is 7525.2 square meters.
Find the dimensions. 68.6 m by 109.8 m
STRUCTURE Factor each polynomial.
33. ¢° + lgr + 18 (g+ 2rig + 91
35 — fy + 5y (x—y)x—5p)

435
Differentiated Homework Options
Level Assignment Two-Day Option
€ Basic 12-31, 41,46, 47,49-66 = 13-310dd, 50-53 12-30 even, 41, 46, 47,
49, 54-66
O core 13-310dd, 32,33,35, | 12-31,50-53 32-41, 46, 47, 49, 54-66
37,39-41, 46, 47,
49-66
O Advanced 32-66

3 Practice
Formative Assessment

Use Exercises 1-11 to check for
understanding.

Use the chart at the bottom of this page
to customize assignments for your
students.

WatchOut!

Student Misconceptions For
Exercises 1-4, students may need
to be reminded that the order in
which they record the factors does
not matter. So, {x + m){x + p) and

{x + p){x + m)are both comect.
b o

Exercise Alert
Formula For Exercise 30, students will
need to know that the fuqnula for the

area of a triangle is A = -i-bh_

Teaching the Mathematical
Practices

Structure Mathematically proficient
students look closely to discemn a
pattern or structure. In Exercises 33-36,
point out that the same patterns that
apply to polynomials that contain
numbers apply to variables.



&5 Multiple Representations
In Exercise 40, students use information
organized in a table and algebra to

factor polynomials.

436 | Lesson76 | Sovingx* +bx+c=0

. SWIMMING The length of a rectangular reservoir is 20 meters greater than its width.

The area of the reservoir is 525 square meters.
a. Define a variable and write an equation for the area of the reservoir.

Sam swer: Let w = width; (w + 20)w = 525.
b. Solve the equation. —35, 15 ple.an W it I

¢ Interpret the solutions. Do both solutions make sense? Explain.

GEOMETRY Find an expression for the perimeter of a rectangle with the given area.

3B A=xr'+Myx— 5l 4x+ 48 A=+ 13— 90 4+ 26

40, ‘ETII.I.'I'HE REPRESENTATIONS In this problem, you will explore factoring when the
leading coefficient is not 1.

a. Tabular Copy and complete the table below.

37c. The solution of 15

means that the -’-l---n-p-l-r_ | o e I-xp axe
width is 15 m. The

snlition —35 does x4 x4+ 1) 27 + By 4+ Ix 4 12 2F 4141 4 M
not make sense F+NEr+5 | I+ Sr+3x+5 ICC+ax+S5 | 15 15
because length Rr—Yx+9 Bx? 4+ 2x—dx—1 Bx—2x—1 —E —8
cannot be negative. Br+5r—3) |12x —6x+ 20x— 10 [12x°+ Mx—10 | —120 | —120

b. Analytical How are m and p related to @ and 7 mp = oc

. Analytical How are mand prelated tob? m+p=5&

d. Werbal Describe a process you can use for factoring a polynomial of the

form ax® + bxr + ¢. Look for two integers, m and g, for which mp = oc and

m+p=h

41. Abdalla; Abdulaziz answer once multiplied is 2 — Bx — 16. The middie term should be positive.

HO.T. Problems  Use Higher-Order Thinking Skills

ERROR AMALYSIS Abdulariz and Abdalla have factored ©* + 6ix — 16. Is either of them

48, {4y — 57 +7-

3jdy —5) _mcg'rect? Facplain your reasoning,

[{4y — 5) + 0] -

{4y —5) — 7= Aodulaziz Abdadln

{4y + Sy —12) = wl b |6 = (x4 D) - E) by -+ 8
A4y +5)ly—3)

ARGUMENTS Find all values of k so that each polynomial can be factored using integers.
43. x* + kxr+14 —15,-9,9,15

42, x* + kr—19 —18,18

44 x*—Br+k k>0 7,12,15,16

8B r’—fr+kk=04,6

46. REASOMING For any factorable trinomial, x* + bx + ¢, will the absolute value
of b sometimes, always, or never be less than the absolute value of ¢ Explain.
See margin.

47. OPEN ENDED (ive an example of a trinomial that can be factored using the factoring

techniques presented in this lesson. Then factor the trinomial.

Sample answer: x° 4+ 19 — 20; (x — 1)

(x +20)

48, CHALLENGE Factor {4y — 51 + 3{dy — 5) — 70

49. WRITING IN MATH Fxplain how to factor trinomials of the form x* + bx + c and how

to determine the signs of the factors of c. See margin.

836 | Lesson 76 | Solvingx” + by + £ =0
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50. Which inequality is shown in the graph
below? C

Ay=—3x+3

52. GEOMETRY Which expression represents the
length of the rectangfe? H

¥ | 3

|
|
-

“F“'_i““'* b A=y -3 -18 £+
. ."
Cy>—qx+3 .
UF:}_EI_FJ I B l|.'-|.,,“1|I ]"I+E:
4 L k! Gx+6
e Hx—6
Jx—5

51. SHORT RESPOMSE Amani must earn more than
AEL 254 from selling candy bars in order to go
on a trip with the Commumnity Society. If each
candy bar is sold for AEID 1.25, what is the
fewest candy bars she must sell? 204

53. The difference of 21 and a number n is 6.
Which equation shows the relationship? &
AXl—n=6 C2n=6
BXM4+n=a0 D tn=-—7

\.

Factor each polynomial. (e 75 N 2mpim’p — 8p + 4)

54, 10a® + 40z 10c(c + 4) 55 11x + 44x”y {1+ 4ay) S6. 2n'pt — lomp® + Bmp
S7. 2ax + faxr + ba + 3bc 58. Har — 2ad + 4bc — bd 9. r’ —xy—xy+ ¥
{2x + bl{a + 3c) {2a + bj{d4c — d) x—pix—n
60. Write a polynomial that represents the area of the shaded region in the 0+4
figure at the right. (e 71y Bd + 16
d| d4 4

Refer to the conversion charts inside the back cover of youor bextbook
and in Lesson 0-2. [ sson 0:7)

61. RUNMING Alia is participating in a 5-kilometer charity ron next weekend. About how
many kilometers is the race? about 3 km

62. NATURE An African elephant weighs about 9 tons. About how many kiloprams is
this? about 9000 kg

63. SPORTS A football field i= 100 yards long from one end zone to the other. How mamy
meters long is a football field? 91.44 m

Factor each polynomial. 64.(2m+A(3x—2]  65.(3x—4)ja—2b)  66.2(d2 + filg + 2k}
64, G — 4m + 3 — 2 65. Jar — Ghe + 8k — 40 66. Zd%¢ + 2fy + 4d%h + 4fh

WatchOut!

Error Analysis For Exercise 41,
remind students that they can
check the correctness of the
factors by multiplying them to see
if the result is the original
polynomial. They could also use
their graphing calculators for the
procedure in Example 2.

L y

Teaching the Mathematical
Practices

Arguments Mathematically proficient
students make conjectures and build a
logical progression of statements to
explore the truth of their conjectures. In
Exercises 42—45, tell students to start
by thinking about how they would
factor each polynomial if & is given.
How is k related to the other constants
in the polynomial?

|4 Assess

Crystal Ball Tell students that the next
lesson they will study is titled Quaodratic
Equations: ax? + bx + ¢ = 0. Ask them
to write how they think what they
learned today will connect with the next
lesson.

Additional Answers

46. Sometimes; Sample answer:
The trinomial x© + 10x +
9=(x+1)x+9and10 > 9.
The trinomial x2 + 7x +
10 = (x + 2){x + 5) and 7 < 10.

49. Sample answer: Find factors m
and n such thatm + n = b and
mn = c_If b and ¢ are positive,
then m and n are positive. If b is
negative and c is positive, then m
and n are negative. When c is
negative, m and n have different
signs and the factor with the
greatest absolute value has the
same sign as b.



Lesson -7

1 Focus

VenrticalAlignment

-
Before Lesson 7-7 Factor trinomials
of the form x* + bx + c.

-
Lesson 7-7 Factor trinomials of the
form ax? + bx + c. Solve equations
of the form ax? + bx + ¢ = 0.

-
After Lesson 7-7 Factor binomials
that are the difference of squares.

2 Teach

Scaffolding Questions

Have students read the Why? section of
the lesson.

Ask:

= How is the trinomial 16¢2 — 5¢ + 120
different from those you learned how
to factor in Lesson 1-67 The
coefficient of the ¢ term of the
trinomial is an integer greater than 1,
while the coefficients of the x* terms
of the trinomials in Lesson 1-6 were
always 1.

® What trinomial does the product of
(3x + 1)(2x + 5) give?
6x’ + 17x + 5

= How does the coefficient of the x?
term relate to the coefficients of the x
term in each factor? The coefficient
of the x” term equals their product.
Ix2=5h

Solvingax? + bx+¢c=0

- Wiy?

@ You factored L] 1 Factor trinomials @ The path of a nder on the amusement

trinomials of the of the form park ridie shown at the right can be
fiorm 7 4 b 4 . o o o modeled by 167 — 5S¢ + 120

Solve equations Factoning this expression can help the
of the form ride operators determine how longa | o
@+ b 4 com ), rider rides on the initial swing.

1Fi|-|:lur|1rt+h.t+|: In the last lesson, you factored quadratic expressions of the
i pulyncmial form ax’ + bx + ¢, where a = 1. In this lesson, you will apply the factoring methods to

quadratic expressions in which g is not 1.
The dimensions of the rectangle formed by the algebra tiles are the factors of
Mathematical Practices 2r% + 5x + 3. The factors of 2r* + Sr + 3arex + 1and 2r + 3.

You can also use the method of factoring by grouping to solve this expression.
E=T1 Apply the pattern: 2% + 5x + 3 =20 + mx + px + 3.

m Find two numbers that have a produoct of 2 - 3 or & and a sum of 5.

Factors Sum of
of b Factors
L6 7
2,3 3

ETE use growuping to find the factors.
245+ 3=t mxtpr+3 Wit lfse padtern.
=X+ +3x+3 = Zand p=1
= (2" + 2+ (3x + 3) Group berme with common facioe,
=Xix+ 1)+ Hxr+1) Facior (e GLF.
=2+ 3Hx + 1) £ 4 1 the eomman chor.
Therefore, 2" + Sx+ 3 = (2x + 3){x + 1).

= uluidos

[ "% KeyConcept Factoring ax® + bx + ¢

[ERTTIE R

Words To factor trinomials of the form ox® + b + c. find two integers, m and p_ with a sum =
of b and a product of oc. Then write me” + by + casae” + mx + ox + ¢ and faciorby | 5
grouping. =

Example S — By +6="5" — Wy — I + Gm=—10andp=—3 1

Sux —2) + (-3 2) g
(5 — 3Yx — 2) E
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1 Factorax? + bx+ ¢
Faiionr i il

Example 1 shows how to factor a
a T+ 29 +4 trinomial of the form ax? + bx + c.
In this trimomial, @ = 7. b =29, and ¢ = 4. You need to find two numbers with a EKBI'I'IP"E!SHD‘WE how to factor a

sum of 2% and a product of 7 - 4 or 25. Make a list of the factors of 25 and look

for the pair of factors with the sum of 24, trinomial of the form ax? — bx + c.

Example 3 shows how to determine

T+ t+4=7C+tmx+px+4
=7t +1r+ 28+ 4
=7+ 10 + (Mhx + 4)
=x7r+ 1) +4Fr+1)
={xr+47x+1)

Whike the paiiem

m="1and p=2B

Geoup lerms with common Boicrs.
Factor e GCF.

Tx 4 Tis the common Tactor.

Factors Sum of Fe %
of 28 Factors whether a polynomial is prime.
1,21-_1 | 29 The cofrecl faciors are 1.and 2B

Formative Assessment

Use the Guided Practice exercises after
each example to determine students’

understanding of concepts.

StudyTip
Gaeatest Comman Faclos 1 The GCF of the terms 3%, 15x, and 18 is 3. Factor this first.
I+ 15r+ 15=3r" +5xr+ 6)

=3+ 3)x+2)

|\ b. 32t + 15x + 18
l/'

Always ook for a GCF of the
termes of a pakmamial before
yau Eactor,

s M Factor each trinomial.

Distribmitive Properiy
Find bwa feciors of & with a sum af 5.

a. 5%+ 27x +10
(5x + 2){x + 5)
b. 4x% + 24x + 32
Ax + 2)ix + 4)
X Factor 24xZ2 — 22x + 3.
{4x — 3)(6x — 1)

J

Factor 32 — 17x + 20.

"

b GuidedPractice

1M 58 + 15+ 6 (Se+ 3)ix+2) 18. o’ + 22x— & 2(3x—1){x+ 4)

Sometimes the coefficient of the x-term is negative.

Real WorldCarper In this trinomial, @ =3, b= —17, and ¢ = 20. Since b is negative, m + p will

be negative. Since ¢ is positive, mp will be positive. '3 ™
Urban Planner Litban
pdsiners design the kvt of To determine m and p, list the negative factors of ar or 6. The sum of m and WatchOut!
i J should be —17. T

:::;:r:;:fﬁﬁ g Preventing Errors Many students
g i .um:- S o forget to include the GCF that
1 i e S i -y o) they factored from the trinomial.
[ oy e Mot (3 : Remind students to put the GCF in
= planners have a achelor's —3,—A -3
o degree in planning and —4. —15 —19 front of the other two factors.
5 almast Bl have  nsster's d - 3
:'i: degrecs —5h, —12 -17 Thee coriec] Eaclods ane —5 and —12.

o — 17+ 20 =32 — 12x — Sx + 20
= {3z — 123} + (—Hx + 20)
=3xlx —4) +{—5Hxr—4)
={3r—S)x—4)

b GuidedPractice
282’ —n—1 [p—1)2a+1)

i = —T12 i p = —5

dacatiah

Eroup lermes willh cominon Esciors.

[Fachor ihe GOF.
Distribuilive Property

MzGraveH

28. 10y* — 35y + 30 S(2y— 3y —2)

Capyrighl

Differentiatedinstruction ©
i) some students have trouble factoring polynomials,

D place students in groups to factor polynomials such as those in Example 1.
Depending on the number of factors and number of students in each group, have
each student find one or two factors for mp. By dividing the labor, students should
be able to find the factors for mp that sum to m + p quickly. Once they have found
the factors, have students complete the factoring as a group.



A polyniomial that cannot be written as a product of two polynomials with integral

i - coefficients is called a prime polynomial.
WatchOut!
Preventing Errors Make sure
students list all possible factors of Factor 4x* — 3x + 5, if possible. If the polynomial cannot be factored using
i 2 e integers, write prime. . \
mp, including both positive and Factors Comm of
negative factors, before they 1:'1 mmﬁm&l::‘ = -::b- =4 arnd :-:_ =R of 20 Fartors
SINCE 015 m 15 Ve, SIMOE — e g
decide the polynomial is prime. i o o Lo iy j]'_ ; _z;
h . both negative. Mext, list the factors of 20. Look ¥
for the pair with a sum of —3. —2.—10 —12

There are no factors with a sum of —3. 5o the quadratic expression cannot be
factored using integers. Therefore, 4x* — 3xr 4+ 5 is prime.

={| Factor 3x? + 7x — 5. If the 4 PR ‘ _
polynomial cannot be factored I'a:im' Ei:lnw if possible. If the polynomial canmot be factored wsing
using integers, write prime. ; P :
prime 3A 4r° —r+ 7 prime I 2+ x5 (2 +Ex—1
’ .
; : Solve Equations by Factoring A model for the height of a projectile is given
2 Solve Equations by Factoring by k= —16(2 + of + hy, where h is the height in feet, { is the time in seconds,
Exam v is the initial wpward velocity in feet per second, and hy, is the initial height in feet.
wﬂﬂﬂ"h ;‘I SO hﬁ';;"rm Sum:t_ma"f Equations of the form ax? + i + ¢ = 0 can be solved by factoring and by using
problem by writing an equation o the Zero Product Property.
the form ax? + bx + ¢ = 0 and then
solving it " RealWorld Example 4

velocity of 5.8 feet per second. How long is the cheetah in the air if it lands on the

ankelope’s hind quarter, 0.4 feet from the ground?

_ ! MODEL ROCKETS Mr. Zayed's Real-WorldLink B=W et h Eqution for height
09 =—1at" +58+ 0 h=3,v="1,andb,=0
= = Cheslahes aie e fastos] snd . d ]
?I:':::fe da:;:"t:lﬁ e "’9‘“ anirma in lhae world, reaching 0 =—16t" + 5.8t — 0.9 Sublract 3 from ench sife.
aunc e rocket outside. speeds of up ba 70 moh. I it : :
R G et e 0 =168 — 5.5t + 0.9 Muiltiply each side by —L
Clear pora meter 40 mph n 3 strides 11 lakes 0 =16 — 0.9)(f — 1) Factor 1617 — 5.8f 4 0.9,
high pole and then landed in a just sesconds Tor e chedlsh 16 —09=0 ar F—1=0 ZemPromut Prapety
b teach the full speed of ;
nearby tree. If the launch pad was 70 mh =13 F=1 S ek equalion
0.6 meters above the ground, the Saumce: Chetah Conuntion Fusd = %
initial velocity of the rocket was '['I'E:mlut'lrmsm‘e%a‘ndl seronds. lttakﬂili‘mds_eelah%ﬁmm:lh:rmadia
19.5 meters per second, and the height of 0.9 feet an his way up. It takes the cheetah 1 second to reach a height of
rocket landed 9.1 meters above the 0.9 feet on his way down. So, the cheetah is in the air 1 second before he catches the
ground, how long was the rocket ’ antelope. 3
in flight? Use the equation h = —1 b ] D GuldedPracics %
6t° +vt+ hg Keepthe —1 Donotfegel ) 4 pHySICAl SCIENCE A n throws a ball upward from a 506-feet tall 2
b iy e —1 sl wis S ke pra ; AR : 2
about 3.5 seconds factored cat rough the rest building. The ball’s height h in feet after f seconds is given by the equation ;
\ / of the sieps: o muliply both h = —161* + 48t + 506. The ball lands on a balcony that is 218 feet above the =
sabers ly —1. ground. How many seconds was it in the air? 65 b
Teach with Tech ' .
Interactive Whiteboard Create a A0 | ealon 1y | g 16—

template that shows the multiplication
of two binomials, such as (_I|T

(CIEC). pemonstrate finding the Focus on Mathematical Content
factors of a quadratic expression. Drag Factoring ax” + bx + ¢ To factor trinomials by grouping where x* has a coefficient other than 1,
each factor into the spaces until the express the trinomial as four terms, ax? + mx + px + ¢, where m + p = b and mp = ac. Make a table

of possible factors for mp and the sum of these factors for b. Replace a, m, p, and ¢ with their values.
Group terms with common factors. Factor out the GCF from each grouping, then factor using the
Distributive Property.

correct one is found.
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Exampies 1-3

Exmmple 4

Factor each polynomial, if possible. If the polynomial cannot be factored using integers,

13+ 17+ 10 (3x+ e+ 5) 2+ 22+ 56 2x +A)x+T)

3 5¢*—3xr+ 4 prime 4 3 —1lx—20 [+ 4)x—5)
5 X+ 9xr+9=0 —:.—3 6 3 +17x+20=0 —g,—-li

73— 1x+8=0 %1 n.zf‘—lfx+3u=u%.ﬁ

9, MODELING Khalid throws the discus at a school meet. LS

a. What is the initial height of the discus? 5 ft e el

b. After how many seconds does the discus hit
the ground? 2.5 seconds

10. (Sx+ 4{x+6) M (2c+3)x+8) 1B.2Fx+S)+T) M (Zc+3x—3)

Practice and Problem Solving

Exampies 1-3

Exampile 4

Factor each polynomial, if possible. If the polynomial cannot be factored using integers,
0. 57+ 3Mr+ M 12, 4x%+ 22r + 10 2{2x + 1)x + 5)
15, 4r° — 13x + 10 (4x—S){x—2)

18 127 + 69+ 45 34+ 3)x+ 5)

.zf-‘+19:+24

B 4 + 38+ 70 "M —3x—9

16. 2v* + 3x + 6 prime 17. 52° + 3x + 4 prime

2 500+ Tir+ M

[5x + Bjjx + 3)
Z2. SHOTPUT A catapult throws a shot put with an initial upward velocity of 29 feet per

secomnd and from an initial height of 6 feet.

a. Write an equation that models the height of the shot put in feet with respect to time
inseconds. b= —161" + 29t + 6

b. After how many seconds will the shot pot hit the ground? 2 seconds

Solve each equation. Confirm your answers using a graphing calculator.

9. 4x* — 5x + 7 prime 2. 3x° — &x + 15 prime

za.zf‘+'¢:—w=u%.—ﬁ 24 &' +17x+15=0 —‘:.—3
25,—5112+2{1'r=ll’=%.ﬂ 2. '+ 13x=15 ;.5
77 -3+ 5r=-2 —%,2 8. —4:’+15l1'=—:I-LII—%+ﬁ

29. BASKETBALL When Jaber shoots a free throw, the ball is & feet from the floor and has an
initial upward velocity of 20 feet per second. The hoop is 10 feet from the fioor.
a. Use the vertical motion moded to determine an equation that models Jaber's free
throw. 10 = —161 +20¢ + 6

b. How long is the basketball in the air before it reaches the hoop? 1second

c. Raed shoots a free throw that is 5 feet ¥ inches from the floor with the same initial

upward velocity. Will the ball be in the air more or less time? Fxgplain.
Less; sample answer: i starts closer to the ground so the shot will not have as far to fall.
20. DIVING Bilal dives from a 36 feet platform. The equation h = —1682 4+ 14f + 36 models

the dive. How long will it take Bilal to reach the water? 2 seconds

4481
Differentiated Homework Options
Level Assignment Two-Day Option
€Y Basic 10-28, 40, 41, 43-73 11-27 odd, 45-48 10-28 even, 40, 41,
43,44, 49-73
O core 11-27 odd, 29-31, 10-28, 45-48 20-41, 43, 44, 49-73
33-37 odd, 3941,

43-73

© Advanced

2968, (optional: 69-73)

' 3 Practice

Formative Assessment

Use Exercises 1-9 to check for
understanding.

Use the chart at the bottom of this page
to customize assignments for your
students.

Exercise Alert

Scissors For Exercise 39, students will
need a pair of scissors.

g Multiple Representations
In Exercise 39, students use a concrete

model and algebraic reasoning to
represent the difference of two squares.

4 Assess

Yesterday's News Have students write
how yesterday's lesson on guadratic
equations helped them with today's
lesson on quadratic equations.

Teaching the Mathematical
Practices

Modeling Mathematically proficient
students can apply the mathematics
they know to solve problems arising in
everyday life. In Exercise 9, point out
that the equation for the height of a
projectile applies. Tell students that this
is used frequently and encourage them
to leamn the equation given before
Example 4.



Teaching the Mathematical
Practices

Critique Mathematically proficient
students respond to the arguments of
others. For Exercise 40, tell students
to think about the first step in solving
an equation by factoring: write the
equation in stondard form. You might
also remind them that while at least
one factor in a zero product must be
0, no such principle holds for any
other number.
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. MNUMBER THEORY Six times the square of a number x plus 11 times the number equals
2. What are possible values of x? —2 m-%

Factor each polynomial, if possible. If the polynomial cannot be factored using integers,

write prime.

32 —6r — 25— 20 33 —4x’ —15x— 14 34 5+ 18c+ 8
—(2x + 5)3x + 4) —flx +2){4x + 7) —fx — 4){5x + 2}

35 —6r* +31xr— 35 36 4’ +5r—12 prime I -1 +xr+ 20
—{2x — T)3x — 5) —{3x — 4){4x 1+ 5)

38. URBAM PLAMMING The city has commissioned the building of a rectangular park. The
area of the park can be expressed as 660" 4+ 524x + 85. Factor this expression to find
binomials with integer coefficients that represent possible dimensions of the par. If
x = 8, what is a possible perimeter of the park?

[22x + 5)30x + 17); 876 units

I 39, MULTIPLE REPRESENTATIONS In this problem, you will explore factoring a special

tvpe of polynomial.
a. Geomefric Draw a square and label the sides . Within this square, draw a smaller
square that shares a vertex with the first square. Label the sides b. What are the
areas of the two squares? o and b2
b. Geometric Cut and remove the small square. What is the area of the remaining
region? al—»?
c. Analytical DIraw a diagonal line between the inside corner and outside comer of the
figure, and cut along this line tn make two congruent pieces. Then rearrange the
two pieces to form a rectangle. What are the dimensions? width: @ — b, length: o + b
d. Analytical Write the area of the rectangle as the prodoct of two binomials. (o — b){o + &)
e. Verbal Complete this statement: a* — b® = __. Why is this staterment true?
(o — b){z + b); the figure with area o — b and the rectangle with area (o — b){o + b) have
the same area, so 02— b2 = (g — b){o + &).

HO.T. Problem=s  Use Bigher Order Thinking Siills

40. CRITIGUE J:larna.da‘l.'u:l.'Eizu=_-|=_-dare:;::»h.ri.11g(:;:1J — x =12 I either of them correct?

Explain your reasoning,.
40. Saeed; sample
answer: He rewrote Hemsand Chead
the equation to have i
zero on one side. Then e -x= 12 b a2
he factored and used e = )= 12 by’ - 12=0
the Zero Product w= |2 &r Ex I - — 11 (g -3 + 4] =0
: x = I"!. Ep-3=0awdp+d=0
44. S5ample answer: Find [+ = P
two numbers, m and p, o - z .e--_3
with a product of
oc and a sum of b. 3 ;
41. REASOMING A square has an area of %" + 3y + 25y square centimeters. The

dimensions are binomials with positive integer coefficients. What is the perimeter of
the square? Fxplain. See margin.

42, CHALLENGE Find all values of k so that 2x* + kx + 12 can be factored as two binomials
using integers. £25, 14, 1. 10

43 @' WRITING IN MATH What should you consider when solving a quadratic equation
that models a real-world situation? See margin.

44, WRITING IM MATH Fxplain how to determine which values should be chosen for m and

Aoy

W I

pwimnfactnrhxgaprﬂymnﬁdrﬂﬂ‘uefcmml+h+c.

842 | Lesson 7-7 | Sohingo” 4+ e + =0

uogEnpa |




Capy

Ghl S MeGravweH1l Edocafian

45, Gridded Response Suhaila has bwo sisters. 47, What is the solution setof ©* + 2xr — 24 =07 J
Unea.?talr..ﬁ_',mnh:iﬁﬂmherand.lhe F {4, 6) H [3, 8]
other sister is 2 years younger than her. The
product of Sehaila’s sisters” ages is 56. How old G 3, -4 J 4, 6]
is Suhaila? &

i 25 3 g 48. Which is the solution set of ¥ = —27 €
46. What is the product of Za°F and Za'5*? A

A oty A —

5 f-5—d=3-3-1 0 1 2 3 4
> %‘Ilbﬂ = —é—é—i—é—?q 01234
c %"ub:l k -é—é—-:—;—:q a 1 234
D %‘Jhr ™ _a_s:._;_:;._?_:n |::- ; 254

-~

Spiral Review
l"l.‘htmdlpuhrl'l:l:lﬂa.l. Lo 7-6)
49, ' — 9+ 14 k—x—T)
2. 2+ 152+ 36 2+ 12z + 3

50. n* —8n+15 (n—3)n—5)
53 +3r—40 r+8)fr—5)

8. x" —5r— M (x+ 3)x—8)
54, od + oo+ 63 (v + ¥+ T)
Solve each equation. Check your solotions. (e 75

55 oz —9 =009 56. 2y + 6}y —1)=0 —3.1
58. Bb2—12h=0 0,15 59, 152" = 6illa 0, 4

S 1 —20r=0 0.2

60. 33x" = —20x —:.u
Mame an appropriate method to solve each system of equations. Then solve the system. o0 09
61 —5r+ 2y =13 62 y=—5r+7 63. r—8y=16

I+ 3y=—9 y=3—17 Tx—4y=—18
efimination; x = —3, y = —1 graphing; x=3,y = —8 substitution; x = —4,y=—25
Complete each sentence. (=000

64 5S4cm=_7 m 45 66. 7gal = _7 pt 56

&1, TRUCKS A sport-utility vehicle has a maximum Inad limit of 75 kilograms for its roof.
You want to place a 38-kilogram cargo carrier and 4 pieces of hyrrage on top of the
roof. Write and solve an inequality to find the average allowable weight for each piece
of luggage. (leson 08 4x+ 38 = 75; 9.25 kg or less

Find the principal square root of each number.
69, 36 6
121N

65 Z75mm=_1 m 0.275

68. 16 4 7. 64 B

819 73. 10 10

Differentiatedinstruction QO

Extension Have students write a quadratic equation in the form ax? + bx + ¢ = 0. Tell them that g,

b, and ¢ must be integers, and the solutions to the equation must be % and 4. Sample answer:
I’ —Gx4=0

Additional Answers

41. (12Zx + 20y) cm; The area of
the square equals (3x + 5y) »
(3x + 5y) cm?, so the length of one
side is (3x + 5y) cm The perimeter
is 4(3x + 5y} or (12x + 20y) cm

43. Sample answer: A guadratic equation
may have zero, one, or two solutions.
If there are two solutions, you must
consider the comtext of the situation
to determine whether one or both
solutions answer the given guestion.




Lesson 7-B

Differences of Squares

1 Focus

VenrticalAlignment
-

:*Then . Mow - Why?

@ You faciored L ] Factor benomiads that @ Computer graphics designers
Before Lesson 7-8 Factor trinomials Hinomials. into two arethe difference of  wse a combination of art and
into two binomials. i e R e
- Use the difference - W -
of e equatiors to form shapes and ; . .
Lesson 7-8 Factor binomials that are T lines on computers. Factaring P sy ¥ B
the diffe . Use the can help to determine the e — .
e difference or squares. use s ] of P
difference of squares to solve the figures. ——" _ ol
equations. r -
- 1 Factor Differences of Squares You have previously learned about the product of
NewVocabulary the sum and difference of bwo quantities. This resulting product is referred to as the
After Lesson 7-8 Factor perfect i sk difference of bwo squares. 5o, the factoned form of the difference of squares is called the
square trinomials. product of the sum and difference of the two quantities.
Mathematical Practices {-Ea KeyConcept Difference of Squares
Mlake sense of problenes and .
et i Solving Dem Symbols a? — b? = jo+ Ba — by or {o — bija + b)
2 TEHCh Examples ¥ — 35 = fr+ G — Sjorfx — Six + 5
t— 64 =t+ Bjt — Bjori — Bj+ 8
Scaffolding Questions
Have students read the Why? section of
the lesson. Exampled ;-1
Ask: Factor each polynomial.
= Find {x + 3)ix — 3). x*—9 a. 16k — 9a*
: - 16h2 — g2 = l:*‘.lll}:l = {:h!:l-! Wiite in the Boom of a® — b2
= Find Lx = EHX o, 6}' xi — 36 = HJ'I + -:511}:4}1 = Jﬂ} Facior the difference of squstes.
= Find (o — b){@ + b). a* — b? b. 121 — 4b°
121 — 462 = (11)2 — (2b)* Wit i the form of oF — b%. -':
Teach with Tech = (11 — 2611 + 2b) Facior the difference of sguares. -
Interactive Whiteboard Use the . 275 —3g .
template from the previous lesson to Because the terms have a common factor, factor out the GOF first =
demonstrate why the difference of Thiests pirocssed withs ofer fachoemg techinps.
squares is factorable, but the difference gt —3g=13gl9" — 1) Factor aut the GCF of 3g. '
of sums is not. = 3gl(3g)® — (111 Wiite in Hhe form a® — B2 i:
= 3gl3g — 1)3g + 1) Facior the diffevence of squares. ,:':
P GuidedPractice #
1 81— 9+ c9—od 1B. 64g” — hi (Bg+ h){Bg — h) g
1. 9 —dx x3x+ 2)3Ex— 32 0. —4y + %y —yiZy + 32y —3) ﬂ
444 | Lesson 7-8
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To factor a pofynomial completely, a technique may need to be applied more than once.
This also applies to the difference of squares pattern.

Factor each polynomial.
a b —16

B — 16 = (572 — (4

Witz 5% — 16 in o® — b¥ form.

1 Factor Differences of Squares
Example 1 shows how to factor the
differences of squares. Examples 2
and 3 show how to apply a factoring
technigue more than once to factor

a polynomial completely.

WatchOut! = (b* + 4)(p* — 4) Factor the diflerence of squares.
Sism of Squsares The sum of = (b2 4 4){b2 — 7% % — 4is shsa & diffenence of sqises Formative Assessment
sguares, o + b, does nol .
Tactor into fo + Bja + &) = (b + 4)b + b — 2 Fasctos the diflerence of squares. Use the Guided Practice exercises after
ﬁwﬁﬂ'; o EPT— each examPlemdeterminE students’
be factoeed. 625 — x4 = (25)2 — ()? Tl iy understanding of concepts.
=B+ - Frechor the: difference of squares.
=[5+ B — 8 Witz 25 — x7 in 0¥ — b form
’ =[5+ 12}{5 — x5+ x) Factor the dilference of sgssnes. " Eadtnciack pﬂhl'ﬂﬂm;ﬂl
GuidedPractice 7 -
Ayt -1 PN+ — 1) 8. 4c* — b (207 + b%){20? — b :: Hl:iy: 5;5+E}Em "
1 .
- - A _ -
| ittt sl ) . 16y* —1 {4y + 02y — D2y +1) (dy + 92)(dy — 92)
o . . : c. 3b3— 27
Sometimes more than one factoring technique needs to be applied to ensure that
a polynomial is factored completely. 3ﬂ‘|:ﬂ + 3)b — 3]‘
Factor each polynomial.
Factor each polynomial. o o
e pe :yﬂ+251u:+5}{y—51
S — 45x = Sxfx* — 9 Fasctor ouit GLF. b. 256_2
= 5x{(x?)* — (3)7] Wirdte x* — 9 in the form 6% — b%. Ll _HJH_-'_ i
— Sxle? — 3 +3) e — Factor each polynomial.
¥ — 3 is not a difference of because 3 is not a. gxﬁ_ 3bx
Squares use 3 is a perfect square.
9x(xZ — 2)px’ + 2)
b 7' 4+ 21x" — Tx— 21 3
bl B b S | Criginad expression b. 6x + 30x" — 24x — 120
=7+ 3 — 1 —3) Factor oot GF. 6l + 2)fx — 2Z)x + 5) )
=?It13+312]—|',r+3}] Gioup termes with cominan Eolors.
. =7+ 3 — 1z + 3] Fasctur each groaping.
; =7+t —1) w+ 3 is the comman Eacior. P 8
? =T+ Nx+ Dir—1) Faclor e diffaeace of squases. WatchOut!
E ) GuidedPractice Preventing Errors Students
::T 3A 2y - 50 207 — Sy +5) 38 6x* — 96 Blx— e+ x+ 4 should always check their
- 3. 2w + m? — Slm — 25 M. A+ 6+ 11r + 66 2+ N)ir+6) factoring by multiplying the
3 et B+ S — 5) factors using the FOIL method.
A A

445

Focus on Mathematical Content
Factoring Differences of Squares The
binomial a2 — b2 is the difference of two

squares, a and b2 One of the binomial factors,
(a + b), is the sum of the principal square roots
of o and b*, and the other binomial factor,

(@ — by, is the difference of their principal
square roots.



e = Solve Equations by Factoring After factoring, you can apply the Zero Product

Property to an equation that is written as the product of factors set equal to 0
WatchOut!
Preventing Errors Students :
should notice that after the GCF F "1 | Inthe equation y = x? — ——, which is a value of x when y = 07
has been factored out and the Ty L N N B 9
difference of squares factoring e N A3 L CoF s
technigue has been applied once, T E DA Read the Test ltem
sailrstiliste wach answer
one of the factors should be cheice into ihe equation. Replace y with () and then solve.
prime. Solve the Test ltem
i A s 9
y=r— Dviginad equestion
2 Solve Equations by Factoring 0=r’—ot Repiace y with 0.
Example 4 shows how to answer a =2 — {%}2 RR— S
muitiple-choice test item on solving 5 &
Equﬂ“ﬂnﬁ hy, fﬂﬂﬂring. = {1’ + T}{ ] Faclor the diffefence of squafes
I'I=r-l-% or D=I—% Zeta Produd Property
I=—% :=% The correct answer is (.
b GuidedPractice
In the equation y = Z_ 36 4. Which are the solutions of 18" = 5(x? H
which is a value of g when | X U& G —%% H —% %JJ ] —% %T
y=0?D =
.
A TS co
g A 5.2

2
5 5 ¥
IR oo

Examples 1-3 Factor each polynomial. 9. (c+ e — 2c+3) M. {t+4)it— 43t +2)

Tips for New Teachers Lx2—9 (4 3Yx—3) 2 4a — 75 (204 5)20—5)
Sense-Making Students may not be 3. 9m* — 144 9m + 4){m — 4) 4. 2p° — 162p 2plp + Me — 9)
used to thinking of fractions as perfect 5wt — 51 (u+ 3 — 32 +9) 6. 2dt — 32f% 2{d? + 4F)d + 2f){d — 21)
numerator and denominator are perfect . 5 :

uares, then the fraction is a E'I:TEI'_'I e A R i R
ﬂuam, P 10 360 + 242 — 485 — 32 12w’ —Jw’ — %+ 27 (w—3){w+3)iw—3)

a i Example § EXTENDED RESPONSE During an accident, skid marks may result from sudden breaking. g
Teaching the Mathematical : : S5 . -
FTEHE; ?Mfmm;ﬂéi:ﬂaﬁmdryhszwswimulﬁpﬁimwﬂrhﬁh :_}.

m :IIIIIEB on concrebe. =
e 13. If skid marks on dry concrete are 54 feet long, how fast was the car traveling when the E
proficient students check their answers brakes were applied? 36 mph
ID DRSNS (I & CUTEREOL MESIDE 4. If the skid marks on dry concrete are 150 feet long, how fast was the car traveling &
Point out that substituting the choices when the brakes were applied? 60 mph g

in a multiple choice question is
sometimes a faster solution method.

A48 | Lesson 7-8 | Differencos of Sguares

Differentiatedinstruction €»C» |

Visual/Spatial Learners Draw the geometric model shown below on the board. Ask students to use
their own paper square and scissors to make the model for a? when the b? square is removed. Then
ask students to explain how their models show that (o — b){g + b) = a® — b2

a—b_ a-h g+b
o | ety " e
i 1 .-
a —_— . K ‘ Region 1 ¢
b la-b i a—b a—b s a—b
+" Hagion 2 " Region 2
3 d k a

446 | Lesson 7-8 | Differences of Squares
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Practice and Problem Solving

Examples -3 Factor each polynomial. 25-43. See margin.

Example 4

80. 37+ —THxr— 25
4z r* + 6’ — 360 — Mbx

15 ¢ —121 16 r* — k!

(g + Mg — 1) i + k3 + kiir — k)
18 w' — 625 M\ rf—a

(W + 25){w + 5){w— 5) (r+30(r— 30

2L b — 1A 22, h* — 256

hifr + 10){h — 10) (h* + 16){h + 4)(h — 4)
24, rf — 4yt 5 Tt — Tt

ix + 2{x — 2y} 3

7. k2t — 54k 28. 52 — Ml

30. 3 — 192r 3. 1057 — 17104
WwWpr—pr 34. Bc — 8

630 —-TP -5+ 7 3T gt —49
38 4’ + Sm® — G — 81

44. GEOMETRY The drawing at the right is a square

with a square cut out of it

a. Write an expression that represents the area
of the shaded region. (47 + 12— 52

b. Find the dimensions of a rectangle with the

same area as the shaded region in the drawing.

Assume that the dimensions of the rectangle

must be represented by binomials with integral

coefficients. (4m + 6) by (40 — 4)

39. 3m® + 243

7. 6tn*—6

6{n* + 1ia + 1o —1)
20. 2 — 32d2

2ic+ =

zg. :l_rﬂcf—‘?ﬁzr+m
=+ 9)fx —H2x—1)

26 35 4+ 20 — 47— 98

29, f34+ 22 —p4f— 128
12 3t — 270

35. r — 57 — 100r + 500

M. 125 + 29 — 1922 — 32

43, 15m" + 12m® — 375m — 300

{dn 4 1) e

g dn 4 i

45. DECORATIONS An arch decorated with balloons was used to decorate a castle’s

entrance. The shape of the arch can be modeled by the equation y = —0.5c° + 4.5z,
where x and y are measored in meters and the x-axis represents the floor.

a. Write the expression that represents the height of the arch in factored form.

—0.5x(x —9)

b. How far apart are the two points where the arch towches the floor? 9m
. Graph this equation on your caloulator. What is the highest Fulintrﬁtl'ﬂie%d'l?
m

46. SENSE-MAKING Hiyam is building a deck in her backyard. The plans for the deck show

that it is to be 24 meters by 24 meters. Hivam wants to reduce one dimension by a
number of meters and increase the other dimension by the same number of meters.
If the area of the reduced deck is 512 square meters, what are the dimensions of the

deck? 6 mby32m

. SALES The sales of a particolar (I} can be modeled by the equation
5=—25m" + 125m, where 5 is the mmmber of CIDs sold in thousands,

and m is the number of months that it is on the market.

a. In what month should the music store expect the CI to stop selling? 5

b. In what month will CI) sales peak? 2.5

c. How many copies will the CI) sell at its peak? 156,250

Differentiated Homework Options

Level Assignment Two-Day Option

€Y Basic 15-44, 57, 6089 15-43 odd, 64-67 16-44 even, 57, 60-63,

68-80

O core 15-43 odd, 4447, 15-44, 64-67 45-57, 6063, 68-89
49-55 odd, 56-57,
60-89

O Advanced 45-81, {optional: 82-89)

' 3 Practice

Formative Assessment

Use Exercises 1-14 to check for
understanding.

Use the chart at the bottom of this
page to customize assignments for
your students.

Exercise Alert

Graphing Calculator For Exercise 45,
students will need a graphing
calculator.

Teaching the Mathematical
Practices

Sense-Making Mathematically
proficient students draw diagrams of
important features and relationships. In
Exercise 46, point out that a diagram
can help students visualize the
situation.

Additional Answers

25. 7(h* + p)in + plih — p)
26. (c+ Tfc — NBc+ 2)
27. 6kAh? + )’ — 3k
28. Safo + 2)jg — 2)

29, (f+ 8)if — 8)if + 2)

30. 3rr + 8)ir — 8)

31. 10g{g + Mg — M)

32. 3x(n® + 3x)(n” — 3x)
33. pirir+ Yr— Nt + 1)
34. 8cfc + e —1)

35. {r + 10)(r — 10)r — 5)
36. (t+ Nt — )3t —7)

3. g+ No—7)

38. (m + 3)m — 3){4m + 9)
39. 3m* + &)

40. {x + 5)fx — 5)3x + 1)
1. 2(o + A)lo — 4)6a + 1)
42. x{x + 6)(x — 6)x + 6)
43. 3(m + 5)(m — 5){5m + 4)



&5 Multiple Representations

In Exercise 56, students use algebra
and information organized in a table to
explore the format of a perfect-square
trinomial.

orn o g
88. 36w =171 ¢, —1 @ 100=2 2,2
Ly v 3 3
S0 64" —1=0 F L 51 4y — =10 TR
52 1h?=16 —8,8 53, 1 —5ox’ =0 —45,45
g i -y T SR
54, 942 — 81 =0 3,—3 5. 40" = or 2o e

& 6. ‘" MULTIPLE REPRESENTATIONS In this problem, you will investigate perfect

square trinomials. 56c. (o + b)le + b} = o + 2ab + b% and [0 — b)lo — b) = o0 — 2o0b + b°

a. Tabular Copy and complete the table below by factoring each polynomial.

Then write the first and last terms of the given poelynomials as perfect squares.

b. Analytical Write the middle term of each polynomial using the square

roots of the perfect squares of the first and last terms. See table.
A 412549 x4+ D2+ 3 1 =gy a=3 12x=2+2x4+3
o —Mx+ 16 | Bx—NHEx—4) | o =(3x)* | 16=47 [—2x=—2+3x.4
af 2475 |Zx—5)2x—5) | A= |25=5" |—200=—2:2x:5
B+ Mr+9 |[(Mx+38x+3) Ei=(4x) | 9=3? | Mdx=2-4x.3
Bl e+ | (Sx+2)5c+2) |25 =5k | 4=2% | Mx=2:5x.2
. Algebraic Write the pattern for a perfect square trimnomdal.
d. Verbal What conditions must be met for a trinomial to be classified as a

perfect square trinomial? The first and last terms must be perfect squares and the
middle term must be 2 times the square roots of the first and last terms.

HO.T. Problems  Use Sigher-Order Thinking Skills

57. ERROR AMALYSIS Majat and Majla are factoring an expression. Is either of them correct?

Explain your reasoning, E3. When the di‘l‘lm!;n!- of squares
p pattern is multiplied together
ﬂ::‘:;samle;m‘ Moot ﬁ*’q, using the FOIL method, the
. l"ﬂ“ﬂ; 5 answer 4 = o - 25 - outer and inner terms are
gives us 16r® — 25¢%. The Jex” = 25" = opposites of each other.
exponent on x in the final [ - Syl + Siy) Fﬁz—ﬂfﬂzi-ip' Whan thess barme aie addod
product should be 4. ‘together, the sum is zero.

S58. CHALIFNGE Factor and simplify 9 — (k + 3}, a difference of »
[3+ ke + 33 — ke + 3)] = (k + BN—k)= —k* — Bk
59, PERSEVERANCE Factor x™ — 81, (x* —3)e* + 3)ix* +9)

60. REASOMING Write and factor a binomial that is the difference of two perfect squares
and that has a greatest common factor of Sk
Sample answer: Smko® — Smkb® = Smija® — b%) = Smkjo — blla + b)
61. REASOMING Determine whether the following statement is frue or false. Give an
example or counterexample to justify your answer. false; o2 + 52
All binomuals that haoe a perfect square in each of the fwo fernes am be factored.

62. OPEN ENDED Write a binomial in which the difference of squares pattern must be

repeated to factor it completely. Then factor the binomial.
Sample answer: x* — 16; [x — 2){x + 2){x* + &)

63. WRITING IN MATH Describe why the difference of squares pattern has no middle
term with a variable.

448 | Losson 7-8 | Differonces of Squares
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B4, One of the roots of 2" + 13r = 24 is —&.
What is thie other root? B

v 2

A — L=

3

Sy
85. Which of the following is the sum of both

|k L

67. EXTENDED RESPONSE Two cars beave City A at the
same time from different parts of the dty and both
dirive tn City B. The distance in miles of the cars
from the center of City A can be represented by
the two equations below, where § represents the
time in hours.

a. Car A, because it is traveling at

solutions of the equation «* + 3xr =547 G
F -2 M3
G4 In

65 mph, and Car B is traveling at 60 mph.

Car Ao 658+ 15 Car B ﬂ?f+25

a. Which car is faster? Faxplain.

b. Find an expression that models the distance
between the two cars. 58— 10

€. How far apart are the cars after 2% hours?
2.5 miles

66. What are the rintercepts of the graph of
y=—3"+7c+2I¢ C

5 o
A 4

|

c
ks D

La|n

4

Factor each trinomial, if possible. If the trinomial cannot be factored using integers, write
prime. |Lesan 7-7)

6B 50— 17r+ 14 (Se—Tx—2) 69 5a° —3a+ 15 prime 0. T — 20xy + 10y*

10fx — ¥z — ¥
Solve each equation. Check your solufions. e 75
. n’ — 9 =—1% 3,6} 72. 10+ a* = —Ta [-5,—2)
Solve each equation. Check the solut ioms. (Lo 79
T4 Ir°=32 —4.4 T r—4PF=25 —1.9
T2 200 4 =32 —4 7B (r+32=5 -3+ v5

82 —3b* +20* —9* + 13

8366 +20*+ '+ 5
Bl (M2 —7d—3) — (42 +7) — 2 —Td—10
B3 (% — 4h2 + Gh4) 4 (52 —3 + 209

T3 22xr— =144 [6.16]

Find each sum or difference. 1o 79
B, (3 — 3) + (4 + 4n%) To® +1
B2, (205 — 4b + 4} — (3b4 + 5b2 — 9

Find each produmct.
B4 (x— i) ¥ —12x + 36
87 (2 — 5 4x® — 200+ 25

8BS (r—2)xr— 2 X —4ax+4
BE. (fhxr— 1) 360 —12x+1

BE (x+3)x+3) P +6x+9
B9, (4x + 5)4x + 5) 16" +40x+ 25

Differentiatedinstruction QO

Extension Have students solve the equation X} —d4x =12 — 3x? by factoring. Ask them to check
their solutions. —3, —2, 2

WatchOut!

Error Analysis For Exercise b7,
make sure students can explain
what Elizabeth did wrong. Stress
that her error is a common one.
Ask students what they can do to
avoid making the same mistake

themselves.
. A

Teaching the Mathematical
Practices

Perseverance Mathematically
proficient students analyze givens,
constraints, relationships, and goals. In
Exercise 59, tell students to make sure
their final polynomial is completely
factored.

| 4 Assess

Ticket Out the Door Have students
write the factors of 18x< — 50.
2{3x + 5)(3x — 5)



1 Focus

VenrticalAlignment

v
Before Lesson 7-9 Find the product
of the sum and difference of two
quantities.

-
Lesson 7-9 Factor perfect square
trinomials. Solve eguations involving
perfect sguares.

-

After Lesson 7-9 Determine the
number and type of roots for a
polynomial equation.

' 2 Teach

Scaffolding Questions

Have students read the Why? section of

the lesson.

Ask:

= |f the initial height is 64 meters, what

equation would you write to

determine how long it takes an object

to hit the ground? 0 = —16t + 64

= 5Solve the equation for .
—1b(t — 2){t + 2) = 0; 2 seconds

® How could you use the definition of
sguare root to solve the eguation?
0= —16t° + 64; —64 = —16t7,
4=1t2t=++/40or +2 Since a
negative answer is not reasonable in
this situation, the solutionis f = 2.

450 | Lesson 7-9 | Perfect Squares

1

NewVocabulary
peerfed sguate Irincmial

Allend Lo procision.

450 | Lesson 79

Factor perfect square @ In avacuum, a feather and a
trinomiats.

Soive equations
imelving perfect
i initial height of i, feat above

Perfect Squares

piano would f2i at the same
speed, or velocty. To find about
hiow long it takes an object to hit
the ground if it is dropped from an

ground, you would need o solve
the equation 0 = —167 + k.
where f is time in seconds after
the object is dropped.

Factor Perfect Square Trinomials You have learned the patterns for the

products of the binomials (2 + b and (z — b)*. Recall that these are special products

that follow specific patterns.

{a + by = (o + B){a+ b)
=g* +ab + ab + b2

lz— b* = {a — Bbla — &)
=a?—ab—ab+ b2

=gt + 2ab + b* =g® — Jab + 2

These products are called perfect square trinomials, because they are the squares of
binomials. The above patterns can help you factor perfect square trinomials.

For a trinomial to be factorable as a perfect square, the first and last terms must be

perfect squares and the middle term muost be two times the square roots of the first and

last terms.

The trinomial 16x” + Mx + Yisa perfect square trinomial, as illustrated below.

w1+ M+ 9
i

-—-_____q___h

I the= st besren &
peifec] squane? e,

_,-o—""'-'f

I e st ferm 8
et Sguaie? Wes,

because 16x° = [-1-:]‘1.

I 1he= emidlde Berm Dwice e
product of T squesie iools
ol thie first and last terms?

Yex, bescuse M= Haj3)L

becmse 3 =37,

| & KeyConcept Factoring Perfect Square Trinomials

Symbols a’+ 2ab + b* = f@ + b)jg + b) = o + B)*
a’— 2ab + b* = g — b)jg — b) = o — B)*

Examples x4 B+ 16 = [x & A + Aorfx + 47
xl— Bt 9= fxr— Wx — Hor fr — I?

o7

IR =

L] EANGT | |H-MRIE

tog

Aupgocisg @S

Fafllay
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 StudyTip ]

Recognising Pesfect Sguare | Determine whether each trinomial is a perfect square trinomial. Write yes or mo. If
Trimomials i the constant so, fackor it.

term of e Winomial i

megative, the bisamial is nat a 4y +12y+9

;:";d“““mm ) Isthe first term a perfect square? Yes, 4y = (2y)2

the piher condilions. € Is the last term a perfect square? Yes, 9 =32
4 9 Is the middle term equal to 2{2y){3)7 Yes, 12y = H2y}(3)
Since all three conditions are satisfied, 4y + 12y + 9 is a perfect

square trinomial.
4" + 12y + 9= 29)* + 2(29)(3) + 3° Wiile g= o 4 Zob 4 B2
= (2y + 3)* Faclor using [he palbem.
b 9" —bx+4
nlﬁtl'teﬁrstlsennapethctsqum? Yes, 9 = (3oL
Elsl:l'telastmapﬂfectsqure? Yes, 4 =22

9 Is the middle term equal to —2(3x){Z)7  No, —6x F —2{3x)(2).
Since the middle term does not satisfy the required condition,
‘.Irl—ﬂr+4isnutapa'fect5quamtri:mnial.
b GuidedPractice
1A 9y + 24y + 16 yes; By + 43y +4) 1B 22’ +10a + 25 no

A polynomial is completely factored when it is written as a product of prime polynomials.
Muore than one method might be needed to factor a polynomial completely. When
completely factoring a polynomial, the Concept Summary can help you decide where to
start.

Remember, if the polynomial does not fit any pattern or cannot be factored, the

—
T T
‘Mumber Examples
g of Terms
| =] Factor out the GCF. any A 2 G B x - 3)
E=F] Check fior a differance of squares Zord Gac? — 16 = fEx + AEx — 4)
or a perfect square trimomizl. 16 4 24x + 9 = (Ax + 3
-m}meEWWpattemfur Jor4 ¥ Bet 2= fx— e — B)
2 d
a”"“”'_ﬂ“l;ﬁ;;w o84 T+ 6 = (24 e+ 6)
grouping. 2l i Oyt By b 6
(12y" + 9) + By + 6)
= Tyfy + 3+ A4y + 3)

=y + 33y + 2)

1 Factor Perfect Square
Trinomials

Example 1 shows how to determine
whether a trinomial is a perfect square
trinomial and, if it is, how to factor it.
Example 2 shows how to use various
factoring methods to factor a
polynomial completely.

Formative Assessment

Use the Guided Practice exercises after
each example to determine students'
understanding of concepts.

. }| Determine whether each
trinomial is a perfect square
trinomial. Write yes or no. if
it is a perfect square, factor it.
a. 25x* —30x+9

yes; (5x — 3)°
b. 492+ 42y + 36 no
\ V.
I8 =
WatchOut!

Preventing Errors Students
should be reminded to look
closely at the coefficient of the
second term of a perfect sguare
trinomial. Its sign determines
whether the factors are in the
form (@ + b) or {g — b).

h v,

Teach with Tech

Blog On your secure classroom blog
have students create a blog entry
explaining the inverse relationship
between sguaring a binomial and
factoring a perfect square trinomial.



WatchOut!

Common Errors Students

often fail to factor polynomials
completely. Point out that

4x 2 — 36 is a difference of
squares and can be factored as
(2x — 6){2x + 6), but remind
students that a polynomial is not
considered completely factored if

the terms of any of its factors

have a GCF greater than 1.

Student Misconceptions

Students have been taught that

second-degree equations will

have two solutions, so they may

be confused when an equation

involving a perfect square

trinomial has only one solution. StudyTip

E!fplall? that perfect square E:LT EJW G

trinomials have a repeated factor, = Uking the FOIL method.

s0 that both solutions are the = Lising the Distributive

same number. Thus, only one Prapety.

solution is listed. s
. o expresion and omparing

theer graphe.

IF the: product of the fsdos
disees mol malch the oniginal
coapl estion exaclly, e

Answel B intomed

-4 Factor each polynomial if

possible. If the polynomial cannot
be factored, write prime.

a. 6x2— 96 6ix + 4)jx — 4)

2
4

L8

Factor each polynomial, if possible. If the polynomial cannot be factored,
a. 52— 80
E™3] 1he GCF of 52% and —80 is 5, so factor it out.
m Since there are two terms, check for a difference of squares.
S — 80 = 5(x* — 16)
=50 — 4%
=5Hlr —4Hx + 4)

5 ia e GCF of the lerms
P=xerand¥E=4-4

Faclor the difference of sgquares.

b. 9x* —bx — 35
ET 'he GOF of 9%, —6x, and —35 s 1.

ETH sinced5isnota s . this is not a trinomial.
Suare, SJUETe
ETH Factor using the pattern ax? + br + . Are there two numbers with a
produoct of 9(—35) or —315 and a sum of —&7 Yes, the product of 15 and
—2H is —315, and the sum is —f.
9’ — fr— 35 =" + nx+ px— 35
=9+ 152 — 21x — 35
= (9 + 1525) + (—21x — 35)

Wille the pabiesm.
m =15 md o= —21

Group lerms with common Esclors.

=3r3x+ 5 — 73z + 5) Facior owl the GCF from each groogping.
={3r+ SH3x— 7} I 4 5 the comman Tackor.
GuidedPractice

28 2t — 32 2c— d)jx+ ) 28 12¢° + 5r— 25 (4x— S){3x+ 5)

Solve Equations with Perfect Squares When solving equations invalving
Tepeated factors, it is only necessary to set one of the repeated factors equal to zero.

Solve 9x” — 48x = —64.
9x? — 48x = —64
G’ —48xr+ 64 =10
(3x)2 — 2{3x)(8) + (B2 =0

Drigined equalion
A 64 b each side.
Recognize S — 88x 4 64 o 2 perfect square irnomisl.

t..';h.' = E]? =1 Fedor fhe perfec squesie irinomisl
b, 1-5y-z+gy—15 Br—8(x—8=0 Wirite [ — B} s two Eaciors.
{4}’ T 51{4}'. 1 3' J Ixr—E=10 Sl e iepealed faclon eqgual o bera.
dr=8§ Add B lo each sade.
=4 Dévite evsch xide by 1
2 Solve Equations with Perfect 3
Squares P GuidedPractice
Example 3 shows how to solve Solve each equation. Check your solutions.
equations with repeated factors. 3 o’ +122+36=0 —6 Myz—iy+%=l]%
Examples 4 and 5 show how to solve —
equations using the Square 852 | Leason 79 | Perfict Squares
Root Property.

Focus on Mathematical Content

Factor Perfect Square Trinomials Once a trinomial has been determined to be a perfect square

1§ Solve 4x? + 36x = —81. —

ol | 1

trinomial, it can be factored into two identical binomials or expressed as a binomial squared. The
binomial factors are the sum or difference, depending on the sign of the middle term of the trinomial,

of the principal square roots of the first term and last term of the trinomial.

452 | Lesson 7-9 | Perfect Squares
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You have solved equations like ° — 16 = 0 by factoring. You can also use the definition
of a square roat to solve the equation.

; r—1=10 viginal equeation
ReadingMath L =16 Add 16 o each side
Sguare Root Sohations RN v .
fﬁkrdﬂdﬂhu x :t".l'r](l Take the sguare root of esch side.
Sh Kemember that there are two square roots of 16, namety 4 and —4. Therefore, the
solution set is [—4, 4]. You can express this as [+4].
5 KeyConcept Square Roal Property
Warts To solve a guadratic equation in the form x? = n, take the
squane root of each side.
Symboks For any number i = 0, if £° = m, then x = +4/7.
Example =15
x= 425 or45
In the equation x* = n, if n is not a perfect square, you need to approximate the square
root. Use a calculator to find an approsimation. If nis a perfect square, you will have an
EXACt answer.
_
StudyTip I Solve each equation. Check your sohutions.
Solving bry Inspection o (!f_ﬂl—_"m
Eguations invohing square
roals can oflen be solved {],‘—EIF=E]- Dwiginal eqjustion
mentaly. For x = o, Wik 2
The squere of wihat aumber y— 6=181 Squwe Roat Property
B p? When n B a perfect 2t
sqguare, i & ralicnal. !'r_ﬁ_:tg B=3-3
Dihersise, x & rralional y:{,_tl_-l Add & Io each side.
" y=ﬁ+g ar y=l§—9 Separale inlo wo equalions.
=15 =—3 Simplily.

The roots are 15 and —3. Cheech in e original equstion.

b fx+6fF =12
(x+6E=12 Ouigitial equation
r+6=1+12 Square Roat Property
r=—h1+12 Saibriract 6 frm each side.

The roots are —6 + 412 or —6 + 412 and —6 — 12

Using a calculator, —6 + V12 = —254 and —6 — V12 = —9.46.

b GuidedPractice
A0 (g — T2 =121 21, —1

—3 1/ 26 or about 2.1 and —8.1
4B (z+ 3P =2

_ §| Solve each equation. Check the
solutions.

a. (b—7°=36 113
b. x+9%=8 —9+2v/2

Tips for New Teachers
Solutions to Second-Degree
Equations If students do not
understand how a second-degree
equation can have only one solution,
suggest that they graph a perfect
square trinomial on a graphing
calculator. The graph will immediately
reveal how this is possible. The vertex
of the graph of a perfect square
trinomial equation lies on the x-axis,
and therefore the equation has only
one solution.



PHYSICAL SCIENCE During an experiment, a ball is dropped from a height of
205 fieet. The formula h = —16¢ + hy, can be used to approximate the number
of seconds § it takes for the ball to reach height h from an initial height of

Iy, in feet. Find the time it takes the ball to reach the ground.

Additional Example

b PHYSICAL SCIENCE A book falls
from a shelf that is 5 meters above
the fioor. A model for the height b
in meters if an object dropped
from an initial height of /1, meters
is h = —16¢* + hy, where t is the

At ground level, b = 0 and the initial height is 205, so k, = 205.

h=—16t" + hy Duiginal Fonmuls

0=—16F4+205  Repiace bwith 0 and by with 205.

time in seconds after the object is Math HistoryLink —206 = 16t Seblract 205 from sach side.
dropped. Use this model to Galilen Gallel [T563-1647) 128125 =# Dividde each side by —16.
= d Galileo was Lhe frst person lo

determine approximately how peour thal ebjects of ilfrant tih=t Uk bhe Syjuate Ruck Property.

long it took for the book to reach m::;fdtg;r:n Since a negative number does not make sense in this situation, the solution

the ground. 0.56 s uhjects of dilferent weights is 3.6, It takes about 3.6 seconds for the ball to reach the ground.

- 4 Teom the top of e Lesaning
Tower of Pisa in 1580, F GuidedPractice

Tips for New Teachers 5. Find the time it takes a ball ko reach the ground if it is dropped from a bridge that s
Formulas Students are naturally | halfashigh as the one described above. about 2.5 seconds

curious about why certain formulas
work. Encourage this curiosity and ask

s S | Check YowrUnderstanding
formula h = —16¢% + h fram o -

Example 5. What assumptions must be Example1  Determine whether each trinomial is a perfect square trinomial. Write yes or mo.
made for the formula to hold true? R, S o
L 252% + 6lx + 36 yes: (Sx+ §)° 2 6x’+ Mx + 36 mo i
Example 2 Factor each polynomial, if possible. If the polynomial cannot be factored, '_5
- wite pim.
3 Practice 3 —x—28 k—A)=x+T) 4 6 — 3y + 45 2x— Ex— 8 =
5 4x + 64 4(x2 + 16) 6. 4" + Yr — 16 prime E
Formative Assessment . R e s ) ) g
Use Exercises 1-11 to check for - § Sk o R B
understanding. 7 4 =36 13 , 8 250" —40a=—16 ¢ 3
9. 64y’ — 4By +18=9 = 0. (z+ 52 =47 —5 1 +/47 orabout —11.86and 1.86
Use the chart at the bottom of this page 3
: £ Examgple 5 11. REASONING While painting his bedroom, Hassan drops his paintbrosh off his ladder ]
0 sestamire: aceimac ot fof ol from a height of & feet. Use the formula h = —16£ + h,, to approximate the number of &
students. seconds it takes for the paintbrush to hit the floor. 06 second G
= — =§
WatchOut!
Factoring Remind students that Example1  Determine whether each trinomial is a perfect square trinomial. Write yes or no. i
any of the factoring methods they If s, factor it. 5
have studied thus far can be used 12 4 — 42 + 110 no 13. V' — 56x + 49 yes; [4x —T7)° ;
in the exercises. M. 1’ — 90x + 25 yes; (9x — 5)° .11+1(.:+1(.:+ no £
™ o 454 | Lesson T-9 | Perfiecl Squarnes
Teaching the Mathematical
PXachORs Differentiated Homework Options
Reasoning Mathematically proficient
students make sense of quantities Level _ Assignment Two-Day Option
and their relationships in problem Basic
ﬂ 12-47, 53, 55-89 1347 odd, 61-64 1245 . 53, 55-60,
situations. In Exercise 11, ask students Es_g;wn
how to represent the height of the - -
paintbrush when it hits the floor. C core }‘35—_482 odd, 48-53, 12-47, 61-64 48-53, 55-60, 65-89
O Advanced | 48-79, (optional: 80-89)

454 | Lesson 7-9 | Perfect Squares



Example 2

Factor each polynomial, if possible. If the polmomial cannot be factored,
write prime. 28. (x+ 2y){x— 2){x +2) 30.{r— 6)ir + 6}(2r— 1) 32 Zodc® + d7)2c —5)

16. 2447 + 39d — 18 3(8d — 3)(d + 2) 1. % + 10x— 21 prime
18. 2b2 + 12b — 24 2{b* + 6b —12) 19. 8y" — 200" Bly — Sz)ly + 52)
20. 16a® — 1216 (40 — Hb){da + 1ib) 2. 12 — 22m® — TOm
: 2m(2m — 7){3m + 5)
22. Bt — BBc + M2 2{2c — 1)° 23, 127 — Bdx + 147 32— TP
M. w' —w® wiw—1)w+1) 25 12¢° —3p 3pZp + H2Zp — 1)
26. lhg" — 48q” + 3bg 4g(2g— 3)° ZT. 4F + 108 — B4t 2t + 6)(2t —T)
28 '+ 'y — 4 — Sy 29, 2a%" — 207 — 2ab” + 2ab
2a{o — bk + e —1)
0. 2 — T2+ 36 3. Ak — M2 + 48k 3k — 4)(k — 4)
2 actd — W0e'd + 4c%d! — 10ed® 32 ¢* + 2¢ — 3 + 4h prime
Examples 34 Solve each equation. Confirm your answers using a graphing calenlator.
M 4n’ — Mm+36=0 3 @ o-—19=742V7
1] 5 5 3 L S
ﬁﬂ2+?a+ﬁ—ﬂ—1 37*11_5‘+E‘“¢
W HEH1E=251-9 39. 5r° —6lr=—180 &
40. 4x° = Bl — 400 10 119—541'=—Hl12%
12.1{2+4c+1=15ﬂ 43. - lr+6d=6 816

Exmumple 5

44. PHYSICAL SCIENCE For an experiment in physics dass, a water balloon is dropped from
the window of the school building. The window is 40 feet high. How long does it take

until the balloon hits the ground? BEound to the nearest hundredth.
1.58 seconds
45. SCREENS The area A in square meters of a projected picture on a movie screen can be

modeled by the equation A = 1.254°, where d represents the distance from a projector
to a mowvie screen. At what distance will the projected picture have an area of 100
square meters? 20 m

46. GEOMETRY The area of a square is represented by 9r* — 427 + 49. Find the length of
each side. |3x—7|

47. GEOMETRY The area of a square is represented by 16x” + 40x + 25. Find the length of
each side. |4x+ 5|

E) 48. GEOMETRY The volume of a rectangular prism is represented by the expression

Ghl S MeGraw-H1l Edocafian

Capy

&y + 40y + 50y Find the possible di ions of the prism if the dimensions are
represented by polynomials with integer coefficdients. Sample answer: 2y, 2y + 5, 2y + 5

. POOLS Fissa wants to buy an above-ground swimming pool for his yard. Model A s
106.7 centimeters deep and holds 4496 cubic meters of water. The length of the
rectangular pool is 1.5 meters more than the width.

a. What is the surface area of the water? 500 m?
b. What are the dimensions of the pool? 20 m by 25 m by 42 cm

¢. Model B pool holds twice as much water as Model A. What are some possible
dimensions for this pool? Sample answer: 20 m by 50 m by 42 cm

d. Model C has length and width that are both twice as long as Model A, but the
height is the same. What is the ratio of the volume of Model A to Model (7 1:4

Teaching the Mathematical
Practices

Precision Mathematically proficient
students are careful about specifying
units of measure. In Exercise 51, make
sure students remember that volume is
measured in cubic units and length is in
[inear units.



WatchOut!

Error Analysis For Exercise 53,
point out to students that they
must always take a final look at
the factors to be sure they are all
factored completely.

. S _
Teaching the Mathematical

Practices

Regularity Mathematically proficient
students notice if calculations are
repeated, and look both for general
methods and for shortcuts. In Exercise 57,
ask students to write their answers as
steps that can be used to factor any

polynomial.

Additional Answers

56. Sample answer: The equation
x°+ x>+ x+ 1= 0 only has one
solution. The polynomial factors to
[xl + Tj{x + 1) and setting those
factors equal to zero gives us
only one solution ¥ ——1 since
x?+ 1= 0 has no real solutions.

57. First look for a GCF in all the terms
and factor the GCF out of all the
terms. Then, if the polynomial has
two terms, check if the terms are
the differences of squares and
factor if so. If the polynomial has
three terms, check if the polynomial
if a perfect square polynomial and
factor if so. If the polynomial has
four or more terms, factor by
grouping. If the polynomial does
not have a GCF and cannot be
factored, the polynomial is a prime
polynomial.

60. Determine if the first and last terms
are perfect squares. Then
determine if the middle term must
be equal to 2 times the principal
square roots of the first and last
terms. If these three criteria are
met, the trinomial is a perfect
sguare trinomial.

456 | Lesson 7-9 | Perfect Squares

50. GEOMETRY Lise the rectangular prism at the right. 1

a. Write an expression for the height and width of ! I 0

I;I'leprmnml:zrmanfthel AL -
ht= £ — 6; width=£ — 10
h'l".l‘nteapul}rmm: ﬁ'n'tl'tevnlmnfmepm"mm
terms of the length. V= £2 — 1662 + 60# R b

51. PRECISION A rno has an agquarium shaped like a rectangular prism. It has a volume
of 5 cubic meters. The height of the aquariom is 2.7 meters taller than the width, and
the length is 1.2 meter shorter than the width. What are the dimensions of the
aquarium? & meters wide by 2 meters long by 15 meters high

b- 52. ELECTION Faleh is building a box shown with a volume of
96 cubic centimeters. What are the dimensions of the
voting booe? 4 cm high by 12 em long by 2 cm wide

HO.T. Problems  Use Bigher Order Thinking Skills

53. ERROR AMALYSS Huda and Hana are factoring the expression = —x* completely. Is
either of them correct? Explain your reasomnimng.

Hana; Huda did
Huda Hana not factor the
¥ oot = ety L}{gj- 1) P Y T T expression
completely.

54. CHALLENGE Factor x* ** + x** % + 2" completely. x"{x® +x*+1)

55. OPEN ENDED Write a perfect square trinomial equation in which the coefficient of the
middle term is negative and the last term is a fraction. Solve the equation.
Sample answer: x* — 3|:+%=[I'{%]
56. REASOMING A counterexample is a specific case in which a statement is false. Find a
counterexample to the following statement. See margin.

A polynomial equation of degree tree almays has Hiree real solufions.
57. REGULARITY Fxplain how to factor a polynomial completely. See margin.

58. WHICH ONE DOESN'T BELONG? Identify the trinomial that does not belong, Fxplain.

4x* — 36x + B 25 4+ 0x +1 A + 10+ 4 Oy — Mx +16

4x? 4 10x + 4 because it is the only expression that is not a perfect square trinomial.
59. OPEN EMDED Write a binomial that can be factored wsing the difference of
tmr.quamitmne Set your binomial equal to zero and sofve the equation.
Samplemmx -
60. WRITING IM MATH Explain how to determine whether a trinomial is a perfect square
trinomial. See margin.
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61 What is the solution set for the equation 63. At an amphitheater, the price of 2 lawn seats
(x—3=257 R and Zpa'l.ri!irm seats is AED 120, The price of
A8 Shmseatﬁam:ﬂpnvilmnﬁa_amhﬂfuzz.ﬁ.
B -2, 8) How much do lawn and pavilion seats cost? H

F AED 20 and AED 41.25

G AED 10 and AED 50

H AED 15 and AEL 45

J AED 30 and AED 30

C [4, 14)
D 4,14}

62. SHORT RESPONSE Write an equation in slope-
intercept form for the graph shown below.
—F=—2x—4a

|
- | |-
! 64. GEOMETRY The crcumference of a drcle is
HEEE T I 1":?-“1.'|:1’I:i.l_l'..'ll"\ll'lsal:i}iﬂ'iEa.rF_HElll'lfI:I'I.ll'.*|:i:|'::|:l|!7." A
o ool
;"ﬁEtrmI:‘iz
In

L S
I O b B 3 units’

C M?m'ﬂlﬁz

12 e
L"‘TIIJI'I.IISJ

Factor each polynomial, if possible. 1f the polynomial cannot be factored,

'I'I'l'i'l:EF‘I'II'I'IIE. [Le==on 7-8)
65 ' — 16 (x—4)x+4)
68. 3a° — 20 prime

B6. 4x" — Bly" [Rx—9iZx+9 67 1— 100p" (1 — 10p){1 + 10p)
69, 250" — 1 (50— 15 +1) 0. 36 -9 92—ci2+q

Solve each equation. Confirm your answers using a graphing caloulator. [Lese 77
M Ar—8x—32=0 [—2, 4} T2 6t —48x+ 90 =10 3,5} T3 M+ =28 [—2.1)
74 27 — llr =48 [—3,8] 75. 5r° — 285x=—30 [2,3) 6. fx' — lax =192 [—4,6)
TI. AMUSEMENT RIDE The height ki in feet of a car above the exit ramp of a free-fall ride

can be modeled by hif) = —164* + 5. § is the time in seconds after the car drops,

and s is the starting height of the car in feet. If the designer wants the ride to last

3 seconds, what should be the starting height in feet? e 79 144 m
Factor each polynomial. If the polynomial cannot be fachored, write prime. e 78
T8 ' — 81 (x—9)ix+9) . — 121 (o—NMYa+11) B80. m*+ 100 prime

BL 25+ 47 [2y —S)2y +5) B2 p'— 16 p—2p+ 2t +4 B2 4 —4 air— )i+ N2+

86,7235 0. (2,1, 65,~3) —5
. (-3, -4, 6.1 § 88. (~2.3),(8,3) 0

85. (—4.—1),(—3. -3 2
89, (—5, 4), (—5. —1) undefined

457

Differentiatedinstruction QO

Eﬂﬂlsiﬂﬂz Write the following polynomial on the board for students to factor completely:
(m — p)m” — 2m{m — p) + {m — p) 5
{m — pjim — Ym — N or (m — pfm — 1)

| 4 Assess

Name the Math Have each student tell
a partner or write how to determine if a
trinomial is a perfect sguare trinomial.

@ Follow-up

Students have explored factoring.

Ask:

= What are the limitations of
mathematical modeling? Sample
answer: Not all situations can be
modeled. For those that can, the
domain of the model may need to be
limited. For example, with a model
that represents the height of an
object over time, height and time
cannot be negative. Also, model may
only produce approximate answers.
Therefore, after a model is created, it
should be carefully analyzed before it
is used to make predictions/
decisions.

457



1 Focus

VerticalAlignment

w
Before Lesson 7-10 Factor perfect
square trincmials.

-
Lesson 7-10 Determine the number
and type of roots for a polynomial
equation. Find the zeros of a
polynomial function.

pa
After Lesson 7-10 Analyze the
characteristics of graph of guadratic

functions.

‘2 Teach

Scaffolding Questions
Have students read the Why? section of
the lesson.

Ask:

= According to the equation, what was
the average price of a liter of petrol in
19507 about AED1.37

= Would the given equation be valid for
negative values of x? Possibly;
negative values of x would
comrespond to years before 1990.

458 | Lesson 710 | Roots and Zeros

numbers to describa
solutions of

quedratic equations.

Altend bo preciion.

458 | Lesson 7-10

® Youused complex @ Detesmine the number & The function gjx) = 1.384x* — 0,003

andypeofmotsfora 4+ 0.2 — 0.078x + 1,365 can be used
pohynomial equation. bo meded the average price of a gallon of
petrol in @ given year if x |s the number of
Hﬂﬂ'nzaalrnsufa years since 1990, To find the average price
" of pefrol in a spedific year, you Gn use
the roots of the retated polynomizl
equation.

Roots and Zeros

Synthetic Types of Roots Previously, you learned that a zero of a function f(x) is any
value ¢ such that flc) = 0. When the function is graphed, the real zeros of the function

are the r-intercepts of the graph.

[ ;:nn:epﬁummarr Zeros, Factors, Roots, and Interceplts

Words Let Plx) = amx” + — + o + 0y ke 3 polynomial function. Then the following
statements are equivalent.
» Cis @ zero of Plx)
# C is a roof or selution of Pjx) = 0
#x — cisafactor of o + — + ox + g,
« If C is a real number, then §c, 0) is an x-intercept of the graph of Px).

Exampla Consider the polynomial function P} = x* + 2" — " — B + 12
The zeros of Pix) = ¥ + 2x% — Ix — Bx + 12 1 T 1 §Fa [d
ae ~3, -2, 1and2. miim p [
Theroots of e + 207 — T — B + 12 =10 i
are 3, -2, land2. TR
The factors of x* + 20 — T — Bx+ 12 | /; \
are [y + 3, e+ 2), (v — T.and (x — 2). | i T
The x-intercepts of the graph of 4 U o U 1%
Pig) = &+ 2% — Tx? — Bx + 2 are .

{3, 00,{~2, 0% (1, 0}, and (2,01

When solving a polynomial equation with degree greater than zero, there may be one

or more real roots or no real roots (the roots are iImaginary numbers). Since real numbers and
imaginary numbers both belong to the set of complex numbers, all polynomial equations with
degree greater than zero will have al least one roo in the set of complex numbers. This is the

Fundamental Theorem of Algebra.

| KeyConcept Fundamental Theorem of Algebra

Every polynomial equation with degree greater than zero has at least one root in the set of
complex numbers.

s Bpde
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f ReadingMath

Repeated Rools Polynomial
equalions can have doutie
roals, riphe roals, gusduple
1ouls, and o oo In general,
These ane neferied Lo as

it st

1. 5.i V3, —iV3

1real, 2 imaginary

|

Solve each equation. State the number and Lype of roots.
artext9=0

P+ax+9=0 Original eguaion =
x+3P2=0 Fanctor
x+3=10 Tiske (he rool of esch side.
¥ = —3 Sobye for £

Because (x + 3) is twice a lactor of x° + 6x + 9, —3

iz a double rook. Thus, the equation has one real

repeated root, —3. l

CHECK The graph of the equation bowches the x-axis at
¥ = —3. Since —3 is a double root, the graph does
ok cross the axis. «

b x2S =0

¥+ Bx=0 Original eguation
w4 25) =0 Facior.
r=0orx*+25=10

¥ =25

1=+ VB or 15 AL B
This equatéon has one real feol, 0, and bwo imaginary . I_m
roots, 54 and — 5. i—ﬂ——l—ﬂlil]

CHECK The graph of this equation crosses the r-axis
at only one place, x = 0. «

b GuidedPractice 18- 0, V2, —i/2; 1 real, 2 imaginary
WO =0 - 2,—2,2i,—2i;2real 2
7 4C. 1,2, ~5: 3real Y imaginary
€A+ -T—10=0 0 - P+ -3=0
-

Examine the solutions for each equation in Example 1. Motice that the number of solutions
for each equation i the same as the degree of each polynomial. The following corollary to the
Fundamental Theorem of Algebra describes this relationship between the degree and the
number of reoks of a polynomial equation.

L#Km Corollary to the Fundamental Theorem of Algebra ]
! - 1
Words A polynomial equation of degres m has exactly n roots in the sat of complex numbers,
including repeated roots.
Example B h At - G — 6 -2%5 — 3x? + 8
3 rowotts. 4 roots 5 roots

Simialy, am irih degree polynomial funcion has exactly m e

Additionally, French mathematician Rensd Descartes discovered a relationship belween the
zigns of the coeflicients of a polynomial function and the number of positive and negative
real meros.

41 Synthetic Types of Roots
Example 1 shows how to determine
the number and type of roots of a
polynomial equation. Example 2 shows
how to determine the possible number
of positive real zeros, negative real
zeros, and imaginary zeros of a
polynomial function.

Formative Assessment

Use the Guided Practice exercises after
each example to determine students’
understanding of concepts.

« || Solve each equation. State the

number and type of roots.

a. x>+ 2x—48=0 This
eguation has two real roots,
6 and —&.

b. y* — 256 = 0 This equation
has two real roots, 4 and —4,
and two imaginary roots, 4
and —4i.

b S

Focus on Mathematical Content
Zeros The real zeros of a polynomial
function f are the x-intercepts of the
graph of £ They are also the real
solutions of the polynomial equation
flx) = 0. A polynomial function cannot
hawve more zeros than its degree.



Teach with Tech

Interactive Whiteboard Write

a polynomial function on the board.
Show students how to apply Descartes’
Rule of Signs by highlighting each
change in signs in the coefficients.

-4 State the possible number of
positive real zeros, negative real
zeros, and imaginary zeros of
pix)=—x®+4x* — 2’ —x
— 1. The function has either 2 or

0 positive zeros, 2 or 0 negative
zeros, and 6, 4, or 2 imaginary
Zeros.

WatchOut!

Common Misconceptions Point
out to students the method for
determining the number of
imaginary zeros for & polynomial
function. In Example 2, the
polynomial has degree 6, so it
has a maximum of 6 real zeros.
You find the numbers of positive
and negative real zeros, and
subtract the sum of these two
numbers from 6 to find the
number of imaginary zeros.
Remind students that imaginary
Zeros come in conjugate pairs, so
the number of imaginary zeros
must be an even number.

460 | Lesson 710 | Roots and Zeros

StudyTip

Zexo al the Origin If & 2ero
of a funclion is at the arigin,
e sum of e number off
puocsilive real deros, negative
real peios, and imaginany
setas is teduced by how
mary fimes 0 & a oo of
e funciion.

| KeyConcept Descartes’ Rule of Signs

el

Let Plx} = @pe" + — + o + @y bea polynomial function with real coefficients. Then

« the number of positive real zeros of Pfx] is the same as the number of changes in sign of the
coefficients of the terms, or is less than this by an even number, and

= the number of negative real zeros of Plx] i the same as the number of changes in sign of the
coefficients of the terms of P{— x). o is less than this by an even number.

Stale the possible number of real zeros, negalive real zeros, and imaginary zeros
of fix) = x* + 3" — 4! +x% — 8+ 5.

Because f{x) has degree 6, it has six 2eros, either real or imaginary. Use Descarles’
Rule of Signs o determine the posaible number and type of real senos.

Count the number of changes in sign for the coeflicients of f{x).
ﬂx}'r"r:’fﬂr"_ 4x* & + ¥ - 8B + &

e A A o o o

no no yes yes yes
+wo+ Hlo-— — iz — — o+ +lo— -+

There are 4 sign changes, so there are 4, 2, or (f positive real zeros.
Count the number of chamges in sign for the coaflicients of fT-x).

J =t e a0 — di-t — 6= + (-2° 8-x + &
¥ - 3 ' + 6 + ¥ + 8 + 5

LSO SR . S LU e it UL | L -

yes no no

e ma no
+i0— —t— —a+ TR +io4 +io+

There are 2 sign changes, so there ane 2, or 0 negative real z2eros.
Make a chart of the possible combinations of real and imaginary zeros.

Mesmber of Poiive | Mumber of Negalive |  Mumberof | Tobsl Mumber
r— — .
4 2 0 4+340=6
1 0 3 44042-6
b 2 2 2421426
2 o 1 2+0+4-6
o 2 1 D+244=6
o o 6 D+0+6-6

b GuidedPractice

2. State the possible number of positive real zeros, negative real zeros, and imaginary
seron ol k) = 2 + x* + 3 — dx® —x+ 9. 2or0;3or; 4,2, 00 0

Find Zeros You can wse the various strategies and theorems you have learned to find all
of the zeros of 8 funclion.

A80 | Lesson 710 | Rools and Feros
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- StudyTip

Testing for Teros i & vale
&= mal & zero for a polysomial,
e il weill nok be & 2eso o
Thex depressed polynomial
wither, %5 il does ool need

N e chesched again

" StudyTip

dasation

E

= McGraweH

Capyright

Locafing feros Refed o
Lessiseanin 42 ey Pt Moo s Q=
CALL menu Lo locale & 2em
o your caloulslon.

l

Find all of the zeros of fix) = x* — 1827 + 12x 4 80.

E=1 Determine the total number of zeros.
Since fTx) has degree 4, the function has 4 xeros.

m Determine the type of nens.
Examine Lhe number of sign changes for ((x) and {—x).
) = x* — 18" + 12¢ + 80 A =2 — 18— 12x + 80
L LR b SR LR L S B |
yet  yes om0 ye£ oo s
Because there are 2 sign changes for the coelficients of f{x), the function has
2 or O positive real zeros. Because there are 2 sign changes for the coefliclents of
SJi—x), fix) has 2 or O negative real zeros. Thas, ({x) has 4 real zeros, 2 real zenos
and 2 imagimary zeros, or 4 imaginary zeros.

m Determine the real zeros.

List sorme pnwble wﬁ]uﬁ, and then ~al 1 —a —a | -

use synthetic substitution bo evaluate == = = - =
fix} for real values of x. — =

—1 1 —1 —17 ] 51

Esch row shows The LU L —18 "] B0

coellicienls of the depressed A1 =T 5| T

podyncsnial and the remaindie. 21 1 F —H —37 T6

From the table, we can see thal one z2emo occurs at x -2. Since there are
2 neggative real BEFOS, LiSE synthetic substitution with the depressed polynomial
function f{x) = ' - 2x" — 1z + 40 to find a second negative zero.

A second negalive zero is at ¥ = —4.

Gince the depressed polynomial
¥ — 6x + 10 i quadratic, use the e 5 o=
Quadratic Formula to find the el L S . Sl
remaining zeros of [x) = ¥* — &x + 10, . ) 0 R B K]l
—b+ Wb — dac
= . Duadralic Fonmuks
2a
—{—6) + =61 — Ao
- 2{” Replace o with 1, b with —6, and c wilh 9.
=34i Sarmplify.
The function has zeros at —4, ~2,3 44, and 3 — i
CHECK Graph the function on a graphing calculator. The graph crosses the r-axis
b Limes, 20 there are bwo real zeros. Use the zero function under the
CALC menu bo locate each zeno. The bwo real zeros are —4 and —2.
[=c 10 sct 1 by [=100, 100] sl 10 [0, 10] 50: 1 by I—1. 1001 sl 10
b GuidedPractice
3. Find all of the zeros of kix) = = + 2e* + 92 + 18. —2, 3, —3i
481

Differentiatedinstruction @O O O

n students sometimes make mistakes in mathematics exercises because they cannot read their

own handwriting,

stress that throughout this course, students must work using neat and careful handwriting.
It is extremely easy to misread coefficients and exponents, or misread i as the number 1.

2 Find Zeros

Example 3 shows how to find the zeros
of a polynomial function using synthetic
substitution. Example 4 shows how to
use zeros to write a polynomial function.

=1 Find all of the zeros of
i) =x"—x"+ 2+ 4,
1,1+ i3,1-iV3.




_ & Write a polynomial function of
least degree with integral
coefficients, the zeros of which
include 4 and 4 — i.
fix) = x* —12x? + 49x — 68

ReviewVocabulary n Chapter 4, you learned that the product of complex conjugates i always a real number anmd
thal complex poots always come in conjugate pairs. For example, if one ool of
compbes sumbers. of the x* — 8x + 52 = 0is 4 + &i, then the other root is 4 — 6.
| oo o 4 bf ared o — b
= This applies o the zeros of polynomial functions as well. For any polynomial function with
real coeflicients, if an imaginary number is a zero of that function, its conjugate is also a zero.

This is called the Complex Conjugates Theorem.

Let o and b be real numbers, and b # 0. @ 4+ biis a zero of a polynomial function with
real coefficients, then @ — B is also a zero of the function.

Eample If3 + Afisa zero of fix) = «* — 4’ + 1x + 50, then 3 — 4/is also a zero of the
fumction.

When you are given all of the zeros of a polynomial function and are asked o determine the
function, convert the zeros bo factors and then multiply all of the factors together. The resull i
the polynomial function.

Write a polynomial function of leasi degree with integral coellicients, the zeros of which
include —1 and 5 — 4.

Understand If 5 — i is a zero, then 5 + 1 is alao a zere according, o the Complex
Comjugates Theorem. So, x + 1, x — (5 — 1), and x — (5 + i) are faclors
of the polynomial.

Plan Write the polynomial function as a product of its fackors.
Pl = e+ 1z — (5 - llx — (5 + )]

Soive Multiply the factors o find the polynomial function.
P =zt 1pfx— (5l — (5+4] Wil the: equadion.
= fr+ 1} {fx — 5) + d]ifx — 5) — 4] Regroup bemrs

=[x+ 1) [{x — 52— & Difference of syis=
= {x + 1) [{x* — 10z + 25 — (—1}] Sguare lerme.
(x+ 1) x* — 10z + 26) Simgiily.

= ¥ — 1lx? + 26r + x* — 10x + 26 Madiply.
= — 9" 4 16x + 26 Cambine fike bernm.

Check  Becawse there are 3 zeros, the degree of the polyinomial funchion must be 3, so
Pix} == — 9x%  16x + 26 is a polynomial function of least degree with
integral coefflicients and seros of 1,5 — 4 and 5 + 4.

b GuidedPractice
4. Write a polynomial function of least degree with integral coeflicients having zems that
include —1and1 + 2. fix)=x*—x* +Ix+5
LS
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Example 1 Sobve each equation. Stale the number and type of roots.
Lr-3x-10 ﬂs—g.scgregl 2 0+ 12" + 32 = 0 —8,—4,0; 3 real
3. 160 - 81 =0 —3 3 g 3h 4.0 =¥ -8 2,—1+iV3,1—-iVF
2 real, 2 imaginary 1 real, 2 imaginary
Example 2 Emeﬂmm&hnumh&ufpﬁﬂmrﬂnmmgaﬂnmﬂnmaudlmqlurywﬂ
each function. 6.7 Tor3;00r 2
Efg=r-2 196 Jort 0002 & fY=-f*+ 85— 7
Lig=3 -8+ 24 1oeZ0orZ g gy- -2 -2 -2x-5 B0orX2ord
' 0.2 0ord ’
Example 3 Find all of the zeros of each function.
B ) = oF o+ 9+ 6 — 16 —8, —2,1 W) =+ Tt oA 28 7,2,
t fix) =2' — 2 - A" — 32r - 3 2 g=r-a v ée—10 —1,1,3—73+i
—4, 6, — &, 4
Example 4 Write a polynomial function of least degree with integral coefficients that have the given zeros.

1734, -1,6 flx)=x" —9x? + Mx+ 24 #3112 fixj=x*—S®+ 5’ +5r—6

5 -5 -N 6. 4,4 +1i fir) = x° — dx® — 155+ 6B
fix)=x*— 3x* —x?— 2Tx— 90

Practice and Problem Solving

Example 1 Solve each equation. State the number and type of roots. 17-26. See margin.
2 tx—6=0 MmAL+1=0
B r1i=0 20 2 G+ 14=0
2N -3 -5:48=0 D it -w=10
23 16t - 625=10 -6+ Te=0
Moy -8+ Tex =0 2% M+ 2 v x=10
Example 2 State the possible number of positive real zeros, negative real zeros, and imaginary zeros of
each function.
Dor2;00r 2;0,2,0r4 . i
f=x—58+2x" + Sx + 7 B ) =2 T -2 +12 0orE L 00r2
M )= 3"+ St -8 30 g =x' -2 - Gxr+ 19 DorZ0o0r2;0,2, 00 4
E 7 DorZ; 1. 2ord ’ p
i M) =-S5t -t b 224 = x4 M + 18 - 36 Oor5%20r4
z Oor2:00r22,4,0r6
5 Example 3 Find all of the zeros of each function.
B 3\ A=+ Tt b A - 12 —6,—2.1 M=+t 17+ 15 —5,1,3
5 38 g =2 -3 - 3t =0 M TR RS TV
= » g Ay My
i ;’ 4470 3 gg=xt -8+ 2?32t 6 38 flx) = 2%~ & - 9x —3,0,3,—i
£ Example 4 Wrile a polynomial funciion of least degres with integral coefficients that have the
= given zeros. 3944, See margin.
Honnegative M 5 -2 -1 40. -4, 3.5 -1, -1,
— & -3,1,-3 43.0,-53+%i . 3,4-3
represent L1, . 0, —53+i 2 -3, i

numbers of E} . REASOMNING A computer manufacturer determines that the profit for producing

mmlﬂ‘:ﬁ x computers per day Is Plx) = —0L0062* + 015 — 0057 — 18x

:h}-:;uzhplz;d a. How many positive real zeros, negative real zeros, and imaginary zeros exist? 2ork%1or 3

to no profit for b What is the meaning of the sefos in this siluation?

the

manufacturer. 463

Differentiated Homework Options

Level Assignment Two-Day Option

O Basic 1748, 56, 5875 1747 odd, 6164

6575

1848 even, 56, 58— 60,

1748, 6164 4956, 5860, 65

C® core 1749 odd, 53, 56,

_ W13 B
O Advanced 4973, [optional: 74-75)

' 3 Practice

Formative Assessment
Use Exercises 1-16 to check for
understanding.

Use the chart at the bottom of this
page to customize assignments for
your students.

Teaching the Mathematical
Practices

Reasoning Mathematically proficient
students make sense of quantities and
their relationships in problem situations.
Quantitative reasoning entails habits of
creating a coherent representation of
the problem at hand; considering the
units involved; attending to the
meaning of quantities, not just how to
compute them; and knowing and
flexibly using different properties of
operations and objects.

Additional Answers

17. —2,%‘,2 real
18. —%I’.%i:zimaginaw
1+ i3
19. —, 1"{_ 1 real, 2 imaginary
5+ /87
20. +\'f_; 2 imaginary
21 —%, 1: 2 real
-3 4+ 33
22, % T\a"_; 1real, 2 imaginary
558 5.5
23. 39 2:, 2:, 2 real, 2
imaginary

24. 0,3+V2,3 — V2: 3 real

=2 —2,0,2, 25 real

. 0, —i, —i,i i;1real, 4 imaginary

=% —2x* —Bx—10

. fl) = x>+ 2x2 — 23x — 60

foy=x"+2x* + 5x* + 8Bx + 4

) =x* + 2% 4 6x? + 18— 27

. ) =x* —x* — 20x% + 50x

=% — 3 — Wl + TIx +
150

EEEE28 R



Teaching the Mathematical
Practices

Arguments Mathematically proficient
students understand and use stated
assumptions, definitions, and previously
established results in constructing
arguments. They make conjectures and
build a logical progression of
statements to explore the truth of their
conjectures. And they are able to
analyze situations by breaking them
into cases, and can recognize and use
counterexamples.

464 | Lesson 7-10 | Roots and Zeros

Sketch the graph of each function using iis zeros. See Chapter 7 Answer Appendix.
a6 fl) = — 5 - 2e 4 24 @ -2 a2

8 fly=r* e + Tl tar -8 48, flr) =3 — 6 4 9 4 dx — 12
Malch each graph to the given zeros.
a —3, 4,4 4 b —4.3 e —4,.3.4 —
SO0 T TR T 8T c B[ ¥ b 52 | *r 3 a
| L |
R = NI N T N
| N, _
A AR e . M 3
53c. 23.8; =g x : Y . W - A
Sample v . \, H A
ANSWET: L , i L
x‘“ﬂ“‘-’;m 53. COMCERTS The amount of money a Music Hall took in from 2003 to 2010 can be modeled
e el bl by Mz} = —2.08x" + 50.1x" — 214x + 4020, where x is the years since 2003
will not earn a. How many positive real zeros, negative real zeros, and imaginary seros exist? 3or B0 2o0r0
any money b. Graph the function using your caloulator. See Chapter 7 Answer Appendix.
after 2026.

© Approximate all real zeros to the neanest tenth. What is the significance of each zeno in
the conbext of the situation?

& Delermine the number of positive real zeros, negative real zeros, and imaginary zeros for each
fumction. Explain your fessoning. £ "
1 positive, 2 negative, 2

0 positive, 1 negative, = .
o MR ) 1;:;:“5?“:19 e Vi B! imaginary; Sample
answer: The graph 3 L Y B m‘ThEgmph
fi }" J does not cross the Y crosses the positive
i I 1| positive x-axis, and _-[_jq_ ¥ x-axis once, and )
crosses the negative L1 8y crosses the negative
& +| &-axis once. Because s i x-axis twice. Because
the degree of the ! :Emr?:!?::mm
; mial is 3, there ; J
e mimz e are 5 —3or2
IM3gInary Iens.

imaginary zeros.

H.OT. Problems e Hgher Order Thinking Skills

a—c. See Chapter 7 Answer Appendix.
56. OPEN ENDED Skeich the graph of a polynomial function with:

@ 3real, ? imaginary zeros b 4 real zeros c. 2 imaginary zeros

57. CHALLENGE Wrile an equation in factored form of a polynomial function of degree &
with 2 imaginary zeros, 1 nonintegral zeno, and 2 irrational zeros. Explain.  See margin.

58. ARGUMENTS Determine which equation i nolt like the others. Explain. See margin.

A+i=0 sHi=0 f-1=0 r—8=0

59. REASONING Frovide a counterexample for each statement.

a. Al polynomial funclions of degree greater than 2 have at least 1 negative
real root.  Sample answer: fiix) = x* + 4r* + 4

b. All polynomial functions of degree greater than 2 have at least 1 positive
real root.  Sample answer: flx) = x* + 6x% + 9x

60, WRITING IN MATH Explain to a friend how you would use Deecartes” Rule of Signe  32€ Chapter
tor determine the number of possible positive real roots and the number of possible 7 Answer
negative rooks of the polynomial function ) = x* — 2% + 67+ e — 12 Appendix.
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Standardized Test Practice

61. Use the graph of the polynomial functien
below. Which is not a factor of the polynomial

63. GEOMETRY In mclangle.n’mﬂﬂ Al is & units long,
What is the length of AE? H

St -3 -l -7 C
1 3 T F 4 units A 8
“ -il i G B units
:“:‘ SR £ H 83 units
D i +1 T J 16 wnits 30
I} o o
i
A 64 SATIACT The total area of a rectangle is
| | 25" — 1657 square units. Which factors could

represent the lenglh and width? B

2. SHORT RESPONSE A structure is in the shape of A Y o 5 - ) it
an equilateral triangle. Each side of the triangle B (Ga® + 4b) units and (5a” — 45} units
s 8 meters lung. The structure is divided in hall b_lr' C ‘5“1 A1) units and [5&2 45} units

a support [Fomm ofwe vertex 1o the midpoint of D (Sa — 4b) units and (5 — 45) units

the side of the triangle opposite the vertex. ; )
Approximately how long is the support? 6.9 meters E (5a -+ 4B} unils and (5a — 4} units

-

Spiral Review

65. GEMETICS Brown genes B are dominant over blue genes b. A person with genes BB

of Bb has brown eyes. Someone with genes b has Blue eyes. Yasmin has

brown eyes with genes Bb, and Ayoub has blue eyes. Write an expression [or

the possible eye coloring of their childeen. Then lind the probability that a child

p— 1

wirild hawve blue eyes. [Leson 74 058b + 0.567 3
Factor each polynomial. [Leson 75
66 r° —4x— 21 (x+3)x—T) 67 11z +x° + 30 (x +6)jx+ 5) 68 32 +x° 12 (x—8B)x—4)
69, -3 - Gr+x” (x— 12+ 3 0. ¥+ 126+ 20 x4+ 10)(x + 2) T —x+tx — 42 (k—Tix+6)

T2 MANUFACTURING A company is designing a box in the shape of a rectangular prism. The length
is 2 centimeters more than twice the width, and the height is 3 centimeters more than the length.
Wrile an expression for the volume of the box. Lesen 77 8w + 14w + 10w

Flruiaﬂuﬂ'ﬂhepmaﬂﬂ.euluunfi%[mmhrqﬂmr&seLT'J—TESeemrgin.
T3 a={1,2, 4 b={1,223,6) T oa={1,5:b=1{1,24, 8} TS ae={1,23a:b={1,7}

Differentiatedinstruction QO

Extension Explain to students that if {x — r]’r is a factor of a polynomial fix), then ris a zero of the

polynomial function f{x) and & is the degree of the factor that produced r. From this, it is said that r has
a muftiplicity of k. When k = 1, we say that the zero has a multiplicity of 1 and is often called a simple

zero. Use the following example to explain multiplicity and simple zeros: fix) = x'—5x® x4

4x* — 8x*. When factored, flx) = x*x — 2)°(x + 1). This polynomial function has 3 zeros: x = —1
(a simple zero), x = 0 with a multiplicity of 3, and x = 2 with multiplicity of 3. Challenge students to
find the zeros and their multiplicities for the polynomial fix) = (x® — x%(x + 1). This polynomial has

3 zeros: x = 1, which is a simple zero, x = 0 with a multiplicity of 4, and x = —1 with multiplicity of 2.

Formative Assessment

Crystal Ball Have students write how
what they learned today about the
Fundamental Theorem of Algebra and
Descartes’ Rule of Signs will help them
with identifying all the rational zeros of
a polynomial function in tomorrow's
l2sson.

Additional Answers

57. Sample answer: fix) = (x + 2i)

(x — 2i)(3x + 5)ix + V5)

- \"’5] Use conjugates for the

imaginary and irrational values.
88 r+1= 0: Sample answer: The

equation has imaginary sclutions

and all of the others have real

solutions.
73. 41,42 43, 16, :t:f,:-, i%,

1.3

t5 45
74. 1,42, +4, 48, 4, t%,

i 8

t3. 45
g g g oy

75. 111, :I:I-',? t o istts
+- +4
66



‘ IE!‘J;;E StudyOrganizer

Dinah Zike’s Foldables™

Have students look through the chapter
to make sure they have included
examples in their Foldables for each
lesson of the chapter. Suggest that
students keep their Foldables handy
while completing the 5tudy Guide and
Review pages. Point out that their
Foldables can serve as a quick review
when studying for the chapter test.

Study Guide and Review

Study Guide
KeyConcepts KeyVocabulary
Operations with Polynomials binomial podynomial
* Joadd or subtrascl polynomials, sdd or sublrad ke lefms. degree of a monomial prime polynomial
* [o multiply polynomizals, us:-_' lh-r;I I.btrl.u:ln'i-z. Properly. degree of a poly ial raic equation
* Spocial products: (o + bF = o + 20b 4+ ¥ ) )
[0 — b = o — 2ab + 7 difference of bwo squares guadratic expression
o+ bffr — b = o — & factoring Square Rool Property
Factoring Using the Distributive Property factoring by grouping standard form of a polynomial
+ Using the Distributive Properly to factor polynomials with FOIL metivod trinomial
four or more: Lermes is called factoting by grouping. leading coefficent Foro Product Pr i
o+ +oy+by=xo+ b0+ po+h b
=jo+bifx + ¥ perfect square rinomial

Solving Quadratic Equations by Factoring
« Tofactor x* + b+ ¢ find m and powith a sum ol b and a
product of c. Then weite x* + by + ¢ as (v + mijix + pl.

* Tofactor ax® + b + c, find m and p with a sum of band a
product of oc. Then wiile as ax® + mx + px + ¢ and faclor
by grouping.

o ot — b = (g—bjjg + L)

Perfect Squares and Factoring

* For a rinomial to be a perfec] square, the first and last berms
mirsd be perfect squares, and e middle lerm musl be twice
the product of the square roots of the first and last lerms.

* For any mumnber i 2= 0,if ¥ = n, thenx = ++/n.

[T StudyOrganizer

Be sure the Key Conoepls
are noled in your Foldable.

486 | Chapter 7 | Study Guidke and Review

VocabularyCheck
Sate whether each senfence is true or false. If folse, replace
the underlined phraze or expression to make a true sentence.

1 x* + fx + 6% an example of a prime polynomial.

false; sample answer:x" +5x+ 7

2 [+ By — 5] is the fadlorization of a diflerence of
sguares. true

3. 4x® — ¢ + Tiza polynomial of degree 2. true

4. [+ Bx — 2 is the factored form of 2 — e — 10,
false; (x — 5){x + 2
5. Expressions with four or more unlike lerms can somelirmes
be faclored by grouping. true

6. The Zero Produc Property slales thal if gy =1, then o of
bis1 false; ob =0, then oorbis 0, or
both o and b are 0.
7. x* — 1% + 36 is an example of 3 perfed square
frinomial. true

8. The leading coefficent of 1+ 6o + 90?is 1. false; 9

9. x¥ — 16 s an example of a square iri :
false; difference of sguares
0. The FOIL method is used Lo multiply bavo inoemiisls. g
false; binomials

466 | Chapter 7 | Study Guide and Review



Write each polynomial in standard form. 1. 3% +x+ 2

I ox+2+18 21— —xt 1 Write 3 — x® + 4x in standard form.
13 314. Ix + i T - W T - - m Find the: degree of each term.
+3x+2 I+ — 2+ e —2 £ degree 0
Find each sum or difference. 3 ¥
: —x%  degres 2
5. (P +2) +{—3F-5) —u—3 P degree 1

% o' +h0—3—[o'—40+3) o +90—6
7. (4 — 2 +5) + (28 —5x+1) —x>—x+6

18. PICTURE FRAMES Moura is
Iriaming & painling that is

a reclangle. Wit is the x4 3 Find (8- +3r) — (10 —5).
perimeter of the frame? (82 +3) — (10r? —5)
2
R SR = (&2 + ) + (9062 + 5) t1se the additive inver
2 -2 41 = (&2 -0 + ¥ +5 Groug ke becm:

=—2'+3I+5 el ke e

m Write the terms in descending order of degree.
- tdr=—r i +3

Solve each equation,
19 A+ = +2c+1) 0

20. 2+ =1+ 3) 1

21 Haw+ w') — 6= Zwlw —4) +10 1

22. GEOMETRY Hnd the 4 — I 16
area ol the rectangle. I o ”
3 + 3% — 2 Bm =16

= m=2

Solve m{2m — 5) + m = 2mim — &) + 16.
mfZm — 5]+ m = 2mim — &) + 16
2 — &m+ m=2m* — Zm+ 16

v’ — 4m = Zar’ — 12m + 16

Find each product. 23. 2 + 4x — 21 24.180° + 30— 10

7. (¢ — e+ 7) 24. (30 — 26+ %) Find (B — S)x + 4).
25. (3 - 2+ 26. [2x + 5){5x + 3 [ — Six +4)
Brs.—’ﬂ-:—aﬁl B > 10 F o |

Z1. PARKING LOT

AR (M Sk = [Bur)) + (Gfd] + (5] + (=54
shown is 1o be " ke e :
paved. What is 2 +3 = ’5!_ + 24— G — 20 Muiply
the area to be — G +19¢ — 20
paved?

10 + Ix—12 By 4

Combine like term=

Lesson-by-Lesson Review
Intervention If the given examples
are not sufficient to review the topics
covered by the guestions, remind
students that the lesson references tell
them where to review that topic in their
textbooks.



Study Guide and Review continved

Find each product.

2B, [+ 55— S —2529 (k— 2 wx*—12x+4

30, (G + 4 (- +I 4t —9
1%:2+4.ﬂx+15

- r] . i E
- PV R e LR ST
3. GEOMETRY Wrile an expression to represent the area

of the shaded region. 3x? — 21

Zx+ 5

Find (x — 7)%.
lo—bF =0*—20b+ b* Squsate of & Difference
== =200+ (7  a=xaman=7
=x'—Me+49 Samplify
| Ecamples
Find (5o — 4)5a + 4).
o+ b — by =a* — b* Product of & Sum and

(50 — 4)i5a + 4) = (5a)’ — 4)*
=5%* —16

BN oa g

Use the Distributive Property to factor each polynomial.
35 1 + My 12(x+ 2y)

36. MYy — My + I Top(2x — 3 + 5¢)

37. By — 16y + 10y 2pidx — Bx® + 5)

38. o — doc + ab — Abe (o + bjjo — 40

29, &' — Do — 2y + 3 (22— Iz — )

40. Mam — 9an + 40bm —166n  (3o0+ Sb)Sm — 3n)
Solve each equation. Check your solutions.

8 fx—6=002
43. =3 0,3

42, 6 =12x 0,2
2 5
44, =5 0.3

45. GEOMETRY The area of
the reclangle shown is
o — 2x* + 5y sguare units.
What is the length?
2—2=x+45

Factor 12y + 9y + By + 6.
12y + 9+ 8y + 6
= [12.?! + EB": + 13}' ¥ {"J Groip lesms with comman
lachors
=3p{ly +3)+ A8y +3)  Feclor the GCF om cect
= 4y + 33+ 2) Distiribulive Property

Sohve x? — Gx = 0. Check your solutions.
Wrile the equalion so that il i ol the form ab = 0.

*.2 —By=0 Drgined equation
¥x—G=10 Fasiha
x=0 or ¥x—6=0

x=5 Sahve

The rools are 0 and B. Check by subsliluting 0 and & for x in
the original equation

488 | Chapter 7 | Study Guidke and Review
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T.F, Solvingx* +bx+c=0

Factor each trinomial. Confirm your answers using a
graphing calculator.

46, ¥’ —Hr + 15 47, ¥+ 9+ 20

48 5~ —6 49, x? + 3 —18

Solve each equaltion. Check your solutions.

50. x* + 5 —50=0 —10,5 W =2
; 47. (x+ 5)ix + 4)

¥ —Br+8=024

e 48. (x —B)ix +1)

L e+ 32=0 —B. -4 49 (x+6)k—3)

¥ ——48=0—6,8

. xt 4T 490 =0 —10, —1

feapY

. ART An arlisd is working on a painting Bl is 3 conlimelers
longer than il is wide. The area ol the painting is 1549 square
cenlirneters. Whial is the length of the painting? 14 cm

Factor x* + 10x + 21

b=10and c =21, som + pis posilive and mp is posillive.
Iherefore, i and B must both be positive. List the positive
lactors ol 21, and look for the pair ol lactors with a sum

ol 0.

The carmecl faclors are 3 and 1
e+ A =(+mx+p) Wi the paltern
={x+ 3)x + 1) n=3amd p=7T

Factor each trinomial, il possible. I the trinomial cannot be
factored, wrile prime.
56. T2 + 22x — 14 2{2x — )3+ T)
51. X' — 9+ 3 prime
58. 3’ — G — 45 3fx — Shx+ 3)
59. 2o + 130 — 24 (20— 3){o + 8)
Solve each equaltion. Confirm your answers using a
graphing calculator.
60, 40T + 2 =24 %
6l ' - —0=04—3
62— +36—B=0 2
? __e—g =2 _1
6. 6" —Tx—5=10 3 2
4. GEOMETRY The area of the rectangle shown is
fir? + e — 7 square units. What is the width of
the reclangle? 3x + 7

s
5

o | =

25— 1|

Factor 120 + 17e + 6

o="14 b="1 and c = b. Since b is posilive, m + pis
posilive. Since ¢ is positive, rmp i posilive. 5o, i and p are
both posilive. List the faclors ol 12{6) or 72, where both
lactors are posilive.

172 73
2,36 38
i | @
TR
& 12 1E
89 7

The corred] faclors are B and 9.

el + 1o+ 6=120"+ mo+po+ 6
=12c'+ Bo+ 90 +6
= (2« + Bej + (90 + )
=430 + 2+ Yo+ 2
=3+ 4o+ 3)

So, 2o’ + 1o+ 6= 3o+ Yo+ 3




Study Guide and Review continved

. Differences of Squares

Cl

Fadtor each polynomial.
65y — 81 [y + 9 —9) Solve x2 — 4 =12 by factoring.
L T e =
66. 64 — 25’ (B + Sx)(B — Sx) —4=1 Origisal ecuasion
5 - d _ 45 = Cribbinel 17 B adch <
67. 6ot — 71 prime X w=0 Subitiact 12 From each side
68. 3 —3 3(x+1x—1) ©—af =0 % =4’
Solve each equation by factoring. Confirm your answers x+4x—4=0 Fctor the difference
using a graphing calculator. al squares
& 5 fe i et Brrndincl Pronets
69. 0 —25=05-5 M W —5H=0 i'_% x+4=0 of ¥x—4=0 e Puodsc Property
1. H— r' =0 —9,9 2. ¥—5=0 —5,5 x=—i4 ¥=4 Solve esch equation
T3. EROSION A boulder falls down a mountain into water The solulions are —4 and 4.
&4 leel below. The distance d thil the boulder falls in
I seconds is given by the equition o = 1602, How bong
dhoers il Liske the boulder Lo hil the waler? 2 seconds

Factor each polynomial, if possible. I the polynomial
cannot be factored write prime. Solve (v — 9 =144,
T4 '+ 12+ 36 (x+6)? (x— 9 =134 Oyiginal equsticn
75. x* + 5+ 25 prime x—9=1+4 Square Root Property
76 9 —1y+4 By—2P x—9=+12 CTES
77 4 —28a 4+ 4%¢ (2—Ta)® =911
?B.x‘*—1[,:r2+'l]{x+1lh—'lj x=94+12 or x=9—-12
4 3 x= ¥=-3 Sohm
79 x'— 16" x4+ A)x—4)
Solve each equation. Confirm your answers using a CHECK
graphing calculator. r — G =144 e —8F =144
BO. ¢ —5T=121 965, —6 BL 4= +4c+1=0 1.2 21— o L 4 (—3— 5 L4
B2 4y’ =64 —4,4 311M“+40d+25=£ 1 {12 2 144 [(—12F L 144
P 2 - =
BA. LANDSCAPING A sidewalk T =1y =1y
of equal width is being buill e el
around a square yard. Whal =
i U width of the sidewalk? W
25m
L o '
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Slate the possible number of positive real zeros, negative
real zeros, and imaginary zeros of each funclion.

BE. firj=—M*'—2F — 1 —x—23
BL fe)=x" -8+ +x—6

B8 Mxj=—2"+ "+ —3

B9 M= —2" + 4 +x"— 3 —3

B5. M) = —2 + e’ — 3x + 2 B5-89. See margin.

State the possible number of positive real reros,
negative real zeros, and imaginary zeros of
fix) =3 + 2x* — e — 26x — 48,

flx ) hiars one sign change, so there is 1 positive real xero.

1—=x] haes 3 sign changes, so there are 3 or 1 negalive
el reros

There dane 0 or 2 imaginary renos.

am

Additional Answers

85.

86.

88.

89.

positive real zeros: 3or1
negative real zeros: 0
imaginary zeros: 2 or 0
positive real zeros: 0
negative real zeros: 4,2, or 0
imaginary zeros: 4, 2, or 0
positive real zeros: 3or
negative real zeros: 1
imaginary zeros: 4 or 2
positive real zeros: 2 or 0
negative real zeros: 1
imaginary zeros: 4 or 2
positive real zeros: 2 or 0
negative real zeros: 2 or 0
imaginary zeros: 6, 4, or 2

am




Chapter 7 Practice Test

Additional Answer

9a. AED400O is the amount of the
investment, 1 will add the amount
of the investment to the interest,
0.05 is the interest rate as a
decimal, and 2 is the number of the
years of the investment.

472 | Chapter 7 | Study Guide and Review

_—
Practice Test
i
Find each sum or difference. 2. 3m — 602 + Bn

L+ 4+ —3+7) 22— 412
2 (7m —8n? + 3n) — (2% + 4m — 3n)

3. MULTIPLE CHOICE Abeer is carpeting two of the
rooms in her house. The dimensions are shown,
Which expression represents the total area to be
carpeted? B

K48
i+3

A+ C2+3x—5
B 2r'+ fx—10 D Bx+12
Find each product.

4 ale® + 20 —10) 0* 4 262 — 100

S. (2a — 5)(3a + 5) Go® —50— 25

6 (r—3){2+5r—6) P+ -2+ 18
Lix+32x2+6e+9

8 (2b—5)(2h+5) 462 — 25

9. FNANCIAL LITERACY Suppose you invest AFD 4,000

in a 2-year certificate of deposit (D).

a. If the interest rate is 5% per year, the expression
400001 + (L05)2 can be evaloated to find the total
amount of money after two years. Explain the
numbers in this expression. See margin.

b. Find the amount at the end of two years. AED 4,410

. Suppose you invest AELD 10,000 in a C12 for 4
years at an annual rate of 6.25%. What is the total

amunit of 2 will have after 4 vears?
about AED Efﬁ s -

10. MULTIPLE CHOICE The area of the rectangle shown
below is 2" — x — 15 square units. What is the
width of the rectangle? H

Fx—>5
Gx+3i
Hxr—3
] I—3 245

AT2 | Chapter 7 | Praclice Tesi

Solve each equation.
1. 5{!1—31'+2]I=a‘{5!—2:|%

2 Sxfr+2) =30 —2) —

Factor each polynomial.

13. Say — 1 Sxiy —2)

M. Tab + 14ab? + 21a*h Tab(l + 2b + 3a)

15 40 +8r+x+2 (Ax+ e+ 32)
6. 1e* — 50z —a+ 5 (Wa— Ho—5)

Solve each equation. Confirm your answers using a
graphing caleulator.

17 _i,l'{y—14}=ﬂ 0,14

8. 3xfx + 6 =0 0,—6

8 o =121 0,12

20. MULTIPLE CHOICE Amani is carpeting a oom that
has an area of x* — 100 square units. If the width
of the room is x — 10 units, what is the length of
the room? B

A x— 10 units
B x + 10 units
C x — 100 units

D M) units
Factor each trinomial.
+ Bjix +1 x— THx+4)
21.1-’{4'-?5{[ E }+1 12—3:3:33 Bx —1
za.lth"!—x—gl 1 2. 1511+I?x— 1

25 ' — 75 (x+ S)ix—5) 26. 4 — 81 @+ I 2x—9)
o —12r+4 28 16r' + 40xr+ 25

{3x— 2)(3x — 2) {4x + 5){4x + 5)
graphing calcolator.

29, 3 —4r=71 —3,7 W rF—Ix—M=0 —46
. &11—51—(.=u_1 E?'z‘ B —13x+20=10 4,;
3'2
33. MULTIPLE CHOICE Which choice is a factor of
x* — 1 when it is factored completely? G
Fr—1 Hx
Cr—1 ] 1 g

HAWE 3 3 el

Enpa




Preparing for Standardized Tests

1 Focus

Objective Use strategies for solving
multi-step standardized test problems.

Solve Multi-Step Problems

Some problems thatl you will encountler on standandized lesls
require you Lo solve multiple parts in order lo come up with
the final solulion. Use this lesson o practice these types of
probdenms.

' 2 Teach

Strategies for Solving Multi-5tep Problems

Scaffolding Questions
[ Sten 1) Ask:
fead the problem statement carefully. = Have you ever had to write a research
Ask yourself: paper or complete some other school

= Whal am | being asked lo solve? Whal information is given?

= Are there sy intermediate steps thal need o be compleled belore | can
solve the problem?

project? Answers will vary.

= Did you write the entire paper or
complete the project in one session?
Or did you use a number of steps to
| Step 2 complete the job? Answers will vary.
Organize your approach.
= Lisl the sleps you will need o complele in order lo solve the problem.

# Remember thal there may be more than one possibde way to solve the problem.

= Could you have completed the steps
in a different order? Could you have
used a different set of steps?
Answers will vary.

Solve and check.
» Work as effidently @ possible 1o complele each slep and sobe.
= [l lime permils, check your amswer.

Read the problem. ldentify what you need to know. Then use the information in the
problem to solve.

SFinziuminge fobastoca

A Rorist has 80 roses, 50 tolips, and 20 lilies that he wants to use to create
bouquets. He wants to create the maximum mmber of bouquets possible
and use all of the flowers. Each bouquet should have the same number of

dasation

E

:; each type of flower. How many roses will be in each bouguet?
= A 4 moses C 10 roses
B B mses I} 15 roses

Capyright
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P — Preparing for Standardized TestS coatinves

A geologist is preparing rock boxes
for students. She has 90 igneous,

Fead the problem carefully. You are given the mumber of roses, tulips, and lilies and
told that bougquets will be made wsing the same number of flowers in each. Yoo need

75 metamorphic, and 120 to find the mamber of roses that will be in each bouguet.
sedimentary rocks. She wants to : 3 ”
make the maximum number of EXEl Find the GCF of the number of roses, tulips, and lilies.
boxes possible and use all of the E®E] Use the GCF to determine how many bouguets will be made.
rocks. Each box should have the Divide the total number of roses by the number of boudguets.
same number of each type of rock.
How many II'IEtElTIDI'phiE rocks will Step1  Write the prime factorization of each number of flowers o find the GCF.
be in each box? A =g 128
: 50=2-5-5
A 5 metamorphic rocks 5.8
B 6 metamorphic rocks GUE—=17-5=10
C 8 metamorphic rocks Step2 The GCF af the number of roses, tulips, and lilies tells you how many
: bougquets can be made because each bouguet will contain the same number
kD 15 metamorphic rocks e of flowers. S0, the florist can make a total of 10 bouquets.
Step3 Divide the number of roses by the number of bouquets to find the number of
roses in each booguet.
B8
m
\ 3 Assess 5a, there will be 8 roses in each bouquet. The answer is B.

L

Use Exercises 1-4 to assess students’

weesnan B

Read each problem. Identify what you need o know. 3. What is the area of the square? D

Then use the information in the problem

o sobve.

=4

1. Which of the following values is not a solution to
-8 -+ 75=0 €
A x=5 C xr=-3 A <416
B ox=3 D xr=-5 B x 16

Cr—8x—16

2. There are 12 teachers, 90 students, and
36 parent volunteers going on a field trip. D x*—#r+16 g
Mirs. Nisreen wants to divide everyone 3
into equal groups with the same number of 4. Students are selling magazines to raise money for a =
teachers, students, and parents in each group. field trip. They make AEID 275 for each magazine =z
If she makes as many groups as possible, how they sell. If they want to raise AEL 600, what is the ;‘
many students will be in each growp? J least amount of magarines they need to sell? J H
F 6 H 12 F 171 H 202 -
G 1 15 G 177 | R bl ]

474 | Chapter 7 | Proparing Tor Slandardized Tesis

8b. = 0,125 seconds; Sample answer: The
rocket is on the ground at launch and
takes 12.5 seconds to land again after its
flight.
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#Standardized Test Practice

Cumulative, Chapter 7

1. Which of the following is a solution to

r4+x—112=0 F
F —14

G —8

H &

] 12

A S +3Hx+2M
B 4’ + 222+ 10
C 4x* +38x+ 70
DSl +3x+4

ptﬂ}'mﬁa[ﬁuz—ﬂ}bz? H
F 5

G Ja—4b

H 2z -5k

] 3at+4b

A fom
B 7om
C 8cm
D 12em

2. Which of the following polynomials is prime? D

3. Which of the following is not a factor of the

4. A rectangular gift box has dimensions that can be
represented as shown in the figure. The volume of
the box is 5w cubic centimeters. Which of the
following is not a dimension of the boo? A

w—d4

We=13

your teacher or on a sheet of paper.

5. The equation b = —16:% + 40¢ + 3 models the
height k in feet of a soccer ball after § seconds.
What is the height of the ball after 2 seconds?

L
6. Factor 2c" — 32 completely. 51, opx-+ 2062 + 4)

7. GRIDDED RESPONSE Huda is having a cement
walkway installed around the perimeter of her
swimming pool with the dimensions shown below.
1f x = 3 find the area, in square meters,

of the pool and walkway. 390

Record your answers on a sheet of paper. Show your
wirk.

B. The height in feet of a model rocket t seconds after
hif) = —166% + 2008

a. Write the expression that shows the height of
the rocket in factored form,
h{f) = t{—16¢ + 200)
b. At what time(s) is the height of the rocket equal
to zero feet above the ground? Describe the real
mﬂnmm‘lgnf}mmmﬁ. s
c. What is the greatest height reached by the
madel rocket? When does this ooor?
625 fi; at f = 6.25 seconds

475
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Lesson 7-1

60a. Sample answer:

10 m 128 m
150 m

100 m

A0 m

[
[
|
|
I
I
|
|
|
|

1000 { |
0 S hy
Length (m)

The largest possible area is 10,000 sguare meters.

Lesson 7-3

48.

49,

The three monomials that make up the tnnomial are similar to
the three digits that make up the 3-digit number. The single
monomial is similar to a 1-digit number. With each procedure you
perform 3 multiplications. The difference is that polynomial
multiplication involves variables and the resulting product is
often the sum of two or more monomials, while numerical
multiplication results in a single number.

The Distributive Property can be used with a vertical or
haorizontal format by distributing, multiplying, and combining like
terms. The FOIL method is used with a horizontal format. You
multiply the first, outer, inner, and last terms of the binomials
and then combine like terms. A rectangular method can also be
used by writing the terms of the polynomials along the top and
left side of a rectangle and then multiplying the terms and
combining like terms.

Explore 7-5
5.
2x—-13
X =1|=1[=1
3 x X |-
X X —1|—1|—

475A | Chapter 7 | Answer Appendix

X =
x =1
X -1
X =1
X
T
111
xt ¥t x® 101
111
8.
K+ 3
—J\—,_l
x ¥ | x|x|w
Explore 7-6
9.
xa XXX
' 11
11
10.
2
X —X |—X =X |—=X |—=X|—X
X __ ===
n.
¥t x
-1
—1|—
12.
2
X A | X
—N T | =1
—X —1|=1

wbpagoy
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Lesson 7-10

46 gy a7. i
1} . 2
1T E_lrl_;._ﬁ =REE (N FERE
2
-8 _|-4 O 8x i
8 4
/ L

L —a—EG/%JM

ix 1T

-
.
I
-

53b.

-

[=10, 40] scl: 5 by [—4000, 13,200] sck: 100
S6a. flx) 56b. fix)

MU A

g
:
:

56c. fix)

60. Sample answer: To determine the number of positive real roots,
determine how many time the signs change in the polynomial as
you move from left to right. In this function there are 3 changes
in sign. Therefore, there may be 3 or 1 positive real roots. To
determine the number of negative real roots, | would first evaluate
the polynomial for —x. All of the terms with an odd-degree
variable would change signs. Then | would again count the
number of sign changes as | move from left to right. There would
be only one change. Therefore there may be 1 negative root.




[YChapter Planner
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Diagnostic Assessment
Quick Check

iponents and Exponential Functions

Multiplication Properties of
Exponents

Title

& Multiply monomials using the
properties of exponents.

Objectives

= Simplify cxpressions using
the multiplication properties
of exponents.

monomial
constant

Key Vocabulary

Division Properties of
Exponents

Rational Exponents

® Eyaluate and rowrite
expressions imvohving rational
exponents.

B Divide monomials using the

properiies of exponents = Fypress numbers in

scientific notation.
= Simplify cxpressions

s .
containing negative and zero  ® Solve equations involving Find produds i (uetints

of numbers expressed in

cXponents. expressions with rational RS 3
scientific notation.
exponents.
ZETO EXponents rational exponent scientific notation
negativie cxponent cube root
order of magnitude nth root
exponential equation
Formative Assessment

Mid Chapter Quiz

BAcos

D 14

HeMES

J{IEanp3
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EXPLORE B minc 05 day
2. 90 mi: 0.5 day

Graphing Technelogy Lab: Family

of Exponential Functions

® Use a graphing calculator to
investigate families of exponential
functions.

Exponential Functions

& Graph exponential functions.

8 |dentify data that display exponential

behavior.

exponential function
exponential growth function
exponential decay function

Graphing Technology Lab: Solving
Exponential Equations and
| Inequalities

® Lsp a graphing calculator to solve
exponential equations and
inegualities.

Growth and Decay

| ® Sokve problems involving exponential

growth.

= Solve problems involving exponential
decay.

compound interest

476B



Title

Key Vocabulary

Algebra Lab: Transforming

Exponential Expressions

® |sp properties of rational
exponents to transform
expressions for exponential
functions into equivalent
forms to solve problems.

Geometric Sequences as
Exponential Functions

= |dentify and generate
geometric sequences.

& Relate geometric sequences
to exponential functions.

geometric seguence
commaen ratio

4T6C | Chapter 8 | Exponents and Exponential Functions

Algebra Lab: Average Rate
of Change of Exponential
Functions

= Cabculate and interpret the
average rate of change of an
exponential function.

Recursive Formulas

= se a recursive formula to list
the terms in a sequence.

B Write recursive formulas for
arithmetic and geometric
SOQUENCeS.

recursive formula

Summative Assessment
Study Guide and Review
Practice Test

wbpagoy
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STUDY SKILL

Power notes can help students organize and outline a
lesson or chapter. Students often benefit from making
power notes as a cooperative activity.

In the outline at the right, Power 1is the main idea, Power 2
provides details about the main idea, Power 3 provides
details about Power 2, and so on.

You may have students copy the power notes at the right
and complete them using the information in Chapter 8.
Point out that more than one detail can be placed under
each power.

Creating Independence through

NOTES

1. Multiplication Properties of Exponents
2. Multiply Monomials

3. monomials are products, no addition, subtraction,

or division of variables

. muitiply powers, add the exponents
. raise a power to a power, multiply the exponents

. raise @ product to a power, raise each factor to the

power

2. Simplify Expressions

3. variables appear only once, no powers of powers,

all fractions are simplified

Student-owned Strategies

Education

raw-HIll

~
Lo

MeG

Cogyright




SE = Student Edition, TE = Teacher Edition

Diagnosis
Get Ready for Chapter 8 SE

Then, Now, Why? SE

=
&
=
2
0 <

‘ Presr.riptinn
Beginning Chapter 8

Response to Intervention TE

Beginning Every Lesson
| Chapter 0 SE

Guided Practice SE, every example
Check Your Understanding SE
H.OT. Problems SE

Spiral Review SE

Additional Examples TE

Watch Out! TE

Step 4, Assess TE

-

ASSESSM|

Mid-Chapter Quiz SE

: %] Chapter Study Guide and Review SE
; Practice Test SE
Standardized Test Practice SE

During/After Every Lesson

Before Chapter Test

Differentiated Instruction TE

4T6E | Chapter 8 | Exponents and Exponential Functions
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@ Exponents and Exponential Functions

Differentiated Instruction

Option 1 Reaching All Learners 5 — | Option 3 Beyond Level O
Auditory/Musical Music can be a powerful memory tool. Suggest Drop a tennis ball while standing in the front of the classroom. Ask
that groups of students make up a song or poem to explain how to students to describe how the bouncing ball can be modeled by a
use the multiplication and division properties of exponents. Have geometric sequence. Have students write an example of a sequence
the groups perform their songs or read their poems for the class. that might model the bouncing ball. Then, ask students to design

their own physical models of a geometric sequence.
Visual To help students remember the patterns in the
multiplication and division properties of exponents, have students x
highlight the variables using two different colors. Students can make n
their own study cards and/or posters to hang in the classroom. '1;
i
L]
i
1
1

_ Option 2 Approaching Level ©

Use a bent pipe cleaner and a coordinate grid on an overhead
transparency to model the graph of an exponential function. Ask
students to identify the y-intercept and to describe what happens to

the y-values as the x-values increase. Repeat for the graphs of other
exponential functions.

ucatan

Ed

L McGraw-HI

pyright

Co
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onents and Exponential Functions

"SFocus on Mathematical Content

VerticalAlignment Lesson-by-LessonPreview

h 4

8-1 Multiplication Properties of Exponents

Before Chapler 8 & monomial is a number, a variable, or a product of a number
Related Topics :'and ong or more ve_iriames_ An exp_fes.sinn in'u'glving negative
integer exponents is not a monomial. Monomials that are real

= Mok conjockaes Tian PRtieins of oehs O cxamples numbers are called constonts. When multiplying monomials,

= compare and order rational numbers including integers use the Commutative and Associative Properties to group
= select appropriate operations to solve problems involving constants together and to group powers with the same base
rational numbers together.
Previous Tnpim &  To multiply two powers that have the same base, add their
exponents.

= use symbols to represent unknowns and variables
= Tofind the power of a power, multiply the exponents.

v = To find the power of a product, find the power of each factor
and multiply.
Chapter 8 & monomial expression is simplified when
= simplify polynomial expressions and apply the laws of = each base appears exactly once,

exponents in problem-solving situations = there are no pawers of powers, and

= graph and analyze exponential functions = gll fractions are in simplest form.

= analyze data and represent situations involving

exponential growth and decay using tables, graphs, or 8-2 Division Pmperties of Expunents

o meth_uds ) ) Monomials may also be divided.
= relate geometric sequences to exponential functions, and

write recursive formulas to represent sequences = Jo divide two powers that have the same base, subtract the

exponents.
v = o find the power of a quotient, find the power of the
numerator and the power of the denominator.

After Ghapter 8 = Any nonzero number raised to the zero power is equal to 1.

Preparation Expressions can also have negative exponents.

= use the necessary algebraic skills required to simplify = A nonzero number raised to a negative integer power is the
algebraic expressions and inequalities in problem-solving reciprocal of the same number with the opposite, or positive
situations power.

= use properties of exponents to simplify expressions and to = Afraction that has a negative exponent can be rewritten as
transform and solve exponential and logarithmic equations its reciprocal with a positive power.

The order of magnitude of a guantity is the number rounded to
the nearest power of 10.

8-3 Rational Exponents

Students have evaluated and simplified expressions involving
exponents that are integers. Exponents can also be fractions.

o

wbnfdon

= For any real numbers @ and b, and any positive integer n, if
o = b, then @ is an nth root of b_ If @ = b, then &b = a.

= For any positive real number b, and any integers m and n
with n > 1, b =/ b™.

JOQEINPE |[|H-MEIDIN
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8-4 Scientific Notation 8-7 Geometric Sequences as Exponential

scientific notation Functions
ax " = g= n
r

[ ]
- L

[ 3

r

- n ql

- a a+
Qp=a =r"" n

8-8 Recursive Formulas
explicit formulas

L recursive formula

8-5 Exponential Functions

ah® g+
b= b+
= a> b>
x x
B a= <b< vy X
X
8-6 Growth and Decay
L |
y=a +r! ¥ a
r
= t
L |
y=0 —rt
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Chapter 8

Chapter Project

INTEREST-ing Thing About
Credit Cards...

Students use what they have learmed
about exponential functions to
complete a project.

This chapter project addresses financial
literacy, as well as several specific skills
identified as being essential to student
success by the Framework for 21st
Century Learning.

KeyVocabulary Introduce the key
vocabulary in the chapter using the
routine below.

Define: A monomial is a number, a
variable, or a product of a number
and one or more variables.

Example: % n?
Ask: Can you name another

monomial?
Possible answers: 32ab, 1715, x, y

Qo iEExponentsz gd

;-il.iExponenEi' Fun

N
W
17

T
J i VO W ks
cWhy? 4

"/ SPACE The Viery Large Array i an arangement of 27 rdio antennss in a
¥ paitbern. The dats the antennss coliect B used by asironomers srounsd the
weonld bo slisdy Bhe planets and stars Aatroptysicists wse and spply propeifies
al exponents is madsl the distancs and orbil of colestial badies.
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Get Ready for the Chapter

[1 Textbook Option Take the Quick Check below. Refer to the Dusck Review far heldp.

an

Enmyrignt © MG HI Eda

@ Essential Questions

= How can you make good decisions?

QuickCheck

QuickReview

Wite each expression using exponents.

LA4-4:.4.4 4%

2yyy ¥y

3. 6-6 62

A 7-2.2:2.2.2.2.2-23°

5 beb-b+«b-b+b b®

E.m-m-m-p-p-p-p-p-
1 1-1 1

#

4xm* Tom
1. PHOTOGRAPHY A photo is 10 centimeters by

15 centimeters. What is the area of the photo? 150 cm®

dem 108 em?

(Used in Lessons 8-1and 8-2]-
Write 5 = 5= 5« 5 4 x » x = x using exponents.
4 factors of 5 is 5%
2 factors of x is x7.

50,5-5-56 F x-x-x= 5%

"9 (usedin Lessons 8-1and 8-2)

Find the volume of

the figure.
fwhy Volume of & rectangular prism
L-5-0mr 125 E=5 w=5adh=5

The valume is 125 cubic meters.

Ewaluate each expression.

1222 B 13. (-5)°¢ 25 . 3! 27
3 212 4 {1 gt

mers w1 a()l

18. SCHOOL The probability of guessing cormectly on 5 true-

L]
false questions is {%} . Express this probability as a fraction

without exponents. =

m (Used in Lessons B-1 through 8-7)
5|2
—
1 g?
{%} 5? Powert of & Duotient

3

ag  mplily.

arr

Sample answer: Determine the
available options, compare the
advantages and disadvantages of
each option, analyze the
consequences, and choose the best
option.

What factors can affect good decision
making?

Sample answers: the amount of time
that is available, the process used,
the environment, the people that are
involved, the available options

477



FoLDABLES | StudyOrganizer

Dinah Zike’s Foldables™
Focus Students create a tabbed book

on which they organize information
about polynomials.

Teach Have students make and label
their Foldables as illustrated. Before
beginning each lesson, ask students to
think of one guestion that comes to
mind as they skim through the lesson.
Have them write the questions on the
tabbed page of the comresponding
lesson. As they read and work through
the lesson, ask them to record the
answers to their guestions under

the tabs.

When to Use It Encourage students to
add to their Foldables as they work
through the chapter and to use them
to review for the chapter test

Get Started on the Chapter

You may wish to refer to Chapter 0 to review prerequisite skills.

You will learn several new concepts, skills, and vocabulary terms as you study
Chapter 8. To get ready. identify important terms and organize your resosurces.

[ENITE| StudyOrganizer

Exponents and Exponential Functions Make this Foldable to
hedp you organize your Chapter B notes about exponents and
exponential functions. Begin with nine sheets of notebook
paper.

4 Armrange the paper
into & stack.

2  Staple along the left side. —*'f_'_L‘?
Starting with the second e |
sheet of paper, cut along the H
right side to form tabs. |

i

[

|

! — i
T

2 Label the cover sheet —"""-EI o L_ |
“Exponents and Exponential o r;&
Functions" and label r|
each tab with a lesson ] &:D::_'ia-
nEmibes. s

Fre
B ¢
|

A4TB | Chapter B | Exponents and Exponential Funclions

| NewNocabulary

manomial

constant

Tero exponent
negative exponent
order of magnitude
rational exponent
e root

mth root
exponential equation
srientific notation
exponential function
exponential growth
exponential decay
compound interest

geometric sequence
commaon ratioe

recursive formula

| ReviewVocabulary

base Inan expression of the form x", the base is x.

Distributive Property For any numbers o, b, and
c.off + ¢f = ab + ocand afh — ¢ = ab — oc.

exponent In an expression of
the form &7, the exponent is .
It indicates the number of times ¥
xisused as a factor.

expamenl
7/

L o [Enes

baze

FExek e XX

LOEANEE | [HwEIsa 3yl Sdon

Additional Answers (Guided Practice)

1A. No; the expression has addition and more
than one term.

18. Yes; this is a product of a number and
variables.

1C. Yes; this is a product of variables, with
a constant in the denominator.

1D. Mo; this expression has a variable in the
denominator.

478 | Chapter 8 | Exponents and Exponential Functions
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[ ] Multiply monomials

& You evalualed
expresions with

expanents.

MewVocabulary
monoamial
oonstant

Mathematical Practices
1 ook los and cupress
sequianty in repealed
Feamoning

o

Multiplication Properties of Exponents

- Why?

@ Many larmutas conladn moramiafs. Foi
exagmple, the loimuda for the horsepowes

3
ofacaris H = r{ﬁ} . M repres=nts ihe

using e propedies
ol exponenis

Simplily expressions horsepower produced by the engine, w

using e equak the weight of the car wilh passengers)
muliphic alion and v is the velocity of the o ol the eod
progedties of ol & four benths of & kilometer. As e ve
expanenls increases, the horsepowers indr e

1 “I.Iﬂip]r Monomials A monomial is a number, a variable, or the product of a
number and one or more varables with nonnegative integer exponents. It has

3
only ane erm. In the formula to calculate the horsepower of a car, the term u:[L]

234
is a monomial.
: L e z ab
An expression that invalves division by a vanable, like —, is nol a monomial.
A constanl iz & monomial that is a real number. The monomial 3x is an example

of a lineer expression since the exponent of x is 1. The monomial 2% is a nonlinear
expression since the exponent is a positive number other than 1.

Determine whether each expression is a monomial. Write yes or ne. Explain
VOUE feasonlng.

a. 10 Yes: this is a constant, 20 it is a monomial.

b. 4 24 MNuo; this expression has addition, so it has mone than one berm.
c k2 Yes; this expression is a product of vanables.

i j Yes; single variables are monomials.

b GuidedPractice

1A —x + 5 1A-1D. See margin. 1B. 23abed?
2
Iy mp
T 0. —

Recall that an expression of the form x® is called a power and represents the result
of multiplying x by itself n times. ¥ is the bese, and n is the exponent. The word power is
alsoe used sometimes Lo refer to the exponent.

expanenl g 4 Iaclors

3*=3.3:3-3=81

= 1

479

1 Focus

VerticalAlignment
-
Before Lesson 8-1 Evaluated

expressions with exponents.
-

Lesson 8-1 Muitiply monomials using
the multiplication properties of
exponents. Simplify expressions using
the properties of exponents.
v

After Lesson 8-1 Find gquotients
of two monomials and simplify
expressions containing negative
exponents.

' 2 Teach

Scaffolding Questions
Have students read the Why? section of
the lesson.

Ask:

= What two values do you need to
know to be able to use the formula
to find the horsepower of a car?
weight of the car, w, with passengers;
velocity of the car, v, at the end of
four tenths of a kilometer

= Which values in the formula are
raised to the third power? v, 234

= When would the horsepower of a
car be equal to or greater than the
weight of a car with passengers?
when v = 234

479



1 Multiplying Monomials
Example 1 shows how to determine
whether an expression is a monomial.
Example 2 shows how to find the
product of powers. Example 3 shows
how to find the power of a power.
Example 4 shows how to find the

power of a product.

Formative Assessment

Use the Guided Practice exercises after
each Example to determine students’
understanding of concepts.

« | Determine whether each
expression is a monomial.

Write yes or no. Explain your StudyTip
[E.aggning_ Coeffliciens and Powers
. y ol 1 A variable wilh no
a. 17 — ¢ No; this expression exponent o coefficient shown
H A & i be assunsed 1o have an
involves subtraction, so it . piaes sty
involves more than one term. Far example, 1 = "

b. Efzg Yes; this expression is
the product of a number and
two variables.

3
€3
constant

d. —? Mo; this expression has a

Yes; The expression is a

variable in the denominator.
B Simplify each expression.

a. ry—zry —12"

b. (6cd¥)(5c2d?) 308’

Teach with Tech

Video Recording Have students record
themselves multiplying monomials and
explaining their work. Share the videos
with the class.

By applying the definition of a power, you can find the product of powers.
Look for a pattern in the exponents.
ziﬂ._i‘l A faciors.
2.2=2.2.2-2.2.2
2 +4 = faclhars

3 factors 2 factors
4-4-4-4-4
st fm e e
3+ 2=75 factors

e

These examples demonstrate the property for the product of powers.

Iifhycm Product of Powers ]
Words To multiply two powers that have the same base, add their exponents.
Symbok For any real number g and any integers m and p, 0™ s @” = g™ ' F.
Examgples B ept = p* Sarp? g agt =gt Eargh

Simplify each expression.
a {ﬁﬂ’} [Zﬂ ’}
(6n*)(2n7) = (6 - 2> - n7) Grop he coeffirients and the verisbles
= (6 - 2 *7) Produch of Powers
= 121 Sinapiily.

b (3 ()
(3p)(p?*) = G- D{p- p*)P - 1)
{3 1}&1 + J-}IJ'J- +4:|.

- 3p%y’

Group the coefficents snd the varishles.
Prodcd of Powers

Siapify.

P GuidedPractice
-2 (3')(7y) 29

LS

38, (—are?N—6e%) 2454

We can use the Product of Powers Property to find the power of a power.
In the following examples, look for a pattern in the exponents.
4 Eaclors 3 Eachoas
(32)*= (32)(32)(32)(3%) ()= ()
— 3THITHIFZ ATite

£ a_H- rl'_!

These examples demonstrate the property for the power of a power.

[_Itqu:umqrt Power of a Power l
I Words To find the power of a power, multiply the exponents.

Symboks For amy real number o and any integers m and p, jg™)® = o™ *F.
| Bamples (%)= 7S 0r p® () =g T org"®

480 | Lesson B1 | Multiplication Properties of Exponenls

Focus on Mathematical Content

Variables with No Exponents A variable without an exponent can be rewritten with an exponent of 1.
For example, x can be written as x", and ab can be written as a'b’. In order for students to find the

products of powers correctly, suggest that they rewrite variables without an exponent with an

exponent of 1.

480 | Lesson 81 | Multiplication Properties of Exponents

dany

{10

|

LOEINEE | [HWEEIH




StudyTip
Regularity The power rules
are general methods. I you
dre unsune aboul when e
mrlliply The sxpanents dnd
vtz Lo gl e exponmenls,
wirile e expression in
expanied lorm.

Math-HistoryLink
Albsert Eirbisin
{1879-1955) Albert Binlein
i perhaps the most well
kistrin Sacierlis] ol thee 201k
conilury. His formls £ = mc?,
wheste £ repesents e
ey, o is the mass ol e
malerial, and © & e speed
ol light, shows: that T mas
is atceleraled enough, it
could be converled il
usable Enegy.

£

simplify [(2*)]".
Ao B2 3% B 2°
Read the Test llem
You need o apply the power of a power rule.
Solve the Test Item
[{2“’_}2]* {2"" 1]* Prrwey o & Powes
(28)* Simpiy.
264 np 3 Powes of & Powes
The correct chodce is A
P GuidedPractice
3. simptify [(2°]". u
F2? & 2™ H 2% 32

We can use the Product of Powers Property and the Power of a Power Properly
to find the power of a product. Look for a pattern in the exponents below.

3 imctors
{rw)® = (tw){tew)(rw) (232%)" = (2027 (287 (2427)

{t-t- 0w - w-w) (2-2- 2y - y - yl=t2e)
Fu? 230 or By 20

3 lachors

Theze examples demonstrate the property for the power of a product.

| KeyConcept Power of a Product |

Lizenty ol Congreas Pisky

Ed.cafan ¥
and #hoilogeats Oision (LS LS262-6024F]

Cazyriont € MeGirew- K|

&

Words To find the power of 2 product, find the power of each factor and multiply.
Symbals For any real numbers o and b and any integer m, {mb}™ = a™b".
Example {231'3]5 (=205 or — 32"

Exampie 4
GEOMETRY Express Lhe area of the circle as a monomial.

Area = Tl Fosrmuls fat the aree of & cirde
wf2n%)* Replace r with Zry" i
‘17{12.':’1!{'} Power of & Product
4xtyw Sirmgplily..

The area of the circle is 4x"y*w square units.

b cuidedPractice

4A. Express the area of a square with sides of length 3ry” as 2 monomial. 9x?y*

4B. Express the area of a triangle with height 42 and base 5ab? as a monemial.
\___10a%?

Differentiatedinstruction ¢ O

Logical Learners Give students an expression such as 240x "y ® and challenge them to write ten
different monomial expressions that, when simplified, equal the given expression.

| STANDARDIZED TEST PRACTICE
Simplify [(2%)%. D
A 8°
B s8¢
c 211
i

n GEOMETRY Express the volume
of a cube with side length 5xyz as
a monomial. {5;:}*1]3 = 12513y323

WatchOut!

Student Misconceptions
Students may simplify an
expression such as

20y 4200)" into 2xy?2 not
realizing that the simplification is
incomplete because the fraction

is not in the simplest form.

e il

Teaching the Mathematical
Practices

Regularity Mathematically proficient
notice if calculations are repeated, and
look both for general methods and for
shortcuts. Work through examples to
demonstrate each property in this
lesson to help students see the
repeated reasoning in the calculations.




2 Simplify Expressions
Example 5 shows how to simplify
expressions involving monomials by
using the power and product rules.

Tips for New Teachers

Reasoning Remind students that

there is often more than one strategy
that can be used to simplify an
expression. For example, in Example 5,
the first step could be to simplify (—2y)2
first and then raise the product to the
third power.

2l Simplify ((8g7r**1%2gh”)".
65,536g°h"

' 3 Practice

Formative Assessment
Use Exercises 1-20 to check for
understanding.

Use the chart at the bottom of this page
to customize assignments for your
students.

Additional Answers
1. Yes: constants are monomials.

2. No; there is subtraction and more
than one term.

3. No; there is a variable in the
denominator.

4. Yes; this is a product of a number
and variables.

5. Yes; this is a product of a number
and variables.

6. No; there is addition and more than
one term.

StudyTip

Simplify When sirugilTying
expressions with mulipi=
grouping symibsols, begin al
The inermost expression and
whatk culward.

Simplify Expressions We can combine and use these properties to simplify

expressions invelving monomials.

To simpdify a monomial expression, write an equivalent expression in whach:

= each variable base appears exactly once,

= there are no powers of powers, and
= all fractions are in simplest form.

simplify (3xy*)[(-29)7]".
(3207 = (39*) (- 20)°
"[3}211{3"'}1( 2}53{‘
o’y (64)y®
964t~ 4% - 4"
b GuidedPractice

5. Simplify {% ﬁ:zﬂ{ 102, 320%"

Powest of & Poveer

Poweer al & Product

Poweer of & Power

Commukalive

Prosduct of Powers

Check Your Understanding

3c
s-d

6. 7k + 9%

Example 1  Determine whether each expression is a monomial. Write yes or no. Explain your
reasoning. 1-6.5ee margin.
1 15 22— 3a
4. —15¢° o
Examples 2-3 Simplify each expression.
7 k(i) K & m*(m?) m®

10. (5ue)(7u's?) 350t
12 (2a%%:)" 160502

Ezample &

a. Express the surface area of the cube a5 a monomial. 6a®b”
b. What is the surface area of the cube if

Example 5

482 | Lesson 81 | Multiplication Properties of Exponents

1. [(392]" 3% or 6561

16. GEOMETRY The formula for the surface area of a cube is SA4 = 632,
where 54 s the surface area and s is the length of any side.

Jand b

Simplify each expression.
17 {5:23}1{233':"2}1{4:3-2'] BO0x%y
1. (- 20%)(~3g)(~ghi)? —18g"H"°

482 | Lesson B | Multiplication Properties of Exponents

& 25%(9") 180°
12 (xy)" a8

1. (275" —8rfg®® 15 (- 3p%0)" BT

47  §9,984 units®

18. (-3 %)(-34)°T es614" 2

20. (—7abtcp[(2:%)] —21,952a"™p%c2

Wl sddan

.
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MoK Edacition

Eomyign

Practice and Problem Solving

Example 1

Examples 2-3

Example 4

Example §

Determine whether each expression is a monomial. Wrile yes or mo.
Explain your reasoning. Z1-26. See margin.
7 122 22 3a%

—2y Sk
24, e 25, I

23, 2e 4 2
26. bm + 3n

Simplify each expression.
@ (7)) 2°

0. bﬁz’}{ﬁy”xl} By

33, (7)o

- {{32]2]43* or 43,046,721
GEOMETRY Express the area of each Lriangle as a monomial.

E r 20c°d® a0, |- 3g3h®

28 (—2u*)(6u") —120° 29. (90 %) w'e?) owix™

3. [(29Y) 2% or 256
a8, [( 2T saety®

34. {n"‘p}' m'Zpt
17 [(420)°) 20962

8d 2

=
i 2 .I
e'a Igh

Simplify each expression.

. (26%)"(aY)? 1802

43 [zgh‘}’[{ 23"#1}311 5125 H™
a5, Lu:’ri}'lz ?p"r'}l{ﬁpr:‘] 294p7 ™
a1, (5ab3c*)(6a’F4cY) 300%b7cE

5. (0.5:%)" 0.25x%

o (3 g (1)

s3. (8y7)( hzyz}{%zy*II —a?y® 54, {%m}zﬂ‘?m}{‘l?p}{%pb} Emp®
55, (- 3w ) - 372 (4rw?) (2-%)" 2,985 984r 8w

s56. (3abc) (227 (a2 () (2a2%) 288076780

57. FINANCIAL LITERACY Crmar has money in an account thal earns 3% simple interest. The
formula for computing simple interest is [ = Pri, where [is the interest earned,
represents the principal thatl he put inbo the account, r s the interest rate (in decimal
form), and | represents time in years.

(P3P oc®

. (5e2m Pl (aem®)?) 32,0006%m™
i Eﬂzy}l{lryl:z}l{lryz} BoOx"y"*
X Eiﬂxysz}lih‘_y*‘z“} 30x"y"2"

. (04877 0.0845™

EE & AER

a. Omar makes a deposit of AED 2c and leaves it for 2 years. Write a monomial that
represents the interest earned. 002c

b. If ¢ represents a graduation gift of AED 250, how much will Omar have in this
account after 2 years? AED 280
TOOLS Express the volume of each solid 45 a monomial.

8. o Ix'x 58, J ,ExTen A T
. Pk o L1
| 2y : L: ] 4
| ._/| ' 3
e 5 =

'

31 (pceas)(7pe )T e 2" 32, {‘41'8]"1}{ 3{131,,1} 826"

Differentiated Homework Options

Level

Assignment

Q'Basic

ﬂ' Core

D Advanced

Two-Day Option

21517, 65-84 21-57 odd, 68-T1
T2-84
21-57 odd, 59, 61-63, 2157, 68-1

65-84
58-78, (optional: 79-84)

22-56 even, 6567,

58-63, 65-67, 12-84

Exercise Alert

Formulas For Exercises 39, 40, and
58—60, students will need to know the
formulas for area of a triangle and for
volume of solids.

Teaching the Mathematical
Practices

Tools Mathematically proficient
students are able to identify relevant
external mathematical resources and
use them to solve problems. In
Exercises 5860, point out that the
volume formulas are listed inside the
back cover of their book and can be
found online.

Additional Answers

21. Yes; constants are monomials.

22. Yes; this is a product of a number
and variables.

23. No; there is addition and more than
one term.

24. No; there is a variable in the
denominator.

25. Yes; this can be written as the
product of a number and a
variable.

26. No; there is addition and more than
one term.



&5 Multiple Representations

In Exercise 63, students use a
calculator, a table of values, and verbal
analysis to relate the values of
expressions involving positive and
negative exponents.

. PACKAGING For a commercial art class, Rana must design a new conlainer for

individually wrapped pieces of candy. The shape that she chose is a cylinder.
The formula for the volume of a cylinder is ¥V = wr'h.

a. The radios that Rana would Iike to use is 2p7, and the height is 457
Write a monomial that represents the volume of her container. 16wp®

b. Make a table for five possible measures for the radius and height of a
cylinder having the same volume.

€. What ks the volume of Rana's container if the height is doubled? 32%p?

. EMERGY Albert Einstein's formula E = e shows that if mass is accelerated

encugh, it could be converted into usable energy. Energy E is measured in
poubes, mass o in kilograms, and the speed ¢ of light s about 300 million
melers per second.

a. Complete the calculations to convert 3 kilograms of gasoline completely
into energy. 270,000,000,000,000,000 joules The energy is also doubk

b. Whal happens to the energy if the amount of gasoline is doubled?

63. @ MULTIPLE REPRESENTATIONS In this problem, you will explore exponents.  61b. Sample answer:

a. Tabular Copy and use a calculator to complete the Lable. Radius | Height
7
SRR EE R = S -
4 | pS
i i 1 1 == ==
8| 27| 9 3 1 3 7 |7 | ® 257 | ag?
g i -1 H zp‘ "F
b. Analytical What do you think the valpes of 57 and 5 are? Verify vour 2 ap’

conjecture using a calculator. 1and 5

c. Analytical Complete: For any nonzero number @ and any inleger u,
a ™" : lﬂ
a
d. Werbal Describe the value of a nonzero number raiged to the sefo power.
Any nonzero number raised to the zero power is 1.

H.O.T. Problems  yse Migher Onder Thinking Skills

b 64. PERSEVERANCE For ATy HOMNED real numbsers @ and b and any integers m and {, simplify

65. REASONING Copy the table below.

the expression { !T] and describe each sbep. 64. 5ample answer: First use the
power of a power rufe to

simplify the expression to —.

67. S5ample answer: The e

area of a circle or

A= xr?, where the X X 1 linear
radius r can be used y=x x2 2 nonlinear
to find f‘E"E gk y=o 2 3 nonlinear
of any circle.

The area of a

rectangle or

a. For each equation, write the related expression and record the power of x.

A=w- b. Graph each equation using a graphing calculator. See Ch. 8 Answer Appendie. :.'
where wisthe . Classify each graph as linear or nenlineer. See chart above. E:
Saleliy daid P d. Explain how o determine whether an equation, of ils related expression, L
P pmgin, is linear or nonlinear without graphing. See Ch. B Answer Appendix. 2
can be used P i
to find the &6. OPEN ENDED Write thres dilferent expressions that can be simplified to x®. oS {13}2 m
area of o . a

amy
rectangle. 67. WRITING IN MATH Write two formulas thal have monomial expressions

in them. Explain how each is used in a real-world situation.

484 | Lesson B1 | Mulliplication Properfies of Exponents

484 | Lesson B-1 | Multiplication Properties of Exponents



citan

Ed

Eonyrignt © MoGrww- K

68. Which ol the lollowing is not a monomial? €
1
A —hxy C e

B St D Skt

F]=

69. GEOMETRY The acoom panying diagram shows
the transformation of AXYZ o AXYZ. F

This transformation is an example of a
F dilation

G line rellection

H molation

T translation

T0. CARS In 2002, the average price of a new domestic
car was AED 19.126. In 2008, the average price
was AED 28, 715, Based on a linear model, what is
the predicted average price for 20147 B

A AED 45495 C AED 35,%06

B AED 38 304 D AED 26317

T1. SHORT RESPOMSE If a line has a positive shope
and a negalive g-intercept, what happens to the
y-intercept if the slope and the y-inbercepl are

both doubled? The x-intercept
¥ ] i | does not
[ / | change.
|
i

Li|

Solve each system of inequalities by graphing. T2-75. See mangin.

T2 y < 4x
Zx+3y=-—-H

B.y=2
y+2r= 4

76. SPORTS In the 2006 Winter Olympee Games, the tolal aumber of gold and
silver medals won by the US. was 18. The total peints scored for gobd
and silver medals was 45. Write and solve a system of equations o find (= ‘

how many gold and silver medals were won by the U5,
3g + v =45, g+ v =18, 9 gold, 9 silver
1. DRIVING Tires should be kept within 2 kilograms per square centimeter (psi)

Ty —2r—1

5. 3x+ 2y < 10

y=dr+ 2 b1y < 6

of the manufacturer’s recommended tire pressure. If the recommendation for

a tire is 30 psi, what is the range of acceptable pressures?

|28 < p=< 32}

78. CHILD CARE Suhaila charges AED 10 plus AED 4 per hour for child care. Suhaila needs at least AED 40
morre b buy a television for which she is saving. Write an inequality for this situation.
Will she be able to get her television if she provides child care for 5 hours? 10 + 4k = 40; no

Find each quotient.
T -6 +(-8 8 80.
g2. —23.9%4 + 105 —2.28 83.

78 +13 —B0

N5+ (-25 13 &4,

B 423 = (-6) —7.05
98.44 + 4.6 —214

Differentiatedinstruction ¢ O

Extension Tell students that a sports car on a drag-racing strip can reach 160 kilometers per hour in
0.4 kilometer. If 5 represents the speed in kilometers per hour, then the approximate number of meters

1

that the driver must apply the brakes before stopping is —_ 57, Calculate how far the car would travel

153

on the drag strip, from start to stop, if the driver started braking when the car reached 160 kilometers
per hour. 567 m; The initial 0.4 kilometer (400 m) plus braking distance 167 m.

Teaching the Mathematical
Practices

Perseverance Mathematically proficient
students try simpler forms of the original
problem in order to gain insight into its
solution. In Exercise 64, advise students to
substitute integers for o and b and simplify
the expressions before generalizing.

| 4 Assess

Ticket Out the Door Make several
copies each of five monomial
expressions that need to be simplified.
Give one expression to each student. As
students leave the room, ask them to
tell you the simplified versions of the
expressions they possess.

Additional Answers
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1 Focus

VerticalAlignment

w

@ You mullipied

Before Lesson 8-2 Multiply moncmist wsing the
. 5 = progesGes of
monomials using the properties of SR
exponents.
v

Lesson 8-2 Divide monomials using
the properties of exponents.
Simplify expressions containing
negative and zero exponents.

el MewVocabulary

After Lesson 8-2 Express numbers A Ao

} 2 5 7 H negative exponert

in scientific notation. Find products arder of magrilude

and guotients of numbers expressed

in scientific notation.
Mathematical Praclices
Heason abstractly aed
guacitateechy.

' 2 Teach

Scaffolding Questions
Have students read the Why? section of
the lesson.

Ask:
= What is 102 when simplified? 100

= What is 10" when simplified? 10

® How could you use exponents fo
write the ratio of the height of a
skyscraper that is 900 meters tall
to the height of the tallest tree?

3
% or 107
10

486 | Lesson 8-2

L Diwidd: monoimisds

@ The tallest redwood ree is 112 meless o
abowt 107 meters fal. The aver age height
ol & redwood tree is 15 meders. The clodes]
powes of ben o 15 = 1IJ1. S0 il avelage
redwood & aboul 10" melers (el The ratio
of e Lallest ree’s height lo e average

s the properties
of Exponenls.

Simplily sxpressions
wantaining negalive
and derg expoiehls. e
Iree’s hesght is P 10", This means the

lafes] redwood tree is aporoxinabely 3
limves as Lall as the averape redwood lree.

Divide Monomials We can use the principles for reducing fractions to find

quatients of monomials like :E" In the following examples, look for a pattern in the
exponents.
T factors 4 faclors
i % n .4 N
=7 F L LELF.r.0.7 1 £ e o}
ey 2:2-20r2 -5
z £ .2 t P
I 111
i factors 3 faclors
These examples demonstrate the Quotienl of Powers Rule.
| ' KeyConcept Quotient of Powers
Wards To divide two powers with the same base, subiract the exponents.
Symboks For any nonzera number u,andan]llrltegersmarﬂp.% e
1 5
Examples Sm" Lo imp

B

S
Simplify F Assume thal no denominator equals zero.

o - )
(

Gioup powers with the same baue

Guaenl of Powess

R'_'p- 1}“::-. = .:]_
xlhil Samphify.

} GuidedPractice

Simplify each expression. Assume thal ao denominslor equals zero.

oyt 3 k7m ™p
3

18. km’
¥ t':rrr"';r

fudang

| AR E0W T

upRmnpE
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| SeudyTip

Power Rules wilh Variables
Thee power rules apply bo

We can use the Product of Powers Rule to find the powers of quotients for monomials.

In the following example, ook for a pattern in the exponents. Teach with Tech
(Fdacoss  3factons Blog On your secure classroom blog
( )( H } = 3-3.3 .5 have students create a blog entry
1-4-4 1 explaining how to find the quotient of
3 factors

2 lwctors 2 Eaclors

(=B -2

d!
Rl
[ 2 faciors

| & KeyConcept Power of a Quotient

powers and the power of a quotient

1 Divide Monomials

Example 1 shows how to find the
quotient of powers. Example 2 shows
how to find the power of a quotient.

‘rﬂ'"’h'ﬂ-ﬂ"“" B, Example 3 shows how to simplify
or examgie, Words Ta find the power of a quotient, find the f the numerator and the power e -
faoy_ o e ;m = Lo B by ek ki i expressions involving zero exponents.
e e i
Symibals Far any real numbers o and b f 0, and any integer m, {%}- Fotinat Assecinant

-5 &

Use the Guided Practice exercises after
each example to determine students’
understanding of concepts.

3|
Simplify (—] . xTy2
3 1 e
)2 l:‘-ﬂl Simplify oy Assume that no
Poweer ol a DuoBent q
p‘ denominator equals zero. xy
3
1|: 3 Power of a Product o e (4[1,,:;1 )3 64345
?p“ Simplify 5 1°° 1%
= —— Poweer af a Power
a9 \
b GuidedPractice
= Real-WorldCareer 391 g (sﬁ}i Foaty? w?|* ot i)’ W
._:: Astronomer An aslronomer ( 1 64 8. h 36 e ? ; o (_ watthﬂuﬂ
; sl thees universe amd . .
2 analyres space ravel and EE—— Preventing Errors Remind
s A students to also find the powers
% Ie=alechnician or reseaich
% *_’-"-"“’“‘_‘L"m‘“"-?“‘-' A calcolator can be used to explore expressions with 0 as the exponent. There are two of the constant terms of the
| | methods to explain why a calculator gives a value of 1 for 3%, monomials.
5 [ Method 2/ ‘* wt
E ¥ =35  Quoatient of Powers P_FFTXF pefinition of
: ¥ ¥OAEEEE powers Tips for New Teachers
— gt e - Simpliy: Properties Point out to students that

Copyrigh © MoGwwH

‘.-lru'p;—: can only have one value, we can conclude that 3" = 1. A zer exponent is any
nonzere number raised to the zero power.

the definition of the Quotient of Powers
restricts o to being nonzero. Ask why
must @ be nonzero? If o = 0, we would
be dividing by 0, which is undefined.

Focus on Mathematical Content
Powers of Negative Numbers Students may
assume that the expression —62 means
(—6){—6)(—6). Explain that —6~ means —(67).
To express —6 to the third power, they must
use parentheses, [—613.



WatchOut!

Preventing Errors Ask students
why the negative sign in

Example 3 does not affect the
outcome. Students should explain
that any nonzero number raised
to the zero poweris 1, and a
negative number is a nonzero
number.

= Simplify each expression.
Assume that no denominator

equals zero.
12m®n’ "

- W oy
Bm,5"1I:I
I'.I']'DJ"I:'I

nE

b. mn

A,

S

I[ﬁuch Zero Exponent Property

Words Any nonzero number raised to the zero power is equal to 1.

Symboks Faor any nonzera number g, g = 1.

- @

Examples 157 =1

Simplify each expression. Assume thal no denominator equals zero.

Tips for New Teachers

Zero to the Zero Power Ask students
to write an expression involving division

that will b:a Eequi-.ralent to 09 for
example, —. Show students that
05 i

¢ 0

by zero is undefined.

2 Negative Exponents
Example 4 shows how to simplify
expressions involving negative
exponents. Example 5 shows how to
apply the properties of exponents in
real-world situations.

in2g5r2|0
“\ i
1]
_‘hriqsrz 1 =1
Gy ?r
i s
I
=y P
b 2
=x? Gualient of Powess
 StudyTip | P GuidedPractice
Zero Exponent Becarchilal | g KD o = e |
parenihieses. The expression b “ | 15pag e
5 & 1 but S = 5 |

—— . and remind them that division

Megative Exponents Any nonzero real number raised 10 a negalive power is a
negative exponent. To investigate the meaning of a negative exponent, we can
2

simplify expressions like 5 using two methods.

=
(Method 2|
|:1 K P |:2 T i
E=r Quotient of Powers = Drelinition of powers
i il Gl Y
= Simplify. ‘F Simplify.

b
. = 1
Since —:5 can only have one value, we can conclude that ¢ ¥ —=-
L o

Waords For any nonzera number o and any integer a, o " is the reciprocal of a”. Also,
the reciprocal of o " is g™
Symboks For any nonzero number o and any integern, o " ﬁ
- gt gl Lt
ples %% =2y
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Differentiatedinstruction €

n students have difficulty relating the Key Concepts in this lesson to expressions,

have students make flash cards to illustrate each Key Concept. Write an expression that is an
example of a Key Concept on the board. Tell students to show their card that comrelates to the
example. Then ask a student to describe the process of simplifying the expression.

488 | Lesson 8-2 | Division Properties of Exponents




An expression is considered simplified when it containg only positive exponents,

each base appears exactly once, there are no powers of powers, and all ractions are fF i
in simplest form. WatchOut!
Preventing Errors Have students
"9
look at the first step of the
Simplify each expression. Assume thal no denominator equals zero. solution of E:r.ample 4. Point out
g E“ that rewriting an expression as
T s a product of fractions makes
:rr_ :r {"_I}(pT)(,]_l) Wrile as.a product of freciomns. appmr@ the HE‘g'ﬂtW'E'- Eﬂ]u“en{
) (L)(ﬂ]{ﬁ] g e Property easier. Fractions that
T LEWLAT e = have negative exponents can be
et rewritten as their reciprocals.
f : . Mgl \ =
StudyTip
Megative Signs Beawsreof | | Sr i
whhests i egalive sign i 17—t u S
ey 5r g4 5 r3 1 .
= P | B 57— - |
. _ 4§ Simplify each expression.
_n {l‘ e 1]{1‘ b5 -"IHH h} Q'Ll:ll.@: of Powers and i
|{ 4} Negative Expoments Property Assume that no denominator
15315 : equals zero.
s Simpity. T ;
i , XY e
'T(F){j){n } Megstive Exporeni Property - Z_ﬁ xq
5 R
S Multichy. 150°m > 58
ot 5 —4 -8 _2
15p°m~"r" p'm
2a%p% 5
©Toa % = %
2l (2) (_*}{b_*} (_5] r i s
e et MO AT e e Tips for New Teachers
e nNp-ta-o-re) Smam—— Monomials Point out to students that a
. variable with a negative exponent such
Fpe Sty as x* is not a monomial. A monomial
does not involve division by variables
= %{:b] {b'}{%} Megative Exponent Property .I h}‘
i andx 2= =
e Mebuillply.
b GuidedPractice
Simplify each expression. Assume thai no denominator equals zero.
4 - g P XY 32 Bt 8 ac, T EmT a8
2 Real-WorldLink Cmy s 5T ghpie? e s
5 Anadult hiiman weghs
£ aboul 70 kilograms and
2 anadult dairy cow weighs - e ;
5 about 700 dlograss: Thes J_/Drd&r of magnitude is used o compare measures and o estimate and perform rough
£ weights differ by 1rder calculations. The arder of magnitude of a quantity i= the number rounded to the
% of magniude nwarest power of 10. For example, the power of 10 closest to 95,000,000,000 i 10",
i

ar 100,000,000,000. So the order of magnitude of 95,000,000,000 is 107,




7 SAVINGS Usama has AED123,456
in his savings account. Ismail has
AEDMS6 in his savings account.
Determine the order of magnitude
of Usama’s account and lsmail’s

account. How many orders of
magnitude as great is Usama’s
account as lsmail's account?
LUsama: 'ID"", Ismail: 10 2: Usama’'s
account is 3 orders of magnitude
as great as Ismail’s account.

' 3 Practice

Formative Assessment

Use Exercises 1-18 to check for
understanding.

Use the chart at the bottom of the next
page to customize assignments for your
students.

4l

Real-WorldLink

There ane over 9,000
spscies ol ants fving all
aver the world, Soene anks
i carry odjects thal are
50 times lhein own weighl.

Sooren: Bune: A Cualton

b

magnitude
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HEIGHT Suppose the average height of a man is about 1.7 meters, and the
average heighl of an ant is 0.0008 meter. How many orders of magnitude as
tall as an ant is a man?

Understand We must find the order of magnitude of the heights of the man and ant.
Then find the ratio of the orders of magnitude of the man’s height to that
of the ant's height.

Plan Round each height to the nearest power of ten. Then find the ratio of the
height of the man to the height of the ant.

Solve The average height of a man is close b1 meter. 5o, the order of
magnitude is 10" meter. The average height of an ant is about
0001 meter. So, the order of magnitude is 707 meters.

The ratio of the height of a man io the height of an ant = abuuli
1:}"‘ 1005 Gustient of Powess

1 0—{—F=0+3erd

1000 Simplity.

S0, a man 15 approximately 1000 times as Eall as an ant, or a man is
3 orders of magnitude as tall as an anl.

Check The ratio of the man’s height to the ant’s height is

1.7 ] i iy
B IR 1125, The order of magnitude of 2125 i= 107«

GuidedPractice

5. ASTROMOMY The order of magnitude of the mass of Earth is about 107,
The arder of magnitude of the Milky Way galaxy is aboul 0% How many orders
of magnilude as big i the Milky Way galaxy as Earth? 17

Check Your Understanding

Examples 1-4 Simplify each expression. Assume that no denominator equals zero.

E 3.3 ‘b“ - e - "F ﬂ
15 Py v’ @ L or
et AyTy? T ;12!6 !l"q"'u.r6 &
55 "W" T o
Bp B 515 15 435
- {Zr“lﬁ} ao®h 1n_ _ .-3: - 2..—‘*:: 32502
3 ] 5¢ | 31sg®
anyt " 3}*'3&' “ e g
2 |-==] 1 14, 2ri
{ s Nt') ( 2t
s —Brz:‘la 5 ys - 22T gSe1E
S ht B '.hlfrhzl P T ]

Example 5 48, FINAMCIAL LITERACY The gross domestic product (GDP) for the United States in 2008
was AED 52199 trillion, and the GDP per person was AED 174 850. Use order of

to approximate the population of the United States in 2008, 10 or 100,000,000

= wilyddag
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Practice and Problem Solving

Ezxamples 1-4 Simplify each expression. Assume thal no denominator equals zero.

mip? s
16, E mp 20. z P e
Ve 2 - (Jrv‘ * arly®
i 5.2 2524
o T 4.9
Py psr i iR
=, F} 1000 ST
Fmpt|* an?p® 23N g 20
o [ 5 @ (2 ==
Ty g Sm 6254
Efgth; a FI!,,FFE i
3 e 1 32 7 por
slf B 2% —r
) ®/— T a
Etmpt 4 Wf-3%-7 290
BT e T
P £ B -
a0. L ™ _‘:,) a*b™c* "o

Example §

Im It ot
12 Am’r*

3 \?
N g™ 1

21

a"?

&b’

. a’b’c

3"‘5',1- L] m!ﬂr‘li
[ 1" | 256p%
AT

33. = !—3

F

12m ipz .“"

i —15mp * ’
r? —5m

It 30

AT s 43. 10%; 10%; about

107 or 100 times
s R st as many users
] g as hosts

43. INTERMET In a recent year, there were approximately 3.95 million Internet hosts.

Suppose there were 208 million Internet users. Determine the order of magnitude for
the Internet hosts and Internet users. Using the orders of magnitude, how many

Internet users were there compared Lo Internet hosts?

D‘ 44. PROBABILITY The probability of rolling a die and getting an even number is

3
=

Il yous foll the die bwice, the probability of getting an even number both Hmes ks
11 1}2

)G |

. What does (%} represent? probability of all evens on 4 rolls:

b. Write an expression to represent the probability of rolling a die d times and getting
an even number every time. Write the expression as a power of 2. {1}‘_ 5~
2 *

Simplify each expression. Assume thal no denominator equals zero.

—dw'? W 137~
T % o 3
Sy 2 2w 20gr° 245 5q
“Fr O T A
oy (2257 47 (5779 "
; {xlﬁ“] 3 gt {Jp-lrj-i 673
20 3 ]“-_z o (57" e
—da T Bt l:-!::“:.l "z:|' 2 y‘

(i)

O, i 3) 3 S00KE
12N g
Aty 2|2 gt

=

(*"czd“f)'3 o

.

57. SENSE-MAKING The processing speed of an older deskiop computer is about
10® instructions per second. A new computer can process about 10" instructons
per second. The newer computer is how many limes as fast as the older one? 100

Differentiated Homework Options
Level Assignment Two-Day Option
€ Basic 19-43, 61, 62, 64-89 19-43 odd, 6669 | 20-42 even, 61, 62, 64,

ﬂ' Core
D Advanced

19-43 odd, 44, 45-55
odd, 57-62, 64-89

44-81, (optional: 82-89)

19-43, 66-69

65, 70-89

44-62, 64, 65, 70-89

Tips for New Teachers

Checking Answers When simplifying
expressions, students may wish to
check their answers by choosing
nonzero values for the variables and
evaluating the original and simplified
expressions. If the results are the same,
the expressions are likely to be
equivalent.

Teaching the Mathematical
Practices

Sense-Making Mathematically
proficient students try simpler forms of
the original problem in order to gain
insight into its solution. In Exercise 57,
encourage students to start by finding
the number of instructions per second
in a computer ten times as fast.

491



&5 Multiple Representations

In Exercise 60, students use a
geometric sketch, algebraic formulas,
and a table of values to analyze the
relation between a square and an
inscribed circle.

58. ASTRONOMY The brightness of a star is measured in magnitudes. The lower the
magnitude, the brighter the star. A magnitude 9 star is 2.51 Hmes as bright as a
magnitude 10 star. A magnitude 8 star is 251 - 251 or 2517 times as bright as a
magnitude 10 star_ 2.51 or 627.647857

a. How many times as bright is a magnitude 3 star as a magnitude 10 star?

b. Write an expression o compare a magnitude m star ko a magnitede 10 star. 251"

€. A full moon s considered Lo be magnitede —13, approximately. Does your
expression make sense for this magnitude? Explain.

. PROBABILITY The probability of rolling a die and getting a 3 ::11;. If yorta poll the die

&

a. Write an expnﬁ_-minp to represent the probability of rolling a die d times and getling
a 3 each time. [1

2
twice, the probability of getting a 3 both times isl. %ar {H .

. &) —d
b. Write the expression as a power of 6. &

p' B0, 'F MULTIFLE REPRESENTATIONS To find the area of a circle, use A wr’. The formula
for the area of a square is A s’

a. Algebraic Find the ratio of the area of the circle o the area of the square. %

b. Algebraic If the radius of the circle and the length of each side of the l

square are doubled, find the ralio of the area of the circle o the square. % |

c. Tabular Copy and complete the table.
58c. Sample answer: Yes; according to the

expression, a full Moon would be _

t
|
i
:
!
;

10—, W— 13 — 3 E 1

25410 " = 3 SN A =2 818 o . . PE 5
1.557,742,231 times as brightas a =
magnitude 10 star. Since we know that | =42 167 'y
the lower the magnitude the brighter =
the object, it follows that a magnitude | & =9’ 36 i
—13 ohject is significantly brighter =
than a magnitiude 10 object. v =16 64’ 4
"

61. Sometimes; sampile answer: The 5 w252 1002 I
eqguation is true whenx =0,y =2, =
andz = 3, but it is false when x =1, & =360 144 a

y=2,andr=73.

d. Analytical What conclusion can be drawn from this?

The ratio of the area of the cirde to the area of the square will ahlarshei.

H.O.T. Problems  use Bigher-Ooder Thinking Skills

61. REASOMING 1s x¥ - x™ = ¥ somelimies, always, or never lrue? Explain.

62. OPEN EMDED MName lwoe monomials with & quotient of 240’53, Sample answer: 24a*65 and o%p?

63. CHALLENGE [lse the Qruotient of Powers Property to explain why x—* L. a—a—K

64. REGULARITY Wrile a convincing argument to show why 3" = 1. See mangin.

65. WRITING IN MATH Explain how Lo use the Quotient of Powers property and the Power
of a Quolient property. See margin.
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Standardized Test Practice

What is the
perimeter of the in
figure in meters? B

68. EXTENDED RESPONSE Hiyam and Hana are

playing a game using the spinners below. Each
spinner is equally likely to sbop on any of the
four numbers. In e game, a plaver spins both

A A0 metery spinners and calculates the product of the two

: _i";ﬂmmm 12m numbers on which the spinners have stopped.
melers o £ _

D 400 meters |

Him

67. In researching her sclence project, Wala learned
that light travels at a constant rate and that it
takes 500 seconds for light to travel the
150 million km from the Sun to Barth. Mars is
228 million km from the Sun. About how many
seconds will it take for light to travel from the
Sun to Mars? 1

& What product has the greatest probability of
oceurring? 4

b. What is the probability of that
product occurring?

F 235 secands 69. Simplify (472.5". 64)°. B
G 327 seconds 1
A — C 320
H #42 seconds 64
J 763 seconds B o b o
LY
Spiral Review

70. GEOMETRY A rectangular prism has a width of T units, a length of 4x” units, and a height of 3x
units. What is the volume of the prism? flesson 51 B4x® units?

Solve each system of inequalities by graphing. 71-74. 5ee Ch. § Answer Appendix.

My=1 oy=-3 13 y<3x42 Moy Mx<2
¥ —1 ¥y—x<l1 y=—lv+4 y—lx>4
Solve each inequality. Check your solubloa.
5. 5(2h — 6) > 4h h =5 TG 22 = 4(F — 8) + ‘ll}b TL Sfu— 8) = 3u + 10) v=235
5
TE. 8+ F<3(Ft+4)+2 79 9+ 3(1 - fu) = 80. —6(b +5)>3p—-5) b —
i=—3 n=—2 3
81. GRADES In a high school science class, a lest is worth three limes
as much as a gquiz What is the student’s average grade? 87 Sci n":-'“
) 9 ) ) o e e Tasts Quizzes
85 a1
12 i
5

Evaluate each expression.
82 9' @
B6. 37 243

&5. 10* 90,000
89. 1% 4096

&4. 10" 1,000,000
g8. 12* 1728

&3. 117 1A
g7. 5° 125

493
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Extension Tell students that if you roll a color cube, the probability of getting red is % If you throw
n
the cube n times, the probability of getting red each time is (%] . Ask them to determine how many

L: |
times the cube is rolled if the probability of getting red each time is £l ©15 = [%) =9,
s0 9 times

Exercise Alert
Grid Paper For Exercises 71-74,
students will need grid paper.

Teaching the Mathematical
Practices

Regularity Mathematically proficient
students notice if calculations are
repeated. In Exercise 64, encourage
students to examine the sequences 35,
343332 and243,81,27,9,

4 Assess

Yesterday’s News Ask students to
write two ways in which the concepts of
multiplying monomials helped them to
understand dividing monomials.

Additional Answers

64. Since each number is obtained by
dividing the previous number by 3,
P=3and3%=1.

65. The Quotient of Powers Property is
used when dividing two powers
with the same base. The exponents
are subtracted. The Power of a
Quotient Property is used to find
the power of a quotient. You find
the power of the numerator and
the power of the denominator.



1 Focus

@ You used the laws ol @ Evaluale and rewrite @ 1% impodtand bo pratect yous skin wilh

VerticalAlignment
w
Before Lesson 8-3 Used the laws of exparsents to fied
5 prodwcs and
exponents to find products and cwea
quotients of monomials. monomisk,
-
Lesson 8-3 Evaluate and rewrite
expressions involving rational
exponents. Solve equations involving
expressions with rational exponents.
W NewVocabulary
After Lesson 8-3 Express numbers e
in scientific notation. Find products ath root
and quotients of numbers expressed EED .
in scientific notation.
Mathematicsl Practices
Use approgsiais ools
sirategically.

[_2__fl'each

Scaffolding Questions
Have students read the Why? section of
the lesson.

Ask:

= How does 50f" differ from other
exponential expressions students
have seen before? Sample answer:
The exponent is not an integer.

= Does a higher SPF offer more or less
protection from sun damage? more

= What SPF numbers have you seen on
sunscreens in stores? Sample
answer: 2, 4,15, 30

494 | Lesson B-3 | Rational Exponents

2 Why?

expressionm mvalving sunscreen bo prevenl damage. The sun
proledlion factor [SPT) of & sunsoreen
indicales how well il profeds you
Sunscreen wilh an SPF of Fabsorbs
aboul p percent of e PV-B rays, whene
p=50r""

ralional expoaenis.

Sodve egualions
Emvalying capressions
wilhy faflichal
eRpmnEil.

#
1 Rational Exponents You know that an exponent represents the number
of times that the bage is used as a factor. Bul how do you evaluate an expreasion
with an exponent that is not an integer like the one above? Let's investigste
rational exponenls by assuming thal they behave like inleger exponents.

{ :}'Z 1 ]
B2 B p2
| 1

h2 ta Product of Powers

b oor b Simpialy.

Wrile &% & muliplication expression

1 1
This, b2 is a number with a square equal bo b 50 b2 Wi,

i
l i KeyConcept b3
1
Words Faor any nonnegative real number b, b7 = b,
1 1
Examples 167 — 6 ord 38T =38

Write each expression in radical form, or write each radical in exponential form.
1

a 252 b. 18
i 1 1 L
253 = /35 Defindlion ol V18 =182  Definition of b7
5 Samplify.
i
c. 5x2 d. .ul'B
i ' r i '
Bx? = BaX Definilion of 57 '\‘I{EFI I:EF]-T Definilion of b?

’ GuidedPractice

I 1 1 L
1A a? Vo 1| V22 222 it (Tu)? Iw 0. 245 22

fann

LI UDEINPE (W REap o sl

Wy Awpyrmben) o




You know that io find the square root of a number & you find a number with a square

of & In the same way, you can find other rools of numbers. If o = b, then a is the 1 Rational EIPOI'IEI'I‘I'S.
cube rool of b, and il a® = b for a positive integer a1, then & is an mth root of b Example 1 shows how to write an
expression with a rational exponent in
ﬁ' e ] radical form and how to write an
KeyConcept . expression in radical form as an
4 _ | Words For any real numbers o and b and any positive integer n. if ” = b, then o is an ath expression with a rational exponent.
StudyTip ‘ g Example 2 shows how to evaluate nth
Tools Youcan e agraphing | | SYMBol ifo” = b then VB~ a roots. Example 3 shows howto |
m‘:""ﬁ;’i&mnm‘*‘! T e — P evaluate expressions of the form b7
; Example 4 shows how tnfvaluate
expressions of the form b7

Since 3% = 9and {—3)? = 9, both 3 and —3 are square roots of 9. Slnllh.l"l_lf sinece
2 = 16 and (—2)* = 16, both 2 and —2 are fourth roots of 16 The sitive rools are Formative Assassment

called principal roots. Radical symbols indicate principal rools, so V16 = 2. i the Culded Prachcs exercses afier
each example to determine students’

ieieimcing o Concsyity.

Simplify.
a V27 b. V32
VT =333 V321=V1-2.7.2-2 « | Write each expression in radical
3 -2

form, or write each radical in

exponential form.
b GuidedPractice

2. 64 4 28. /10,000 10 a. 812 9

1
b. +/38 382

1
c. 12m2 12+/m
|

Like square rools, rth roots can be represented by rational exponenis.

{bl}" - b_:-_b_l;i_bi Wirile s & mulliplication expression. d. V32w (32w)2
o faciors 1 simpiify.
petat—ta Prodisct of Powers a. V756 4
Forh Shmplily. it
b. v/15625 5
Thus, kl is- a number with an ath power equal to b So b: Wb A v,
5 & KeyConcept b+ J Tips for New Teachers
2 1 ' Order of Operations Remind students
= For any positive real number & and any integer 7 > 1, bn = /5.
r b .rm S e o V& to observe the order of operations with
= Ecomple 83 =8 = VI-2-Zor2 radical and exponential expressions.
= ; Emphasue ﬂlat expressions like
5::? and [5’41 are different.
Notation Emphasize that if there is no
Teaching the Mathematical Practices index on a radical symbol, it denotes a
Tools Mathematically proficient students are square root.

familiar with the tools appropriate for their
course and make sound decisions about when
each might be helpful. Encourage students to
use mental math to verify answers they find with
a calculator.



| StudyTip

Simplify.
Raticnal Exponents on & . i 1
] Caleulabor Use parsnthieses 1 a. 1257 b. 12964
3 o evahaale Exprssion S ' . -
a. 133 M imvaing tational exponents 1253 = i35 g= =1 12964 — /1296 ==
1 Magnﬂurgl.dul.lm Far L Yo R
b. 24014 7 hhm, V5 ELE ws=g =Y6-6-6-6 Dw=5
=
o4 simpiiy. ‘“ﬁI (=] =5 — —6 —
2
a. 325 4 P GuidedPractice
5
b. 812 59,049 3A. 275 3 38 256¢ 4
i 7 o
Focus on Mathematical Content B meer R . S e catue
L rwE s b exbe efinition of b~ to b=
Rational Exponents The meaning of a s T ey
rational exponent follows from - T A

extending the properties of integer
exponents to those values. This allows
for a notation for radicals in terms of
rational exponents. For example, we

= {ﬁ}u or ';'rh-'" b%= b

i - :
define 22 to be the square root of 2 % KeyConcept b* |

1
riky _.2
becaur.ewewant(zi} =227 =7 Wurds Far any positive real number b and any integers mand 1 > 1,

ﬂg::{ﬂ'ﬁ}_mﬁ

2
Example g3 = H@}?: 2 ord

to hold, so (2%]1 must equal 2.

Simplify.
3 3
a B43 b. 362
2 = = 3 e 2 =
643 = (Vad)? b= = {¥E) ssr = ({36)° s5=(VE)
= (#1474) m=a = 5 VH=6
= 4 or 16 Simpify. = M6 Simpily.

P GuidedPractice

2 5
4A 273 9 4B. 2564 1024
LS
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Differentiatedinstruction € @ O

Interpersonal Learners Divide the class into groups of two or three students. Have students discuss
what they knew about exponents before starting the lesson and how it relates to rational exponents.
For example, if an exponent tells you how many times to use the base as a factor, what does an

exponent of = 2 repre&ent?

496 | Lesson 8-3 | Rational Exponents



Solve Exponential Equations In an exponeniisl equation, variables occur as
exponents. The Power Property of Equality and the other properties of exponents

can be used to solve exponential equations.

I#m Power Property of Equality ]
Words For any real number b > Oand b # 1.6 = b¥ if and only if x = .

1
Examples 5 = ?.ﬁmx‘-‘lb’n:;.ﬂwi"::-ﬁ.

Solve each equation.
a. 6T = X6 b 25F~1=§
& = 24 Drigiral eguation 5~ 1=5 Drigiral eguation
E=6 Rewrite 716 & 6. 5 1=5 Rewribe 75 as 57
=3 Property of Equality T Powes of & Powes,
Distributive Propety
CHECK &% = XMa Iy—2=1 Powes Property of Equafity
&4 = e =3 Add 2 I mach side_
H6 = 26+ =3 Divide sach side by 2.
CHECK 25 1=§
25;_'J L5
25; =54
P GuidedPractice
BA. 5T =125 3 53_122'“3:.-144—%

SUNSCREEN Refer to the beginning of the lesson. Find the SPF that absorbs 100%
of UV-B rays.

P = 50"  Orginal equation
100 = 5092 p=—w0
2 ::_||“':-t Divide each side by 50
=g w
=y 1=F=p@7
B=y Pawer Promesty of Equality
2=y Simypfiy.

P GuidedPractice
6. CHEMISTRY The radius r of the nucleus of an atom of mass number A is

1
r = 1.2A3 femtometers. Find A il r = 3.6 fembometers. 2T

=
i
a
i
E
i
h 1
=
¥
E
=
=
i
=
B
&
B
L

2 Exponential Equations
Example 5 shows how to solve an
exponential equation by applying the
Power Property of Equality. Example 6
shows how to solve a real-world
exponential equation.

-1 Solve each equation.
a. 9=729 3

T T
b. 16 =8 3

u BIOLOGY The population p

of a culture that begins with
40 bacteria and doubles every
8 hours can be modeled by

p = 40(2)=, where t is time in
hours. Find t if p = 20,480.

12 hours




' 3 Practice

Formative Assessment

Use Exercises 1-16 to check for
understanding.

Use the chart at the bottom of this page
to customize assignments for your
students.

Teaching the Mathematical
Practices

Tools Mathematically proficient
students consider the available tools
when solving a mathematical problem.
In Exercise 16, discuss how a calculator
could be used to solve and check the
solution.

Modeling Mathematically proficient
students can analyze relationships
mathematically to draw conclusions. In
Exercise B5, encourage students to use
a calculator and substitute many whole
number values of n to observe the
relationship between n and £ Then they
can use the results to check the
reasonableness of their answers.

498 | Lesson B-3 | Rational Exponents

Example 1 Write each expression in radical form, or write each radical in exponential form.
1 1 ] 1 1
1122 Y1z 2. 3? 3 3. +33 332 4. V8 (8n)2
Examples 2—4 Simplify.
s _ I 1
5. Y5128 6 V243 3 7. 3433 7 8. {%}]4 %
2 3 4 3
9. 343° 49 10. 814 27 @ 216° 1296 1. {:—9}1 e
Ezample 5 Solve each equalion.

13. 87 = 409 4 M, 3 -8y 4 15. 4 *=32 55

Example 8  16. TOOLS A woeir is used o measure water flow in a
channel. For a rectangular broad crested weir, the
flow ( in cubic meters per second is related to the weirr 3
length L in meters and height H of the water by J = 1.6LHZ,
Find the water height lor a weir thal is 3 meters long and
has flow of 38.4 cubic mebers per second. 4m

Example 1 Wrile each expression in radical form, or wrile each radical in exponential foem.
1 1 i 1
7. 152 /15 18. 242 24 19. 42 4k 200 (12y)? +f12y
i i i | i
21. 25 262 22. /11 442 23 2Vab 2(ab)2 24 \f3ngz (Bxyz)?
Examples 24 Simplify.
5. 45 2 26 10 4 b MRV 28 410,000 10
AP af 16 2 ! :
29, +/0.001 04 30y 3 31 1331* " 32 ni6 2
! ! 1132 ] FA P
33. 3375* 15 34 512% 2 35. {ﬁ}" 3 36. {? - 3
2 3 5 3
3783 4 38. A254 125 9. F205 243 40, 256% B
] 5 3 4
3 : L]z I {L}: 6
a1 125° 625 42. 49° 15,807 43. {I{l} 000 a4 1= &5

498 | Lesson B-3 | Ralivnal Cxponents
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G Advanced

Differentiated Homework Options
Level Assignment Two-Day Option
O Basic 17-58,89,90,92-114 | 18-58 even, 94-97 17-57 odd, 89, 90, 92, 93,
98-114
O core ;i;_—!ﬁqudd, 85-90, 17-58, 94-97 59-90, 92, 93, 98-114

| 59-97 (Optional: 98-114)
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Exampie 5

Example &

Solve each equation.
1
45.3 - 243 5 46, 12 = 144 2 U R
a8 2% -3 1 a8 -7 3 50, 32F - 4 =
33 - 2 k== 5
5L 2:-1-128 8 52 4241- 1004 2 52, 65— 4 - 1296 8
54, 9= +3 _ gy 1 @8 1= - 512 = 56 128% - § &
a 2 - 7

57. CONSERVATION Water collected in a rain bareel can be used to
water plants and reduce city water use. Water flowing from
1

an open rain barrel has velocity o = 82, where 0 is in mebers per
second and k is the height of the water in meters. Find the height
of the water il it s Dowing at B meters per second. 1m
58. ELECTRICITY The radius rin millimeters of a platinum wire
1

L centimeters long with resistance 01 ohm is r = 0.059L2.
How long is a wire with radius 0.236 millimeter? 16 cm

Write each expression in radical form, or write each radical in exponential form.

| 1 I i 4 ==
58,173 17 60. g4 g 61 702 Vb 62. m* Vm?
1 i 1 - i 2
63 +/29 293 &4 vt hs 65. 234 2a3 66. ﬁ"xy! PEE
Simplify.
1 o 12 13
67. +/0.027 0.3 & Y3 69. at-a @ 70, c2-c? 2
]i (31}; E 14 .
™. (84 16 72 |yi)? o 7.9 23 7416 2 g5
3 1y—2 i 30
n—y 1 1 e N
a0 — 4 _— I — k]
35 76. [31 s Tk 7 78 {.I } 1
Salve each equalion
79, 2 g —4 2 B0, 31% 3 = ge+d 3 81 2 =31 —§
+_1 _1 1 _3 g-x_ 1
B = — 2 Il B4, 6 =1

i e — 49
£5. MODELING The frequency [in herte of the nth key on a piano is § -!--113{2’2}

i
i 1 !’

a. What is the frequency of Concert A? 440 Hz
b. Which note has a frequency of 220 Hz? the A below middle C, the 3Tth note

499



&5 Multiple Representations

In Exercise 88, students use a table and
a graph to explore the graph of an
exponential function.

Teaching the Mathematical
Practices

Arguments Mathematically proficient
students understand and use stated
assumptions, definitions, and previously
established results in constructing
arguments. In Exercise 90, point out
that x is a nonnegative real number. Tell
students to consider values of x that
are whole numbers and fractions that
are greater than and less than 1. Point
out that 1 is often a special case.

£ Yy
WatchOut!

Error Analysis In Exercise 92,
students should recognize that

the bases of the expressions

must have egual bases to apply

the Power Property of Equality.

' 4 Assess

Ticket Out the Door Have each
student an exponential expression and
an equivalent radical expression.

Additional Answers

88b. [ 1af

14}~
12

+ o]
8

6
4
[ A
640} 7 46 8%

8Bc. The graph of fix) = 4*is a curve.
It has no x-intercept, a y-intercept
of 1, the domain is all reals, the
range is all positive reals, it is
increasing over the entire
domain, as x approaches infinity
f{x) approaches infinity, as x
approaches negative infinity f{x)

approaches (. .

89. Sample answer: 27 and 42

500 | Lesson B-3 | Rational Exponents

b 86. RANDOM WALKS Suppose you go on a walk where you choose the direction of each
step al random. The path of a molecule in a liquid or a gas, the path of a foraging
animal, and a Muctuating stock price are all modeled as random walks. The
number of possible random walks w of & steps where you choose one of
d directions at each step is ar = 4"

a. How many steps have been taken in a 2-direction random walk if there are
4096 possible walks? 12

b. How miany steps have been taken in a 4-direction random walk if there ane
65,536 possible walks? 8

€. Il a walk of 7 steps has 2187 possible walks, how many directions could be
taken at each step? 3

@ soccer The radius r of a ball that holds V cubic units of air e B Dt

1
i modeled by ¢ = 0.62V3. What are the possible volumes of Sire Dimeneter jom)

each size soccer ball? See 3, 3320.8 to 3889 1:m:3; Size 4, 4518.5 to 3 1B5 105
4857.3 cm’; Size 5, 5584.7 to 6381.4 cm” '

28 0 MULTIPLE REPRESENTATIONS In this problem, you will explore i A
the graph of an exponential function. 5 -1

a. TABULAR Copy and complete the table below.

el [ e
bl

3 1 1
2|3 0|3

1
3 1 2 4 B | 1B

| =

2
% | B

b. GRAPHICAL Graph [(x) by plotting the poinis and connecting them with a smooth
Curve. b—c. S5ee margin.

€. VERBAL Dvescribe the shape of the graph of f{x]). What are its key fealures?
I= it linear?

H.OT. Problems (e Higher Order Thinking Skills

£9. OPEN ENMDED Write two different expressions with rational exponents equal to \.fz. See margin.

50. ARGUMENTS Determine whether each statement s always, sometimes, or never lrue.
Assume thal ¥ is a nonnegative real number. Explain your reasoning. a-f. 5ee margin.

i i i i
g =yl b. £ %=x? e xi=x?

i 1}2 [
d /% = x2 B f_r!] x Exl.xr=¥%
1
81. CHALLENGE For what values of x is x = x37 —1,0,1

92. ERROR AMALYSIS Jassim and Jamal are solving 128° = 4. 1s either of them correct?
Explain your reasoning.  Jassim; Jamal did not write the expressions with equal bases
before applying the Power Property of Equality.

Jenszginm amal
|28= =4 LR -4
=72 Ep -

77 =32 Fo

Te=12 Te=r

::% ﬁ-;

93. WRITING IN MATH Explain why 2 is the principal fourth root of 16.
Sample answer: 2 is the principal fourth root of 16 because 2 is positive and 2% = 16.
S00 | Lesson 8-3 | Rational Exponenls

LOMEANEE | [HwEEy 3 i b

Differentiatedinstruction

Extension For Exercise 86, students found the numbers of random walks of a given length of steps.
Have students investigate the applications of random walks.
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4 m. 10 1000

3 3
94, What is the value of 164 + 927 D 6. SHORT RESPOMSE Find the dimensions of the
rectangle if its perimeter iz 52 centimebers.

A9 C25 7.5cm. x 8.5cm.
B i1 D 35 | 4 Al Em
wom
95. AL a movie theater, the costs for variows numbers
of popoorn and sandwiches are shown. G
§7. Ir3* =% thenx = B
1 1 AED BS0 A1
2 4 ACD M60 B2
Which pair of equations can be used to lind p, C4
the cost of a box of popeorn, and b, the cost of a D5
sandwiches?
Fpth=235 Hpth=85
p+ 2h =108 ptdh=Hab
Gptrh=2385 Jpth=85
2h + 4p = 216 pt2h=Hb

Simplify each expression. Assume that no denominator equals zero. [Leson §3)

M Sl ity

88 3y o'b? 99, AE 100. = Ax?y i
S 3m'\? omt 342"

101. o ' 102. (4r‘} 103, wl,-) 1

104. GARDENING Salem is planting a flower garden that iz shaped like a

Leaperoid as shown al the right. Use the formisla A %ﬁﬂh t b b
find the area of the garden. jlesson®1 1502

Wrile each equation in slope-intercept form.

05 y—2=3x— 1) y=3x—1 06. y - 5=6(x+ 1) y=6+1 107 y+2 Mri 5 y=—2x—12
1 . 2 i 1 ——c 7
0B y+3=slx+4) y=32—1 100 y- 1=+ y=5x+7 MO y+t3=—x+)y=—p—3

Find each power.

2. 10" 100,000 13. 107" o1

Additional Answers

90a. sometimes; true only whenx =1

90b. sometimes; true only whenx =1

90c sometimes; true only whenx =1
1

90d. always; by definition of x2

1342 1
L o
90e. always; (xi'} =x2 =X orx

90f. sometimes; true only whenx =1



‘1 Focus

VerticalAlignment

w
Before Lesson B-4 Use the laws of
exponents to find products and
quotients of monomials.

b
Lesson 8-4 Express numbers in
scientific notation. Find products and
guotients of numbers expressed in
scientific notation.

-
After Lesson 8-4 Graph exponential
functions.

' 2 Teach

Scaffolding Questions
Have students read the Why? section of
the lesson.

Ask:
= What would AEDZ0 million look like
when written out? AED20.000,000

= What would you have to multiply
AED2 by to get AED20 million?
10,000,000

= How can you write 10,000,000 as
a power of 10? 10’

= What would you have to multiply
1.4 by to get 0.0000000047
0.00000000

= How can you write 0.000000001 as
a power of 107 10°

= What is AED2 x 107 20,000,000
What is 14 x 10~ %2 0.0000000014

502 | Lesson B-4 | Scientific Notation

# You used the laws ol @
expanenls 1o find
prodwcs and
quabiens of
monomik.

2

P ]

Scientific Notation

| Why?

@ Space lourtem is a mul@ilkon dolar
indusiry. For & price of AED 73 million, a
il can iravel on a rockel or shullle
and visil the Inlernational Space Slalion
(IS5} For & week.

Express mambsers in
scienlific nolation.

Find prodwcts and
quealieits ol nwmbes
wxpressed in
scienlific nodation.

MewVocabulary
scienlific mokation

and critique the reasonisg
of oiheas

Azicnd 1o peccision.

Scientific Notation Very large and very small numbers such 2z AED 73 million

can be cumbersome to use in calculations. For this reason, numbers are often
expressed in acientific notation. A number written in scientific notalion is of the
form o = 107, where 1 < g < 10 and » is an integer.

R SySoncapt. Seadand Form o Scientifc Matotiun.

- ST ———— -

m Move the decimal point wntil it is te the night of the first
nonzero digit. The result is a real number a.

m Maote the number of places n and the direction that you moved
the decimal paint.

m If the decimal point is moved left, write the number as g X 10"
If the decimal point is moved right, write the number as o = 10"

m Remaove the unnecessary 18105

Express each number in sclentific nolation.

a. 20,000,000
E=X 201,000,000 — 2.01000000
m The decimal point moved & places 1o the left, son = 8.

o= 1000

E™E1 201,000,000 = 2.01000000 x 10* g

E™ 201 x w0® :

b. 0.000051 &

E=T1 0.000051 —» 00005.1 = D005 s

m The decimal pu;:::-rr;u:wed 5 places to the right, so 1 = 5. =3

E™El 0000051 = 00005.1 % 1079 s

Siep 8 BRI :

b GuidedPractice Z
1A, 68,700,000,000 6.87 x 109

1B. 00000725 7.25 x 107° ~.-




You can also rewrile numbers in scientific notation in standard form.

WatchOut!

Hegalive Signs Be caseful
aboul the: placemen of
gt signs. A pegative
sign in the exponen] msais
thal the mumber is between
0 and 1 A negaliae sign
befoee the mumbes mseans
that il & le<s than 0.

| | KeyConcept Scientific Notation to Standard Form

MeGrvw- HI Edacatian

syt

[

Problem-Solving Tip

Tooks Elimaling an answes
Iotefoeee eormputinag this
solulion can help you
delermine i your assweer

i peasonatile.

3A. 5655 x 107
0.05655

3B. 6.084 x 10~7;
0.0000006084

- -

. m Ina x 10", note whethern = 0orm < 0.

m If n = ), mowve the decdmal podnt n places right
If n <10, move the decmal podnt —n places left.

m Insert zeros, decmal point, and commas &s needed for place value.

'

Express each aumber in standard form.
a. 6.32 x 107
m The exponent 59, son = 9.
E™H Since n > 0. move the decimal point 9 places to the sighl
6.32 % 10¥ —= 6320000000

oAb b AT

ET™H 652 = 10° = 6,320,000,000

B ibe; inserl commss.
b ax 107

m The exponent is —7, son -7

m Since 1 < 0, move the decimal point 7 places to the Teft.
A1 —» 000004

ALK AN A
E™H « = 107 = 0.0000004 [ T e ———

P GuidedPractice
2A. 3.200 x 10% 3,201,000

2B. 9.03 x 107" 0.0000903

Preduct and Quotients in Scientific Notation You can use scientific notathon to
simplily multiplying and dividing very large and very small numbers.

Evaluate (3.5 x 107%)(7 x 10%). Express the result in both scientific notation and
standard form.
(3.5 % 10797 = 105)
= (3.5 % 71072 x 10%)
= 245 % 102
- (2.45 x 10") x 10*
= 2.45 x 107 or 2450

Oviginal expression

Commuiative and Assodative Propesties
Produc of Powers

ME=2485x10

Product of Powers

P GuidedPractice

Evaluale each product. Express the resulls in both sclentific nolalbon and
standard form.

3. (55 = 10387 = 1071)

3B. (78 x 10 %

Differentiatedinstruction ©

n students have trouble keeping track of a moving decimal point,

have students write each digit in the number 201,000,000, for example, on an index card.

Using an object such as a paper clip or coin as the decimal point, students can actually move
the decimal point and count the number of places it moved. Repeat using other numbers from

the examples, such as 0.000051.

1 Scientific Notation

Example 1 shows how to express a very
large and a very small number in
scientific notation. Example 2 shows
how to express a number written in
scientific notation in standard form.

Formative Assessment

Use the Guided Practice exercises after
each Example to determine students’
understanding of concepts.

« | Express each number in scientific
notation.

a. 4,062,000,000,000
4.062 x 10¢
b. 0.000000823 8.23 x 10~/

E Express each number in standard
form.

a. 6.49 % 10° 649,000
b. 1.8 x 103 0.0018

2 Products and Quotients in
Scientific Notation

Example 3 shows how to multiply with
scientific notation. Example 4 shows
how to divide with scientific notation.
Example 5 shows how to solve a real-
world problem using scientific notation.

= J| Evaluate (5 % 1079)(2.3 x 109,
Express the result in both
scientific notation and standard
form. 115 x ‘Iﬂ"‘; 11,500,000

Teaching the Mathematical
Practices

Tools Mathematically proficient detect
possible errors by strategically using
estimation and other mathematical
knowledge. Model this behavior by
verbalizing estimation as you solve
example problems.



:55—5 Express the

result in both scientific notation
and standard form. 3 x 10 %

_ B Evaluate

0.03

=) WATERCRAFT Last year
Amna's state registered over
400 thousand watercraft. Boat

than AED15.4 million in state
sales taxes that same year.

a. Express the number of
watercraft registered and the

boat sales last year in Amna’s
state in standard notation.
Watercraft registered:
400,000; state sales tax
generated: AED15,400,000

b. Write each numberin
scientific notation. 4 = ll]t‘,'
154 x 10’

€. How many watercraft have
been registerad in Amna’s
state if 12 times the number

registered in all? Write your
answer in scientific notation
and standard form.
4,800,000; 4.8 x 10°

- |

Qualient of Powers

Riscall hat thee Cusalient of
Powers Properly is only valiid
Tor poreers hal have the
sarme base. Since 107 and 107
hawve e came base, B

prapesty applis.

cales in her state generated more

state sales tax generated from

registered last year have been

Tips for New Teachers

E Motation On some calculators,

the powers of 10 are written using

E notation. For example, 3 x 113-_5,
would be displayed as 3E —6. The E
means fimes 10 to the given power.

Teach with Tech
Interactive Whiteboard Write a

number not in scientific notation on the
board. Grab the decimal point and drag

it to the left or right as you count the
number of places you have moved it.
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Evaluate %. Express the result in both scientific notation and
standard I'm.'m
1':5::1;2* (5' ( Product sue for hactivm

0.42 x 10° Cuatient of Powers

42% W0 x10° gar=dazxw’

4.2 x 10* Prostuct of Powers

42,000 Standard farm

P GuidedPractice

Evaluate each quotienl. Express the resulls in both scientific nolation
and standard form.
23956 x 107
| 1.98 »x 10*

121 % 105 0.0000121 4B, - :”5 %

W L4 m‘:!.mﬂ..ﬂm

Real World Example 5

MUSIC In the United States, a CD resches gold status once 500 thousand copies are
sold. A CD reaches platinum stalus once 1 million or more copies are sobd.

a. Express the number of copies of CDs that need to be sold to reach each stalus in
standard nolation.
gold status: 500 thousand = 500,000; platinum status: 1 million = 1,000,000

b. Write each number in scientific notation.
gold status: 500,000 = 5 % 10% platinum status: 1,000,000 = 1 = 10%

. How many copies of a CI) have sold if it has gone platinum 13 times? W rite your
answer in scienlific notation and standard form.

A CD reaches platinum stalus once it sefls 1 million records. Since the CD has gone
platinum 13 times, we need to multiply by 13.

(1301 = 10%) Original sxpeession
{13 % 1){10%) Associnfive Property
13 x 10%® Bxi=1
(1.3 = 107) = 10° B=13x%
1.3 = 107 Prostuct of Powers
= 1.3, (00, 000 Standand fonm

’ GuidedPractice

5. SATELLITE RADI0 Suppose a satellite radio company earned AED 1254 million
in one year.
A Write this number in standard form. 125,400,000
B. Write this number in scientific notation. 1.254 x 0%

C. I the following year the company earned 2.5 times the amount
earned the previous year, determing the amount earned. Write your

answer in scientific nolation and standard Torm.
3.135 x 10%; 313,500,000
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Focus on Mathematical Content

Multiplying and Dividing with Scientific Notation If students think of numbers in scientific notation as
monomials, then the procedures for multiplying and dividing are the same. For example, think of

(3 % 1079(1.2 x 10%) as {3x2)(1.2x%). In this case, you first multiply the constants and then the powers
with the same bases. Similarly, with scientific notation, you multiply the constants, then the powers

o

4
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Example 1 Express each number in sclenlific notation.
1. 185,000,000 185 = 10* 2. 1,902,500,000 1.9025 x 10°
3. 0000564 5.64 X W07 4. 000000804 B.04 X 907"
MONEY Express each number in scientific nolation.
5. Teens spend AED 13 billion annually on clothing. 1.3 x 10
6. Teens have an inflluence on their families" spending habit. They control aboeut
AED 1.5 billion of discretionary income. 1.5 X 907
Example 2 Express each number in standard form.
7. 1.98 x 107 19,800,000 £ 4.052 x 10° 4,052,000
9. 3.405 = 10~ 0.00000003405 10. 6.8 = 107" 0.000068
Example 3 Evaluate each product. Express the resulls in both scientific nolation and
standard form. 11-14. See margin.
. (1.2 x 10%(1.45 = 10" 12. (7.08 = 105 x 1079
13. (518 = 10491 = 1077 4. (218 = 1073
Exampie 4 Evaluate each quotient. Express the resulls in bolh scientific notation and
standaed form. 15-18. See margin.
1.035 x 10° 2542 x 10°
L QT )
23 %10 4.1 x 10
1445 x 107 205 x 10 ®
1.7 x 10° 4x10?
Example 5 18. PRECISION Zayed bought an air purifier to help him deal with his allergies.

The filter in the purifier will stop particles as small as one hundredth of a micron. A
micron is one millionth of a millimeter.

a. Write one hundredth and one micron in standard form. 0.01, 0.000001

b. Write one hundredth and one micron in scientific notation. 1% 102,12 1078

€. What is the smallest size particle in meters thal the filter will sbop? Write the result
in both standard form and scientific notation. 0.00000000001:1 x 107"

Practice and Problem Solving

Example 1 Express each number in scienlific notalion.
20. 1,220,000 122 x 10° (@) 58,600,000 5.86 X 107 22, 1,405,000,000,000 1405 x 107
3. 00000013 1.3 x 1075 24, 0.000055 5.6 x W0 25 0000000000709 7.00 % 100
~ EMAIL Express each number in scientific nolation.
:; 26. Approximately 100 million emails sent o the President are put into the
o Matiomal Archives. 13 10%
E 27. By 2015, the email security market will generate AED 6.5 billion.
o 6.5 x 10°
-:. Example 2 Express each number in slandard form. 28. 1,000,000.000.000
& 28. 1 = 10" 29. 9.4 x 107 94,000,000 30. 5.1 x 10~ 0.0081
& 3. 5= 107 0.0005 32, 8.73 = 10" 33. 6.22 = 107" 0.00000622
505
Differentiated Homework Options
Level Assignment Two-Day Option
€ Basic 20-54, 70, 11, 73-93 21-53 odd, 76-79 20-54 even, 70, T,
1375, 80-93
O core 21-610dd, 631, 20-54, 76-79 5571, 73-75, 80-93
13-493

Q Advanced

5587, [optional: 88-93)

Tips for New Teachers
Sense-Making Students may have
encountered the use of scientific
notation in their science classes, where
they rounded numbers to two decimal
places when converting from standard
to scientific notation. Make sure that
students do not automatically round
numbers to two decimal places when
they convert to scientific notation in
this lesson.

' 3 Practice

Formative Assessment
Use Exercises 1-19 to check for
understanding.

Use the chart at the bottom of this page

to customize assignments for your
students.

Teaching the Mathematical
Practices

Precision Mathematically proficient
students express numerical answers
with a degree of precision appropriate
for the problem context. In Exercise 19,
point out that in some scientific fields
units of measure as small as microns or
even smaller are commonly used.

Additional Answers

1. 174 x 0™
1,740,000,000,000,000

12. 3.54 x 105; 3,540,000

13. 47138 x 10 % 0.047138

14. 47524 x 10~% 0.00047524

15. 45 x 10% 4500

16. 6.2 x 10™ 620,000,000,000,000
17. 85 x 10~ 0.00000000000085
18. 5.125 x 10~"; 0.0000005215



Exercise Alert

Change in Units For Exercises 63—65,
students are given the speed of light in

meters per second but are asked to find
results in kilometers per second.

Teaching the Mathematical
Practices

Modeling Mathematically proficient
students are able to identify important
quantities in a practical situation and
map their relationships. In Exercise 66,
the relationship may be clearer to
students if they write the fraction using
words for each quantity like
Company B's data processed per second
Company A's data processed per second
i B
WatchOut!
Error Analysis For Exercise 71,
help students see that everything
is the same in the two methods
except the exponent in the power
of 10 in the last line. Ask students
if the decimal point was moved to
the left or right, and how the

direction affects the power of 10.
N .

Additional Answers

65. Time Kilometers
Traveled
1day 2592 x 10"
1weck 18144 x 10"
1 month 7.776 = 10"
1year 94608 x 107
;. %:;i—:gz = 1.774; The phone

from company B is about
1.774 times as fast as the phone
from company A

T5. Sample answer: Divide the numbers
to the left of the X symbols.
Then divide the powers of 10. If
necessary, rewrite the results in
scientific notation. To convert that
to standard form, check to see if
the exponent is positive or
negative. If positive, move the
decimal point to the right, and if
negative, to the left. The number of
places to move the decimal point is
the absolute value of the exponent.
Fill in with zeros as needed.
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Example 2

INTERMET Express each number in standard form.

24. About 2.1 x 107 people, aged 12 1o 17, use the Internet. 21,000,000
35. Approximabely 1.1 x 107 teens go online daily. 11,000,000

Examples 34 Evaluate each product or quotient. Express the results in both scientific notation and

standard form. 1.9035 = 105;
36. (3.807 x 10%)(5 x 10?) 1.903.500 A % 8 x 107; 80,000,000
38, 2557 107 5 4 o 305 240,000,000 .ﬁ;xmﬁ[umu'i} iyl
12105 S S : 4,680,000
_ B.55 x 1078 BB % 10°
14 L 7
40. (95 107)(9 x 10%) J ornoooses s 22X10 zﬁmnmu
15 x 07 15 107* 0.00015 i SRS
2= 43. (1.4 X 10%" 4 960,000,000,000
9.288 x 10%; 5.6498 x 100
2 i B
a4 (258 x 10 HE"“’“M&SM.M gt 689 X 10% 689,000
e
% A7 x 10%4,700,000000  47. (5 x 10°)(1.8 x 107) 9 x 10~% 0.0009
: i —&, 1
48 (23 x107H 529IxXWTH a9, 2B 21— 5 105 0.000005
0.00000529 1.25 % 10
31t g 3.2 "
T 25X 1075,0.000025 51 (72 x 10°)°  5.184 x 10™; 5,184,000,000,000,000
& F
52. 20X 4.3x 10'%,43,000,000,000  53. (6.3 x 1077)" 3.968 X 107

Ezampie 5

0.000000003269

54. ASTRONOMY The distance between Earth and the Sun varies throughout the year.

Earth s closest to the Sun in January when the distance is 146 million kilometers.

In July, the distance is

greatest at 152 million kilometers.

2. Write 146 million in both standard form and in scientific notation. 196,000,000, 1.46 X w?
b. Write 152 million in both standard form and in scientific notation. 152,000,000, 1.52 X 10%

. What is the percent increase in distance from Janoary 1o July? Rownd to
the mearest tenth of a percent. 3.3%

D- Evaluate each product or quotient. Express the resulls in both scientific notation and

standard form.
55, (1.65 x 107591 =

2135 % 10° B1X107%
T 35 x w'? 0.000000061

59, (2.01 x 107*}{3.9 % 1

61 (9.04 x 10%){5.2 » 1079

i 2548 x 107
108) 274815 56 X1 o4 i 105 9,900,000
28 % 10
—d,
58 (3.16 x 10732 99856 x 107,
=y ) 0.00099856
u_:,}"-m'-‘ EWN o smixwS 72x10°%
0.00000 72% 10 0.O000D00OTZ
4.7008 = 10% 1.032 x 104 .
— 12 X 10" 1.2
4700.8 B.Ex 1075

LIGHT The speed of light is approximately 3 x 1% meters per second.

63. Write an expression lo represent the speed of light in kilometers per second. 3 X 10°
B4. Write an expression ko represent the speed of light in kilometers per hour. LO8 x 107

65. Make a table to show how many kilometers light travels in a day, a week, a
30-day month, and a 365-day year. Express your resulls in scientific notation. 5ee margin.

66. MODELING A recent cell phone study showed thal company A's phone processes up o

795 = 10° bits of data

up o 1.41 % 10 bits of data every second. Evaluate and interpret

S06 | Lesson B-4 | Scienlific Notation

every second. Company B's phone processes

LOMEANEE | [HwEEy 3 i b

Differentiatedinstruction ¢ Y

Extension Write the expression 0.00042 = 316,000,000 on the board. Ask students to write this
expression using scientific notation. Then have students evaluate the product.

42 %10 % 316 x 105132720
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Enmyrignt © MG HI Eda

@ EARTH The population of Earth is about 6.623 x 10%. The land surface of Earth

is1.483 » 10% square kilomelers. What is the population density for the land surface
area of Barth? about 44.7 persons/m®

68. RIVERS A drainage basin separated lrom adjcent basins by a ridge, hill,

HO.T. Problems  use Higher-Order Thinking Skills

or mountain is known as a walershed. The watershed of the Amazon
River is 5,900,000 square kilomebers. The watershed of the Mississippi River
is 3,100,000 square kilometers.

a. Write each of these numbers in sclentific notation. 5.9 x 10%; 3.1 x 10°

b. How many times as large is the Amazon River watershed as the Mississippi River
watershed? about 1.9 times as large

. AGRICULTURE In a recent year, farmers planied approximately 376 heclares.

of corn. They alsa planted 259 hectares of soybeans and 4.5 hectares
of eotbon. 8. com: 3.76 x 107, 37,600,000 soybeans: 2.59 x 107, 25,900,000
cotton: 4.5 x 107, 4,500,000
a. Write each of these numbers in scientific notation and in standard form.
b. How many limes as moch corn was planted as soybeans? Write your results
in standard form and in scientific notation. Round your answer to four
decimal places. about 1.4517 x 107; L4517

€. How many times as much corn was planted as cotton? Write your resulis
in standard form and in scientilic notation. Round your answer Lo four
decimal places. about 8.3555 x 107%; 8.3555

70. 10'°%; 100" = (10%)" or 102° and 10%° > 1077, 50 10™° > 100"
. Pete; Syreeta moved the decimal point in the wrong direction.

b\ 70. REASONING Which is greater, 100™ or 10"™? Explain your reasoning,.

M. ERROR ANALYSIS Rana and Reham are solving a division problem with scientific

73. Sample answer:

notation. ls either of them correct? Explain your reasomning,

Always; if the numbers E o T4. Sample answer: »
are g X 10™ and b x 10" '3.Cikiﬂ'1_a_ﬂklun a5 ept -0Bxn" meftgfxm .
in scientific notation, then T e 52X 1075

1< o< 10 and =73 % |0 -73xp™® qu;whent Z.EE-x
1=b<10. 10°,2 %10

501 = ob < 100.

T2, CHALLENGE Order these numbers from least o greatest withoul converting them bo
standard form. —4.65 X 10, —5.64 % 10%, 4.56 x 107°, 5.46 x 1077, 6.54 % 10°

546 % 107 6.54 » 107, 4.56 » 1074,

5.64 x 104,

4.65 x 107

73. ARGUMENTS Determine whether the statement is afways, somelimes, or aever true. Give
examples of & counterexample bo verily your reasoning.

When multiplying lie numbers written in scienlific notation, the resulling number can haoe
o more hen too digits bo the 1efl of the decimal poird.

74.

OPEN ENDED Write two numbers in scientific notation with a product of 1.3 % 107
Then name twoe numbers in scientific notation with a quotient of 13 = 1072

. WRITING IN MATH Write the steps that yvou would use to divide two numbers

written in scientific notation. Then describe how you would write the results

in standard form. Demonstrate by finding f fore = 2 % 107 and b — 4 x 10°. See margin.

Teaching the Mathematical
Practices

Arguments Mathematically proficient
students can recognize and use
counterexamples. In Exercise 73, stress
that examples alone do not prove a
conjecture but one counterexample
disproves one.



| 4 Assess

Name the Math Ask students to
describe how they would evaluate
(3.5 x 10794 x 10%.
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T6. Which number represents 0.05604 = 10% writben T&. SHORT RESPONSE In his first four years of

in standard form? C

A D.D0DOO0MMOSE04 C 5,604,000
B 560,404 D 50,604,000

coaching soccer, Coach Tarek's team won

5 games the first year, 10 games the second year,
8 games the third year, and 7 games the fourth
year. How many games does the team need bo
win during the fifth year bo have an average of

T1. Ayesha left school and rode her bike home. The 8 wins per year? 10

graph below shows the relationship between her
distance from the school and time. 79. The table shows the relationship between

¥ [T Calories and grams of fat contained in an order

_E ! P A0, 1} of fried chicken lrom variows restaurants.

L% o
-"JE os
__a 025 (L] I]SMBNSMEII'W
i Bl
=
0 5 1015 2025 30 35 40 45 50 Ul = | @ = |0 0|

TN ) Assuming that the data can best be described by
a linear model, about how many grams of fat
would you expect to be in a 275-Calorie order of
lried chicken? B

Which explanation could account for the section
of the graph from r = 30 tox = 407 H

F Ayesha rode her bike down a hill.

G Ayecha ran all the way home. Ne2E
H Ayesha stopped at a friend's house on her el

way home. C2s
J Ayesha returned to school bo gel her D 30

mathematics book.

-~

B0. HEALTH A ponderal index p is a measure of a person’s body based on height k in
t

centimeters and mass m in kilograms. One such formula is p = 100m 3~ If a person who
is 182 centimeters tall has a ponderal index of aboul 2.2, how much does the person
weigh in kilograms? [Lesson53) 64.2 kg

Simplify. Assume thal no denominator is equal bo zero. [Leson 57)

b ] 5 iz
8. L grorsiz 22 5 §20r36 g3 Tt 5y
HE 6.1 :'.1_',.-
3‘"4&4]4 FiaEhE o (5,,!3..:1 * a5dfgt s an?pt)? a%p
B* 4096 kT ahE T\ st B

87. CHEMISTRY Lemon juice is 107 times as acidic as tomato juice. Tomato juice is
10% times as acidic as egp whites. How many tmes as acidic is lemon juice as
egp whites? fLesson §-3) 10°

Evaluate a(b*) for each of the given values.
BB a=1b=2,x=4 18 8. a=4b=1,x=7 4 B0 a=5b=3,x=05
Ha=Db=6x=80 92 = Lh=3x=1—6& 93. a L bh=5r=F =15

S08 | Lesson 8-4 | Scienlific Notation
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'-ﬁHid-Chapter Quiz

‘Lessons 8-1 through 8-4

-y
Simplify each expresséon. {=sond 1)
1 (ef)lar?) ax®

2. (m%")* mop™
. [[bﬂﬂj 64xSy™

. 6o - 30%6%c) —18a7L5cS

-

5. MULTIPLE CHOIE Express the voleme of the solid as

amonomial. Leson 87 B

A &7
B Be?
¢ et
b

Simplify each expression. Assume that no denominator
equals 0. [Leson B3

. (1u4b3)3 2a'2n® 4 ey 1

. o e B 3
alv's . P

L = mn . ey
I rr3p ¥ T

10. ASTRONOMY Physicists estimate that the number of stars
in the universe has an arder of magnitude of 109 The
number of stars in the Milky Way galaxy is around
106 billion. Using orders of magnitude, how many times
as many stars are there in the universe as the
Milicy Way? [Lessonzy 10

Write each expression in radical form, or write each radical in
exponential form. (Lo 37

n. 427 &z 12 T 1./%
i — 1

1. gy /1g 14. +/55 552
1 1

15. 5k (5k)2 16. 4y/p 4p?

Simplify. fecond D

1 729 9 18. ¥E5 5
1 1wyl 2

. 13317 N 20. {E}‘ =

2 3

21 8% 4 22 6251 125
3 1 1

73, 761 7776 24, {;}? 3

Solve each equation. [Lewcond D)
25. 4 = 4096 6

26, 51— 135 1
¥ i-128 65

Express each number in sclentific notation. (e 89
28. 000000054 5.4 %107 29, 0.0042 42 x 1073

30. 234,000 2.34 x 10° 3. 418,000,000

418 x 10°
Express each number in standard form. (Leson 59)

32 41 x 107 0.0041

33. 274 x 107 274,000

34. 3 x 107 3,000,000,000
35. 91 % 1070 0.000091

Evaluate each product or quoetient. Express the results in
scientific notation. [Lecon 34

36. (213 = 10?3 = ©0*) 639 x 107

37. (75 = 0%){25 = 10~ 1875 x 105

75 x 10°
25x wt

6.6 W

2902

38. 3Ix 10t

38, 3.3 x 10

40. MAMMALS A blue whale has been caught that was
1.9 » 10 kilograms. The smallest mammal is a bumblebes
bat, which is about 0,001 kilograms. [Lessan 8.4)

a. Write the whale"s weight in standard form.
190,000 kilograms

b. Write the bat's weight in scientific notation.
1.9 x 102 kilograms

. How many orders of magnitude as big as a blue whale
is a bumbdebee bat? 10%

Formative Assessment
Use the Mid-Chapter Quiz to assess
students’ progress in the first half of
the chapter.

For problems answered incorrectly,
have students review the lessons
indicated in parentheses.

| | gulU;:/12]| StudyOrganizer

Dinah Zike’s Foldables”

Before students complete the Mid-
Chapter Quiz, encourage them to
review the information for Lessons 8-1
through 8-4 in their Foldables.



‘1 Focus

Objective Use a graphing calculator to
investigate families of exponential
functions.

Materials
= graphing calculator

Teaching Tips
= Remind students that to set their
viewing window to standard, use

ZOOM 6. Otherwise, use the
window settings shown.
= For Activity 2, remind studenxﬁ that to

enter functions like y = (%] , they

will need to type [ (|1 =]2[) |[~]

‘2 Teach

Working in Cooperative Groups
Divide the class into pairs. Have one
student work through Activity 1 and the
other work through Activity 2. Ask
students to describe to each other what
they see on the calculator screens.
Have them switch activities and see if
they notice any other similarities or
differences.

Then ask students to work with their
partners to complete Activities 3 and 4.

Practice Have students complete
Exercises 1and 2.

‘Graphing Technology Lab
Family of Exponential Functions

An exponential function is a function of the form y — ab®,

wheme g 0,0 > 0, and b 3 1 You have studied the effects

of changing parametars in linear functions. You can use a graphing
calculator to analyze how changing the parameters o and b affects
the graphs in the family of exponential functions.

Activityd biny=0b% b>1

Graph the set of equations on the same screen.
Describe any similarities and differences among the graphs.

Y=y =Py =6

Enter the equations in the E list and graph.

There are many similarities in the graphs. The domain for each
function is all real numbers, and the range is all positive real
numbers. The functions are increasing over the entire domain.
The graphs do not display any line symmetry.

Use the | ZO0M | feature bo investigate the key features of the graphs.

Zooming in twice on a point near the origin allows closer inspection
of the graphs. The yintercept is 1 for all three graphs.

Tracing, along the graphs reveals that there are no x-intercepls,
no maxima and no minima.

The graphs are different in thal the graphs for the equations in
which b is greater are steeper.

|—ouEs, QE25] 50k 1 by
—a26_ . 36350k 10

.

The effect of b on the graph is different when 0 < b < L
Activity2 biny=0-0<b<1

Graph the sel of equations on the same screen.
Describe any similarities and differences among the graphs.

o= o= o= 6

The domain for each function is all real numbers, and the range is all
positive real numbers. The function values are all positive and the
functions are decreasing over the entire domain. The graphs display

no line symmetry. There are no x-intercepts, and the y-intercept is 1 for
all three graphs. There are no maxima of minkma.

[—A0 0] sel: 1 hy =10, 100] set 10

However, the graphs in which b is lesser are steeper.

510 | Explore B-5 | Graphing Technology Lab: Family of Exponential Functions
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onEnEg

WatchOut!

Common Misconceptions Be sure
students do not confuse polynomial
functions and exponential functions. While
¥= x* and y = 2" each have an exponent,
¥= isa polynomial function, and

¥ = 2*is an exponential function.

510 | Explore 8-5 | Graphing Technology Lab: Family of Exponential Functions



Aclivity3 aoiny=aba>0

Graph each sel of equalions on the same screen. Describe any
similarilies and differences among the graphs.

y =25y =309, y = {2

The domain for each function is all real numbers, and the range is all
positive real numbers. The functions are increasing, over the entire
domain. The graphs do not display any line symmetry.

Use the £O0OM  feature to investigate the key features of the graphs.

Zooming in twice on a point near Lhe origin allows closer inspection
I the graphs.

et e =10, 10} sck 1 oy (=10 16] scl: 10

Tracing along the graphs reveals thal there are no x-intercepls,

no maxima and no minima.

However, the graphs in which a is greater are steeper. The y-intercept

is1 in the graph of ¥ = 2%, 3 in y 3(2%), and én'l L %[2.\']

|—0,625, 0,626] 5ok 1 by
[—2 79,0, 4.00,..J 50k 10

S —

Aclivityd giny=ab" a<0

Graph each sel of equations on the same screen. Describe any
similarities and differences among the graphs.

1
y= -2, y=—3D), y= —{F)
The domain for each function is all real numbers, and the range is
all negative real numbers. The lunctions are decreasing over the

entire domain. The graphs do not display any line symmetry.

There are no x-intercepls, no maxima and no minima.

However, the graphs in which the absolute value of a is greater
are steeper. The y-intercepl i —1 in the graph of y X —3in

y = ~3(29,and —iny = —{2. =10, 10 scl: 1 by (=100, 1] sek: 10

.

Model and Analyze 1-3. See margin.
1. How does b affect the graph of y ab® when b > 1 and when 0 < b < 12 Give examples.

2. How does g affect the graph of y = ab* when a > 0 and when a < 0? Give examples.

I
3. REGULARITY Make a conjecture about the relationship of the graphs of y = 3 and y {%}I - Verily
your conjecture by graphing both functions.

M

Teaching the Mathematical Practices
Regularity Mathematically proficient students
look for and express regularity in repeated
reasoning. In Exercise 3, guide students to look
at the equations in Activity 2 to observe a
pattern.

| 3 Assess

Formative Assessment

Use Exercise 3 to assess each student’s
knowledge of graphing exponential
functions.

From Concrete to Abstract

Ask students to summarize how to use
technology to find the solutions to
exponential equations and inegualities.

Additional Answers

1. The value of b affects the steepness
of the graph. When b = 1, the
greater the value of b the steeper
the graph. When 0 < b < 1, the
lesser the value of b the steeper the
graph. Sample answer: The graph of
¥ = 5" is steeper than the graph of

— 3* The graph of ={l)xi5
y= 3" The graphof y = | ¢

x
steeper than the graph of y = (%) :
2. The value of o affects the steepness
and direction of opening of the
graph. The greater the absolute
value of g, the steeper the graph.
When o > 0 the graph opens up,
and when a < 0 the graph opens
down. Sample answer: The graph of
¥ = 4{2%) is steeper than the graph
of y = 3{2*). The graph of y = 4(2)
opens up and the graph of
y = —4({2%) opens down.
3. Sample answer: The graph of
&
y= (%) is the graph of y = 3*
reflected over the p-axis.

5N



1 Focus

VenrticalAlignment

-
Before Lesson B-5 Evaluate
numerical expressions involving
exponents.

w
Lesson 8-5 Graph exponential
functions. ldentify data that display

exponential behavior.
-

After Lesson 8-5 Solve problems
involving exponential growth and
decay.

' 2 Teach

Scaffolding Questions

Have students read the Why? section of

the lesson.

Ask:

= How s this equation different from a

linear equation? The independent
variable x is an exponent.

= What is the value of y when x = 07
y=3

= Can the value of y ever be 07 no

512 | Lesson 85 | Exponential Functions

# You evalualed L Giaph exponential @ Tarantulas can appean scary with their lasge | !
mmevical Tumctions. hairy bodies and legs, bul they are harmbess to 5
i L The I shows & laraniula spide
!:xpﬂm.almm eslify data Hat AN, g:.ig b a r. m. r R
nvolving caponents. : populaon thal incieases o lime. Mobice hat =
s i e the graph & nol linsar |
bishavios. ! ' -E -~
The gragh nepresents the luction y = 32)°.
Thiz is an example of an exponeniiof Function. E
1

MewVocabulary
exponential funcion
exponential growih function
exponenlial decay function

Mathematical Practices
Make serse of peoblems and
perscvere e solving them.

512 | Lesson B-5

Years Since 2010

Graph Exponential Functions An exponential function is a function of the form
y = ab”, where g 0, b > 0, and b 3 1. Notice that the base is a constant and the
exponent is a variable. Exponential functions are nonlinear.

[ & KeyConcept Exponential Function

Words An exponential function is a function that can be desonibed by an equation
of the form y — ab® wherea # 0.b > 0,and b # L
HE
Examplez  y =203y y=x ¥ I[;]

Graph 4 = 3%, Find the y-intercept, and state the domain and range.

e HEEER [y

at1, so the -interceptis1.  —|eeSESSEEEISLES | I [l |

The domain is all real numbers, -2 2 %

and the range is all positive e 3 1 |

real mumbers. s ] -
] 30 1 =Ty T T

Motice that the graph approaches 1 3

the r-axis but there is no ] g HIEER ‘J 11

x-intercept. The graph is 1 ky - _..-::

increasing on the entire domain. 2 3 9 .

b GuidedPractice
5See Ch. B Answer Appendix.
1 Graphy T Find the y-intercept, and state the domain and range.

Functions of the form y = ab®, where 2 > 0 and b > 1, are called exponentisl growth
functions and all have the same shape as the graph in Example 1. Functions of the form
¥ = ab’, where a > Dand 0 < b < 1 are called exponential decay functions and also have
the same general shape.

LOERNEG | |HwEE N 3 Ul sty




StudyTip

o= Mhevalueolois
Iz than 0, this granh will b
reflecied aones v r-axis. el -
The y-intercept is 1. The | i ¥
2, domain is all real numbers, 1 1
T T T T and the range is all positive 5 = 1-'i
TR T T real numbers. Notice that as -2 H} 9
| x increases, the y-values — 3= ':K;"I }'=I:%}' T
..... g 3 8
decrease less rapidly. o [ﬂ 1 1\
=] 2 | I

_____ _.illn. ] 2 [i:lJ ; ak"‘-—— -G

X | | i x

y=(z)-1 : )
T T e ’ GuidedPractice
I
{0, 0); D = {all real 2. Graphy [:%} 1. Find the yintercept, and stabe the domain and range.
numbers]; .
R=lyrlyr>—1]
The key leatures of the graphs of exponential functions can be summarized as follows.
[ KeyConcept Graphs of Exponential Functions |
Exponential Growth Functisns Exponential Decay Functions

Equation: fix) —ab".o0 > 0,61
Domain, Range: all reals; all postive reals
Intercepts: one p-intercept, no s-intercepts

End behavior: as x increases, f{x] increases;

as ¥ decreases, flx) approaches 0
) = B, ¥zl
b=1
e = -

Equation: fix) = ab", o > 0,0 < b <1

Domain, Range: all reals; all negative reals
Intercepts: one y-intercept, no s-intercepts

End behavior: as x increases, fx) approaches 0; as
x decreases, flx] increases

ey =8,
Oched
e

o

Interactive Whiteboard Create a template for a
table of values, and drag a coordinate grid onto
the board. Write a function and have students
complete the table of values. Then have students
draw the graph of the function.

HWorkd Example 3 ; I L i
SO0DA The function C = 1791.029) models the amount of soda consumed in the
wiorld, where C is the amount consumed in billions of liters and r is the number of
years since 2000.
Real-WorldLink a. Graph the function. What values of C and I are =
o Thee United States i the meaningful in the context of the problem?
= larges] soda consurmes in s
= workd. In a recent year, the Since I represents time, | > 0. ALL = 0, the
i United States aoeounted for consumption is 179 billion liters. Therefore, in the //
gF /el f K ks ik context of this problem, C > 179 is meaningful.
= sl corsurmglion.
T Seusce Workwalsh et -
= ; [5G0 sl 10 e 10, 350] =cl: 25
513
Teach with Tech

WatchOut!

Student Misconceptions Make sure
students understand that the graphs of
exponential functions never actually touch
the x-axis. It is acceptable for hand-drawn
graphs to show the graph just above and
about parallel to the x-axis as long as
students understand that the graph gets

infinitely close to the axis without touching it.

1 Graph Exponential Functions
Example 1 shows how to graph an
exponential function when g > 0 and
b = 1. Example 2 shows how to graph
an exponential function whenag > 0
and 0 < b < 1. Example 3 shows how
to use an exponential function to solve
a real-world problem.

Formative Assessment

Use the Guided Practice exercises after
each example to determine students’
understanding of concepts.

x| Graph y = 4*. Find the
y-intercept and state the domain
and range. p-intercept: 1,
D = {all real numbers],
R = |all positive numbers]

—)
Lol

il [a] | x

x
EGraphyz &] - Find the

y-intercept and state the domain
and range. p-intercept: 1,

D = {all real numbers],

R = {all positive numbers]

mIEeE

AL
r= @ Pt
nk‘_r{'

513



b. How much soda was consumed in 20057
C = 179{1.029)" (riginel equation

= 179(1.029)> =5
1 DEPRECIATION Some people = H065 Ay
say that the value of a new car The world soda consumption in 2005 was approximately 206.5 billion liters.
decreases as soon as it is driven
off the lot. The function P GuidedPractice
V= 25,000 - 0.82! models the 3. BIOLOGY A cerfain bacteria population doubles every 20 minutes. Beginning

s ogs s ith 10 cells in a culture, the ulation can be represented by the function
depreciation in the value of a - e pop P Y

p o B = 10{2)", where B is the number of bacteria cells and { is the time in
new car that Oﬂ’gll'iﬂ“}l' cost 20 minute increments. How many will there be after 2 hours? 640

AEDZ5,000. V represents the
value of the car and t represents
the time in years from the time Identify Exponential Behavior Recall from Lesson 3-3 that linear functions

aof purchase. have a constant rate of change. Exponential functions do not have constant rates of

change, but they do have constant ralios.
a. Graph the function. What

values of Vand f are e
mEEll'lm!;lflll in the context of Make an Orgarieed List Determine whelher the set of data shown below displays exponential behavior. Write
the pmblem? Makieg an oiganized §st of yes or ne. Explain why or why nolL.
xowalues and comespanding
pwalues & helphd in graphing } a 5 | |[20)]|35
{he Funclice. B can alo # [ 0 16 B i 7
1_'*‘1-*!'0" idheniily patiere
inthe data. Look for a patternn.
; . The domain values are at regular intervals of 5. Look for a common factor among, the
range values.
[0, 15] scl: 1 by [0, 25,000 scl: a0 0k B 87
500; Only values of V < 25,000 ) :_1 ;{'x. !
and t = 0 are meaningful. N
b. What is the car's value after The range values differ by the common factor m’%.
five years? about AEDS270 Since the domain values are at regular intervals and the range values differ
\ V. by a positive commaon [actor, the data are probably exponential. [is equation
X
may involve {%} A\
2 Id : ial z Giraph the data. sk’
Elﬂlff E!PDI'I'EI“I £ o Plot the podnts and connect them with a smooth curve. ) ﬁ ]
Example 4 shows how to determine The graph shows a rapidly decreasing value of y as x 4
whether a set of data diSplﬂjIE increases. This is a characteristic of exponential = ;‘
s 3 |24 . 4
EH]'][IIIE'IItiﬂ” havior. bBehavior in which the base is between 0 and 1. %
— &
] L
=504 5 10 15 0 25 30 354

P GuidedPractice
4. No; the domain values 4. Determine whether the set of data shown below displays exponential behavior.

¥ Determine whether the set of are at regular intervals, Write yes or no. Explain why or why nol.
g but the range values
data shown below dlSp-lEj’S have a commaon . 0 | 3 B | 3T
exponential behavior. Write yes difference of . r ERERAERENENE:
or no. Explain why or why not. '
o 10 20 0 544 | Lesson 85 | Exponential Funclions

10 25 | 625 | 196.25

ey

i

quli

|

LOEITEE | [HWEEIH

The domain values are at regular Differentiated|nstruction Q o

intervals, and the range values Logical Learners Ask students to write a comparison of an exponential function to a linear function.
have a common factor of 2.5, s0

the set is probably exponential.
Also, the graph shows rapidly
increasing values of y as x
increases.

514 | Lesson 85 | Exponential Functions
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Examples 1-2

Example 3

Example 4

Graph each function. Find the y-inlercepl and slale the domain and range.
X
2 y=-5° 3y {%}

X
4y 3[[}} 5. flx) 6. fl) =22
1-6. 5ee Ch. B Answer Appendix.
7. BIOLOGY The function fit) = 10001.05)" models the growth of a fruit fly population,
where 1) is the number of Mies and { is time in days.

1Ly=2"

6t + 3

a. What values for the domain and range are reasonable in the context of this
abtaistion? Bxplaln. D ={d | d = 0}, the number of days is greater than or equal to 0;

R = [y | y = 100}, the number of fruit flies is greater than or equal o 100.
b. Aflter two weeks, approximately how many (lies are in this population?
about 198 fruit flies

Determine whether the set of data shown below displays exponential behavior. Wrile yes
or no. Explain why or why not. 8-9. See margin.

o - BEEEEIRRE o - EEER
—4 | -2 0| 2| 4|6 11 4

s |8 w
W | 64 | 256 | 104

Practice and Problem Solving

Examples 1-2

Example 3

Example 4

. —4 o 4 B 12
2 —4 E —16 | 32

>®

10-19. 5eeCh. B

Graph each funclion. Find the y-intercepl .nm: state the domain and r.ung:. Answer Appendiz.
menf) ey

B y=—3.9 Woy=—4.10° 5.y =3-11°

% y=4"+3 7. y = 3(2* - 8)

18 y=503" +1 M y=-H3"+5

20. MODELING A population of bacteria in a cullure increases according to the model
P = 3002 7M™ where 1 is the number of howrs and | = 0 corresponds to 9:00 4 M.

a. Use this model to estimate the number of bacteria at 11 Am. about 312

b. Graph the function and name the p-intercept. Describe what the p-intercepl

represents, and describe a reasonable domain and range for this situation.
See Ch. B Answer A

Determine whether the sel of data shown below displays exponential behavior. Wrile yes
or mo. Explain why or why not. 21-24. See margin.

a2 NETEYE
5| w0 | s |

24. 0|3 0w 0 | =0
1 | 04| o6 | ooet | nomse

PHOTOGRAPHY Manal is enlarging a photograph lo make a poster for school. She will
enlarge the picture repeatedly at 150%. The function P = 1.5° models the new size of
the pictune being enlarged, whese x is the number of enlargements. How many limes
as big is the picture after 4 enlargements? about S06% bigger than the original

3. 8| -&]-—]-2
o [os| 1| 2

515

Differentiated Homework Options
Level Assignment Two-Day Option
O Basic 10-24, 42-68 11-23 odd, 4649 | 10-24 even, 42-45, 50-68
O core 11-39 odd, 26, 40, 10-24, 46-49 25-40, 42-45, 5068
42-68
€ Advanced 25-62, {optional:
63-68)

'3 Practice

Formative Assessment

Use Exercises 1-9 to check for
understanding.

Use the chart at the bottom of this
page to customize assignments for
your students.

Teaching the Mathematical
Practices

Modeling Mathematically proficient
students can use a function to describe
how one quantity of interest depends
on another. In Exercise 20, ask students
how time will affect the population.

Additional Answers

B. No; the domain values are at regular
intervals, but the range values have
a common difference of 2.

9. Yes; the domain values are at
reqular intervals, and the range
values have a common factor of 4.

21. No; the domain values are at
regular intervals, but the range
values do not have a positive
common factor.

22. No; the domain values are at
reguiar intervals, but the range
values have a common difference
of 5.

23. Yes; the domain values are at
reguiar intervals, and the range
values have a common factor of 2.

24. Yes; the domain values are at
regular intervals, and the range
values have a common factor of 0.4.



5 26. FINAMCIAL LITERACY Mohammad deposited AED 500 into a savings account and after
@ Follow-up 26c. Sample g vears, his investment is worth AED 807.07. The equation A = d(1.005)2! models the
answer: Since ., jye of Mohammad's investment A after ¢ years with an initial deposit d.

Students have explored modeling usin Mohammad's
. pl g 9 investmentis 2 Whatwould the value of Mohammad's inestement be if be had deposited AED 1,0007 about AED 403.54
exponential functions.

the product of B What would the value of Molammad's imvestrment be if be had deposited AFD 2507 about AED 403.54

Ask: dand afactor ¢ Interpret d{1.005)"™ to explain how the amount of the original deposit affects the
. not depending  value of Mohammad’s investment.
= How can mathematical models help il Wi
you make good decisions? Sample directly as Tdentify each function as linear, expomential, or neither.
answer: Mathematical models can ool oy TTT T T HLE 2 [TTTPI I =& (T4
deposit. /

be used to compare different options
that are available, as well as to
predict the impact of an option if it is
chosen.

Pl

f

limear

30. y = 4% exponential 3.y = 2x(x — 1) neither 32 S5r+ y= & linear

33. GRADUATION The number of graduates at a high school has increased by a factor of
1.055 every year since 2000 In 20801, 110 students graduated. The function

N = 110{1.055)" models the number of students N expected to graduate | years after
2001. How many students will graduate in 20127 about 198 students

b Describe the graph of each equation as a transformation of the graph of y = 2%

34.y- 2%+ 35, y = 3(2)° 36, y= —{2)*  36.areflection
. a translation & units up a vertical stretch by a factor of 3 over the r-axis

39. avertical "
:hmhw MWoy=-3+2F 38y E}r 3. y = —5(2)° and a vertical

afactorof @ translation down 3 units a reflection over the y-axis A e
Sanda 80. DEER The deer population at a national park doubles every year. In 2000, there

reflection were 15 deer in the park. The function N = 25(2)! models the number of deer N

over the in the park | years after 2000. What will the deer population be in 20152 819,200

R 42. Never; the graph never crosses the r-axis because the powers of b are

always positive and o # 0. Thus, ab” is never 0.
H.O.T. Problems  Use Higher-Doer Thinking Skills

4. PERSEVERANCE Write an exponential function for which the graph passes through the
points at (0, 3) and (1, 8). fix) =2(Z"

42. REASOMING Determine whether the graph of y = ab®, where g # 0, b > 0, and
b 1, sometines, always, or never has an x-intercepl. Explain your reasoning.

43. OPEN ENDED Find an exponential function that represents a real-world situation, and
graph the function. Analyze the graph, and explain why the situation iz modeled by an
exponential function rather than a linear function. See margin.

44. REASONING Lse tables and graphs to compare and contrast an exponential function fix)
ab* + ¢, wherea o 0, b > 0, and b # 1, and a linear function g(x) = ax + ¢ Include
intercepts, intervals where the functions are increasing, decreasing, positive, or
negative, relative maxima and minima, symmetry, and end behavior. )
See Ch. 8 Answer Appendix.

45. WRITING IN MATH Explain how to determine whether a set of data displays exponential
behavior. See margin.

LOEANEE | [HwEIsa 3yl Sdon
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46. SHORT RESPOMSE Whal are the r-intercepis of
the function graphed below? 2 and 4

48. GEOMETRY Noura placed a circular piece of
paper on a square picture as shown bebow. Il the
picture extends 4 centimeter beyond the circle

¥
1 on each side, what is the perimeter of the square
picture? J
I O N
|' £ F 64 cm H ™ em
G 80 cm J 112 cm

41, Mazen invested AED 300 into a savings account.
The equation A = 300{1.005)'* models the 49. The points with coordinates (0, —3) and (2, 7)
amount in Mazen's account A alter | years. are on line . Line p contains (3, —1) and is
Huow much will be in Mazen's account after perpendicular o line L What is the r-coordinate of

7 years? B the poinl whese [and p intersect? A
A AED 25326 C AED 38201 A % B %
B AED 45611 D AED 301.52 c -1 D -3

2

b

Evaluate each product. Express the resulis in both scientific notalion and
standard form. ([Lesson 84

50. (1.9 = 107)(4.7 = 10°)

51. (4.5 = 1073 (5.6 = 10%) 52, (3.8 x 107Y)(6.4 = 107¥)

£.93 x 0%, 893,000,000 2.52 x 10°, 252 2.432 x 10~ 0.00000000002432
Skmplify. [Lesson83) 1
53. /343 7 54. i729 3 55. [ﬁ];%
= = 1B
56. 729° 243 57. X6* TI76 58. (ﬁr ==

55. DEMOLITION DERBEY When a car hits an object, the damage is measured by the collision impact. For a
certain car the collision impact [ is given by T = 20%, where o represents the speed in kilometers per

minute. What is the collision impact if the speed of the car is 4 kilometers per minute? [Leson B9
32 km¥/min?

Use elimination to solve each system of equations. [lesons3)

60.x t+y i1 61. 3a + b =5 (-5, 20)
r—y=1 2a+ k=10

Find the nexi three lerms of each arithmelic sequence.

62 3x — 5y = 16 (2, —2)
3x+ 2y = —10

63. 1,357 .. 3.N,13 64 -6 —4,-2,0,... 2,46 65. 6.5, 9, 11.5, 14, ... 165,19, 2.5
1 5, 1 T 311 1 1
66. 10, 3, — 4, “"Lﬂl.—lﬁ,—BI 6L 55 L5 - 7 4'5 68 1354 0 a3
517

Differentiatedinstruction ¢ O

Extension Give students this scenario: a wise man asked his ruler to provide rice for his people.
The wise man asked the ruler to give him 2 grains of rice for the first square on a chess board,
4 grains for the second, and so on, doubling the amount of rice with each sguare of the board.

Ask:
= How many grains of rice will the wise man receive for the sixty-fourth square on the chessboard?
2% or about 1.84 x 10" grains

= |f one pound of rice has approximately 24,000 grains, how many tons of rice will the wise man
receive on the last day? (Hint: 1ton = 2000 kilograms) about 3.84 x 10" tons

Teaching the Mathematical
Practices

Perseverance Mathematically
proficient students analyze givens,
constraints, relationships, and goals of
a problem. In Exercise 41, students may
struggle since they are given only two
points. Suggest that they start with the
general form of an exponential
equation y = ab*.

| 4 Assess

Crystal Ball Ask students to write how
they think exponential functions will
connect with the next lesson, which
involves real-world growth and decay
problems.

Additional Answers

43. Sample answer: The number of
teams competing in a basketball
tournament can be represented by
y = 2% where the number of teams
competing is y and the number of
rounds is x.

The y-intercept of the graph is 1.
The graph increases rapidly for

x = 0. With an exponential model,
each team that joins the
tournament will play all of the other
teams. If the scenario were
modeled with a linear function,
each team that joined would play a
fixed number of teams.

by | 4

/

E o] X

45, Sample answer: First, look for a
pattern by making sure that the
domain values are at regular
intervals and the range values
differ by a common factor.



‘1 Focus

Objective Use a graphing calculator to
solve exponential equations and
inequalities.

Materials
= graphing calculator

Teaching Tips

= For Activity 1, remind students that to
enter 3* + 4, they will need to use
the * key for the exponent and use
the down arrow before entering the
+4

= When changing the windows settings,
use the tab key to move from one
field to another.

® |n Activity 2, student will need to use
the tab key to move the curser to the
entry line to type f2({x).

' 2 Teach

Working in Cooperative Groups
Divide the class into pairs. Work through
Activity 1 and Activity 2 as a class. Then
ask students to work with their partners
to complete Exercises 1-9 and Activities
3 and 4.

Practice Have students complete
Exercises 10-12.

Teaching the Mathematical
Practices

Tools Mathematically proficient
students are sufficiently familiar with
tools appropriate to make sound
decisions about when each of these
tools might be helpful, recognizing both
the insight to be gained and their
limitations. Point out that Activities 2, 3,
and 4 offer various methods for solving
equations and inequalities. Discuss
when to use the methods and the
techmology tools available.

4"  PNGraphing Technology Lab
Solving Exponential
Equations and Inequalities

You can use a graphing calculator to sobie Mathematical Praclices

exponential equations and mequalities by s

graphing and by using tables.

Activity 1 Graph an Exponential Equation
Graph y = 3% + 4 using a graphing calculator.

Eﬂ Add a new Graphs page.

E™E Enier 37 ¢ 4 as fifx).

Use the Window Settings option from the Window/Zoom
menu bo adjust the window so thal x is from — 10 to 10 and
y is from —100 to 100, Keep the scales as Auto.

L

T solve an equation by graphing, graph both sides of the equation and locate the podntis)
of intersection.

Activity 2  Solve an Exponential Equation by Graphing

Solve 2*—2 = %

ETT] sddanew Graphs page.
m Enter 2* 2 ag fi{x) and } as f2{x).

m Use the intersection Pointis) tool from the Points & Lines
menu ko find the intersection of the two graphs. Select the
graph of fijx) enter and then the graph of f2{x) enter.

The graphs intersect at about (1.58, 0.75). Therefore, the solution
of 22-2= 3 i 158,

L%

TOOLS Use a graphing calculator to solve each equation. "
1 x—1 3 s 1 Zx i

1 {;} 2 =126 2 7m-1-2 05,1 3. (5} 2% g g
lxen 1) o

4. 5° x =—3.6 5 {I] 2x + 1 0, =0.409 6 2° ! =—1.94 :

722 T £ AT P35 oy 8 3" *=2"+13 g

518 | Exiend B-5 | Graphing Technology Lab: Solving Exponential Equalions & Inegquelities

518 | Extend 8-5 | Graphing Technology Lab: Solving Exponential Equations and Inequalities
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Activity 3 Solve an Exponential Equation by Using a Table

\E+2 g
Solve 2(3} = § Lsing a Lable.

m Add a new Lisis & Spreadsheet page.

m Label codlumn A as x_ Enter valees from —4 to 4 in
cells A1 to AT

m In column B in the formula row, enter the left side of
the rational equation. In column C of the formula row,
enlber = % Specily Vanable Reference when prom pled.

Seroll until you see where the values in Columns B and C are equal.

xI
This occurs at ¥ = 1. Therefore, the solution of 2{%) I is 1.

b

You can also use a graphing calculator to solve exponential inequalities.

-
Solve #5—3 < {%) :

m Add a new Graphs page.

m Enter the left side of the inequalty inbo fifx). Press ded,
select =, and enter 4° . Enter the right side of H!E

inegquality into f2{x}). Press tab del =, and enter H

The r-values of the points in the region where the shading overlap
is the solution set of the orginal inequality. Therefore the solution

—31 _ (1=
of 4 =3 Bx=1.

L

TOOLS Use a graphing calculator to solve each equation or inequality.

A " o
10. {%) "o 1 I[H o 123 <4 x=0442
i 1" +4 1=
13 4% =2 +1 —0409=x<0 W (T} T I - 15. H = 2" x <0613

| 3 Assess

Formative Assessment
Use Exercises 13-15 to assess each

student’s knowledge of solving
exponential equations and inegualities.

From Concrete to Abstract

Ask students to summarize the use of
technology to find the solutions to
exponential equations and inegualities.
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1 Focus

VenrticalAlignment
->
Before Lesson B-6 Analyze

exponential functions.
v

Lesson 8-6 Solve problems involving
exponential growth. Solve problems
involving exponential decay.

-
After Lesson 8-6 Relate geometric
sequences to exponential functions.

2 Teach

Scaffolding Questions

Have students read the Why? section of
the lesson.

Ask:

= | poking at the equation, how do you
know the function is not linear?
Time, represented as £, is an
exponant so the function is not linear.

= |se the eguation to predict the
average number of blogs in millions
in the Bth month. about 3 million
Would you describe the average
number of blogs per month as
growing or decaying? growing

1 Exponential Growth

Example 1 shows how to solve

a real-world problem involving
exponential growth. Example 2 shows
how to solve a real-world problem
involving compound interest.

520 | Lesson B-6 | Growth and Decay

# ‘ou anabyied
expanential
lusnclions.

NewVocabulary
compound inbenest

Mathematical Practices
Waded with mathomatics

[ ] Hodve problems

Growth and Decay Growth of Blogs

@ The mumbee of Weblogs or blogs ncreases
amwalving caponeslial al a monthly rale of about 13.7% aves

growih Hlmonths. The average numbes of
g per month can be modebed by

Sodve probi=ms
¥ .Pﬂ o 5 ¥ = L1+ 0LET) or p = LALET], whese y
invalving exponenlial = -
4 rep b total ol blogs in
e millons amd { i the number of montis since Mo
Novembser 2003,

=
1 Exponential Growth The equation for the number of Blogs is in the form
¥ = a1 + r)*. This is the general equation for exponential growth.

| § KeyConcept Equation for Exponential Growth

¥ i the irdlied amount. i fime.
™ F
y=ofi+n
__-' riis e rate of change
¥ & The: finad amount. expressed & & decimal, F > 0.

CONTEST The prize for a radio station contest begins with a AED 100 gift card. Once a
day, a name is announced. The person has 15 minutes o call or the prize increases by

2.5% for the next day.
a. Wrile an equation lo represent the amount of the gifl card in dirhams after
¢ days with no winners.
y=afl + Ecaation fur exponerntial growth
¥ = 100(1 + 0.025)'  o=100s0dr=25% o 0025
¥ = 100{1.025) Sirmglity.

In the equation y = 100(1.025)", y is the amount of the gift card and ! is the number
of days since the contest began.

b. How much will the gift card be worth if no one wins after 10 days?

y = 100{1_025)* Ecpuation fur amount of gift cord
100{1.025)M0 =10
= 128.01 Use a calculagor.

In 10 days, the gift card will be worth AED 128.01.

“ GuidedPractice y= W,BEUII.UE]';abnutAED 22.556.37

1L TUITION A college’s tuition has risen 5% each year since 2000. Il the tuition in 2000
was AED 10,850, write an equation for the amount of the tuition | years after 2000.
Predict the cost of tuition for this college in 2005,

LOERNEG | |HwEE N 3 Ul sty




Compound interest is interest earned or paid on both the initial investment and
previously earned interest. 1L is an application of exponential growth.

| % KeyConcept Equation for Compound Interest |

A i the curren] smosni. .‘_,.-n s the number of Gimes the
\n, - imleve=! ix romposnded ssch year,
A= P1+ 1) sl ¢ s Geme i years
Ay

! i
P the principal F i Uhe amnuad inbenes! rabe
o iniEal aimoul mipieised 2t a dedmal, 7 = 0.

FINANCE Huda’s parenis invested AED 14,000 at 6% per vear compounded monthly.
How much money will there be in the account after 10 years?

Eooyrignt © MeGrw: K Edosition  AmyandSeaytarsiecdcom

A P{'.I f %}H Compound inbenes] sguation
210§
1’!,“](1 b %} P=9000, r= 6% o 0.06, n =12, and { =10
14,000(1.005) 12 Sirrapiify.
= 2547155 Lise m caloulabon

There will be about AED 25471.55 in 10 years.
Fnsancial advisor has 2 i

GuidedPractice
aned comimunication skits. & 2. FINANCE Determine the amount of an investment if AED 300 is invested at an
Bhedon’s degyes & tmagly interest rate of 3.5% compounded monthly for 22 years. about AED 64720
prefierred bul nol reguised. \.

Exponential Decay In exponential decay, the ariginal amount decreases by the
same percent over a period of ime. A variation of the growth equation can be
used as the general eguation for exponential decay.

SiudyTip { # KeyConcept Equation for Exponential Decay ]
Sance ¢ s e 40 1, the "‘"”"‘i"“"““{‘ e e
value inside the parentheses, 4 = afl — 4t
will be greaber than 1 fos ¥
expanential growih landions. _/F k"\ r i the rele of dechy expiessed as
Fuot expanentisl decay ¥ iis e final amount & detimal, 0« r =<1
Funclions, this vadee will be
less than 1 since ris
Sublrached from 1.

SWIMMING A fully inflated child’s raft for 2 pool is losing 6.6% of its air every day.
The rafl originally conlaimed 74,000 cuble centimelers of aie.

a. Wrile an equalion to represent the loss of air.
y=afl — 1" Equation for exponenial decay
= 74000(1 — D.066)°  &=T4000 snd r = 6.6% or 0.066
= FAOOO(0934)" Sitmarfy.

¥ = T4000{0.934)", where y is the air in the raft in cubic centimeters after § days.
521

Focus on Mathematical Content

Compound Interest In contrast to simple interest, compound interest is applied to the original principal
and any previously eamed interest. There are four ways to increase the amount in a compound-interest
account: the investor can increase the initial principal, increase the annual interest rate, increase the
number of compoundings per year, or increase the time that the money is in the account.

Formative Assessment
Use the Guided Practice exercises after
each example to determine students’
understanding of concepts.

+ | POPULATION In 2008 the town
of Flat Creek had a population of
about 280,000 and a growth rate
of 0.85% per year.

a. Write an equation to
represent the population of
Flat Creek since 2008.

y = 280,000 (1.0085)"

b. According to the equation,
what will be the population of
Flat Creek in the year
20187 about 304,731

E COLLEGE When Eiman was
born, her grandparents invested
AED1000 in a fixed rate savings
account at a rate of 7%
compounded annually. Eiman will
receive the money when she
turns 18 to help with her college
expenses. What amount of
money will Eiman receive from
the investment? She will receive
about AED3380.

2 Exponential Decay
Example 3 shows how to solve
a real-world problem involving
exponential decay.

-
WatchOut!

Student Misconceptions Remind
students that in growth and decay
equations, the amount inside the
parentheses will be greater than 1
for growth and less than 1for
decay.




Estimate the amount of air in the raft after 7 days.

u TAOD0{D.934) " Equafion for air loss
T4000(0.934)7 1=1
=1 CHARITY During an economic = 45880 e
recession, a charitable The amount of air in the raft after 7 days will be about 45880 cubic centmeters.
organization found that its _ )
donations dropped by 1.1% per P GuidedPractice
year. Before the recession, its 3. PDHM_‘I'IDH The population of Cam pbell Counly, Kentucky, ]:m.-t been .
donations were AED330,000. EA.607 Witk an st . represt e poption since 2000 I thetrend
a. Write an equation to . continues, predict the population in 2010, y = BB,647{1 — 0.003)" about B6.023

represent the charity's
donations since the beginning

of the recession.

i !
= EEU,ﬂﬂﬂ[_ﬂ_HEH] Exampla 1 1. SALARY Ms. Hidaya received a job as a beacher with a starting salary of AED 125,000,
b. Estimate the amount of the According to her contract, she will receive a 1.5% increase in her salary every year.
: i } 7
donations 5 years after the How much will Ms. Hidaya earn in 7 years? about AED 128,730.61

start of the recession. about Example 2 2. MOMEY Yousifl invested AED 400 into an account with a 5.5% interest rate compounded
AED369.017 monthly. How much will Youwsil's investment be worth in 8 years? about AED 620.46

) Example 3 3. ENROLLMENT [n 2000, 2200 stedents atbended Polaris High School. The enrollment
has been declining 2% annually. y= 22'.'!!‘[1].’93]:

a. Write an equation for the enrollment of Polaris High School | years after 2000.
b. If this trend continues, how many students will be enrolled in 20157 about 1624

Practice and Problem Solving

3 Practice

Formative Assessment Example1 4. MEMBERSHIPS The Work-Out Gym sold 550 memberships in 2001. Since then the
Use Exercises 1-3 to check for number of memberships sold has increased 3% annually.
understandl'ng. a. Write an equation for the number of memberships sold at Work-Out Gym
{ years after 2001. y = S550{L03)*
se the chal e om of this this trend continues, ict how many membershipa the gym will sel
Use the chart at the bott f th b. Ifth d predict ha ¥ berships the gym will sell
page to customize assignments for i SNEL A

your students. 5. COMPUTERS The number of people who own computers has increased 23.2%
annually since 1990. Il hall a million people owned a computer in 1990, predict how
many pecple will own a computer in 2015, about 92,095,349

Teach T 6. COINS Majed purchased a rare coin from a dealer for AED 300. The value of the coin
Web Search Have students search the increases 5% each year. Determine the value of the coin in § years. about AED 382 88
WED to ﬁl'ld the half-life of different Example 2 .II'I'ES'I'HEI'I‘S Mahmouwd invested AED 6,600 at an interest rate of 4.5% compounded
radipactive elements. Have them 9, Sample manthly. Determine the value of his investment in 4 years. about AFD 7,898.97
choose three elements, and ask them AMSWEL g COMPOUND INTEREST Nisreen invested AED 1,200 at an interest rate of 5.75% compounded
to calculate the amount of a 500 gram :’“' — quarterdy. Determine the value of her investment in 7 years. about AED 1,.789.54
ave about
sample that remains after 3 years. AED 73313 in 8- PRECISION Majla is saving money for a brip o the Bahamas that costs AED 1,087 7.
the accountin  he puls AED 550 into a savings account thal pays 7.25% interest compounded
. 4 quarterly. Will she have enough money in the account after 4 years? Explain.
Exercise Alert T A :
i : Example 3 0. INVESTMENTS Ali's investment of AED 4,500 has been losing its value at a rate of 2.5%
Grid Paper For Exercises 25-27 and each year. What will his investment be worth in 5 years? about AED 3,964.93

4244, students will need grid paper.

| Lesson B-6 | Growih and Decay
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Teaching the Mathematical
Fiactices Differentiated Homework Options
Precision Mathematically proficient
students express answers with a Level Assignment Two-Day Option
degree of precision appropriate for the i '
a 4-12,16, 1844 5-1 odd, 21-24 4-12 , 16, 18-20,
problem context. In Exercise 9, point Y ° 25_4:“3"
out that an estimate is appropriate to i - T
answer the question. In Exercise 17, O core | 5-flodd,13-16,18-44 | 4-12,21-24 13-16, 18-20, 25-44

students can approximate by graphing © Advanced | 13-41, (optional: 42-44)
on a graphing calculator or by guessing |

and checking on a scientific calculator.

522 | Lesson 86 | Growth and Decay
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Enmyrignt © MG HI Eda

(@ POPULATION In the years from 2010 1o 2015, the population of Washington DC

>

is expected decrease about 0.9% annually. In 2010, the population was abouwt 530,000, What
i the population of Washington DC expected to be in 20157 about 506.575

CARS Fariz purchases a car for AED 18,995 The car depreciates al a rate of 18%
annually. After & years, Faleh offers to buy the car for AED 4,500, Should Faris sefl the
car? Explain. Sample answer: No; the car is worth about AED 5,774.61.

12.

13. HOUSING The median house price in
the United States increased an average
ol 1.4% each year between 2005 and 2007.

Aszume that this patlern conlinues.

a. Write an equation for the median
house price for [ years alber 2007, z

I= Qﬂ.ﬂﬂﬂgi_ﬂ“]

b. Predict the median house price in 201
about AED 1,060,373

H. ELEMENTS A radivactive element’s

hali-life is the Hme il akes for one hall of

the element’s quantity to decay.

The halHife of Plutonium-241 is

14.4 years. The number of grams A of

Plutoniom-241 left aﬁerlf years can be

modeled by A = p{0.5) ¥4 | where p is the
original amount of the element

Median House Price
20005 | AED BA5,000
AED 205 800
AED S10,000

Sonsree: Boad Fuvl Joud

a. How much of a 0.2-gram sample remains after 72 years? 0.00625g
b. How much of a 5.4-gram sample remains after 1095 days? =4.7g

15. COMEINING FUNCTIONS A swimming pool holds a maximwm of 77, 600 liters of water. It
evaporates at a rate of (L.5% per hour. The pool currently contains 71,900 Liters of water.
15c a. Write an exponential function wil) to express the amount of water remaining in the pool
Cif) = 300¢ + after time t where § is the number of hours after the pool has reached 71,900 liters.
19000(0.995)% wit] = 71,900(0.995)'
¥he ﬁmchn:m b. Al this same lime, a hose is turned on o refill the pool at a rate of 1,100 liters per
PP hour. Write a function p(t]), where  is the time in hours the hose is running, to
""III';’“ d:ﬂ express the amount of water that is pumped into the pool. pf) = 1.900¢
milliliters : ! .
for iri the ; C- Find C{l) = p{f) + wii). What does this new funclion represent?

o aiy time after Cit) = 300t + 13000{0.935)
the hose is d. Use the graph of C{f) to determine how long the hose must run to Gl the pool to its
turned on. maximum capacity. about73h

H.O.T. Problems s Higher-Order Thinking Sidlls

16. REASONING Deterrmne Ilhe
EVEry year. F.xpl.am.

wih rate (a3 a percent) of a population that quadruples
ing ¥ = L'{'I+P:',|- I:lljr 4Pn' Pu‘l.i 1qgies P
r= 3 or 300%.
1. PRECISION Mansour invested AED 1,200 into an account with an interest rate of 8%
compounded monthly. Use a calculator to approximate how long it will take for
Mansour’s investment lo reach AED 2.500. about 9.2 yr

18. REASONING The amount of waler in a container doubles every minute. After

& minutes, the container is full. Alter bow many minutes was the container
half full? Explain. 7; Sample answer: Since the amount of water doubles every minute, the

container would be half full a minute before it was full.
. @W&I‘I‘IHG IH MATH Whal should you consider when using exponential models to

make decisions? See Ch. B Answer Appendix.

20. WRITING IN MATH Compare and contrast the exponential growth formula and the
exponential decay formula. See Ch. 8 Answer Appendix.

@ Follow-up

Students have explored growth and

decay.

Ask:

= How can being financially literate
help you to make good decisions?
Sample answer: If you are financially
literate, you understand the
vocabulary of financial terms and
know how to analyze data and
trends. Successfully applying these
skilis when considering your available
options can help you to make good
decisions in many real-world
situations such as opening a bank
account, applying for college loans,
and buying a car.



L . T 21. GEOMETRY The parallelogram has an area 23. Eissa purchased a car for AED 22,900, The car
of 35 square centinveters. Find the height b of depreciated at an annual rate of 16%. Which of
Ticket Out the Door Make several the parallelogram. C the following equations models the value

copies each of five equations for of Eissa's car after 5 years? D
exponential growth or decay. Give one A A = 22900(1.16)"
equation to each student. As students B A = 22900{0.16)°

leave the room, ask them to tell you C A = 16{22,900)%

-1

whether their equations are for growth 3 i O S ikt D A = 22.900{084)%
or ﬂEEﬂ'j". B 4 centimebers D 7 centimebers

| 24. GRIDDED RESPONSE A deck measures 4 meters
Formative Assessment = w"fh R i as "; Euifz':ﬁﬁ:: f.fﬁfé?l;li'f?ﬁifﬁﬂ'?f’
Check for student understanding of :' :ul- [': ::_3 cost in dirhams b0 have the deck painted? 234
Lessons 8-5 and 8-6. =

Additional Answers

L5, R |
[ Graph each function. Find the y-intercept and state the domain and range. [l=scq 55 25-27. 528 margin.
X
| | 2% y=3" 2% y {]EJ 7y = *
JISIE { il | | Evaluate each product. Express the resulls in both scientific aotation and standard form. [Leson 89
28, (4.2 » 10931 = 1079 29, (6.02 » 1055 x 10— 30. (7 x 10572
il 1 J 1.302 = 10*; 130,200,000,000,000  3.01 x 10"; 30,100,000,000 4.9 x 10'; 490,000,000,000
[ 1] | | M(11 ® m‘_‘r 32. (91 x 107342 » 1077 33 (314 % m’f}[m ® 1079
i 121 107 0.000121 3.822 » 10~%; 0.00000003822 1.9154 x 107, 1.9154
[s] X 34. EVENT PLANMING A hall does not charge a rental [ee as long as al least AED 4,000 is
i spent on food. For the graduation, the hall charges AED 28.95 per person for a builfet.
1; D = [all real numbers}); How many people must attend the graduation to avoid a rental fee for the hall? 2t least 139 people
R={y ! ¥y = 0j Determine whether the graphs of each pair of equations are parallel, perpendicular,
or neilher.
26. ! ¥] .
35. v 2r + 11 parallel 36. 3y = 2x + 14 perpendicular 3 y 5x meither
i y+tix=23 dx—2y=12 y=5xr—18
\ | | 38. AGES The table shows equivalent ages for horses and olilzlalals
humans. Write an equation that relates human age bo
: : 0|3 |Glo 2|
L A | hofse age and find the equivalent horse age for a
human whao is 16 years old. y = 3x; 5yr 4 mo
Find the total price of each lem.
Oy | X 39. umbrella: AED 1400 AED #1477  40. sandals: AED 2999 AED 31.H 1. backpack: AED 35.00 AED 37.45

tax: 5.5% tax: 5.75% tax: 7%
1; D = {all real numbers};

R=ly|y>0)
2. T TP S,

..... L} Graph each set of ordered F\.!J.l'ﬁ. 42-44. See Ch. B Answer .ﬁp‘pl.‘ﬂdil_
a2 (3,00, (0,1). (4, —6) 43. (0, —2), (-1, —6}, (3, 4) 4. (2, 2), (-1 -3 (-3 6

LOEANEE | [HwEEdy 3 b

524 | Lesson B-6 | Growlh and Decay

/ . . .
_ j = Differentiatedinstruction ¢ Y
= of | X
1, D = {all real numbers}; n you think students need a challenge in this lesson,
R=Ilyly=0} E:} ask students to write their own exponential growth or decay problems, using data from
periodicals or the Internet. Have students share their problems with the class when they
are complete.
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Algebra Lab
Transforming Exponential
Expressions

You can use the properties of rational exponents
to transform exponential functions into other forms

in order 1o sohve real-world problems.

Activity Write Equivalent Exponential Expressions

Mabils is trying to decide between bwo savings sccount plans. Plan A offers & monthly
compounding interest rate of 0.25%, while Plan B offers 2.5% interest compounded
annually. Which is the better plan? Explain.

In order lo compare Lthe plans, we must compare rates with the same compounding
frequency. (e way to do this is o compare the approximate monthly interest rates of
each plan, also called the ¢ffective monthly interest rate. While you can use the
compound interest formula to find this rate, you can also use the properties of
exponents.

Write a function to represent the amount A Nabila would earn after ! years with Plan B.
For convenience, lel the initial amount of Nabila's investment be AED 1.

y=afl + )t Exjusation o expooential geowih
Al =101 + |:|.|:Ilrl:||I y=dAffL g =1 r=15% or 005
1.025! Samplify

Mow wrile a funclion equwu]mll to Afl) that represents 12 1.'I.'t|1'|!.'0|.'ru!'ldll!g,‘|- per year, wiith
a power of 124, instead of 1 per year, with a power of 14

Alf) = 1.025" Cirigind Funclion
1025l 2 1=l.p
i, T2 N
(1_025 12) Fowes of & Powes
= 1.00m™ (1025)@ = Y075 or sbout 10021

From this equivalent functicn, we can determine thal the effective monthly interest by
Flan B is about 0.0021 or about 0-21% per month. This rate is less than the monthly
interest rate of 0_25% per month offered by Plan A, so Flan A is the better plan.

M

Model and Analyze

1. Use the compound interest formala A P(l 1 %}m Lo determine the eflective
monthly interest rate for Flan B. How does this rate compare o the rate calculated
using the method in the Activity above? About 0.21% per month; they are approximately the same.

2. Write a function bo represent the amount A Nabila would earn after § months
b}- Plan A. Then use the properiies of exponents to wirile a function |.-'!|.'|uiv;3||.-‘!|il iy i
Alt) that represents the amount earned after ¢ years. Aff) = (1L.0025)"; A{f) = (1L030) ™=

3. From the expression you wrole in Exercise 2, identily the effective annual interest
rate by Flan A. Use this rate to explain why Plan A is the better plan. See margin.

4. Suppose Plan A offered a quarterly compounded interest rate of 1.5%. Use the properties of exponents
Loy '.-'!:l.!.'llaill. which is the better ].'IIL'II!. See margin.

4. The function 4{f) = [1.025}* gives the amount Plan B earned after t years.
Alt) = (1.025)¢ Original function

1
11_025]{'*'“']" 1— 14..4

AL
| (1.025)a l Power of a Power

1
= (1.0062)* (1.025)% = V/1.025 or about 1.0062

The effective quarterly interest rate is about 0.0062 or 0.62%, which is less than the quarterly
interest rate of 1.5% offered by Plan A, so Plan A is the better plan.

'1 Focus

Objective Use properties of rational
exponents to transform expressions for
exponential functions into eguivalent
forms to solve problems.

' 2 Teach

Working in Cooperative Groups
Organize students into groups of 2,
mixing abilities. Then have groups
complete the Activity and Exercises 1-3.

Teaching Tip
Point out to students that the annual
interest formula is approximated as a

monthly interest rate using % =12
because there are 12 months in a year.

Practice Have students complete
Exercise 4.

| 3 Assess

Formative Assessment

Uze Exercise 4 to assess whether
students understand how to use the
properties of exponents to write
eguivalent expressions in order to
compare interest rates.

From Concrete to Abstract
Ask students to justify that A =

rynt. p -
P(I + H) is approximately equivalent

to A = P[(1+ r)+]™ graphically by
fixing the values for P, rand n.
Depending on the values chosen,
students should see that the graphs of
the two functions nearly coincide for a
large interval of their domain.

Additional Answers

3. About 3.0% per year; this rate is
greater than the 2.5% per year
offered by Plan B.
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1 Focus

VenrticalAlignment
-
@ You relabed
Before Lesson B-7 Relate arithmetic arithmetic seguences

1o finesar fumclions.

seguences to linear functions.
-

Lesson 8-7 Identify and generate
geometric sequences. Relate
geometric sequences to exponential

functions.
-
: : NewVocabulary
After Lesson 8-7 Write recursive :
formulas for arithmetic and geometric R
Sequences.

Mathematical Practices
Lol hov and male usc
ol sfruchue.

' 2 Teach

Scaffolding Questions
Have students read the Why? section of
the lesson.

Ask:

= [f one e-mail was sent in the first
round, how many were sent in the
second round? the third round? the
fourth round? 5: 25; 125

= How do you determine the number of
e-mails sent in each subsequent
round of e-mails? Multiply the
previous number by 5.

= What is the equation to find the
number of e-mails y after x rounds?
=5

526 | Lesson 87

L Idenlify and generate @ You send 8 chain emad lo
gromelic sequences. a fiznd who loreards e

Rilale geomedric
S uiiies o
wxponential lenclsans.

Geometric Sequences as

Exponential Functions

email to Fre mane peopis.
Each of ihese e people
Torwarnds e ensil fo e
mare peophe. The dumde

of new email generated
Toims a geomelric Seguenoe.

1 Eﬂquim Geometric Sequences The first person generates 5 emails. Il each of
these people sends the email o 5 more people, 25 emails are generated. If each of the
25 people sends 5 emails, 125 emails are generated. The sequence of emails generated, 1,
5,25, 125, . is an example of a geomelric sequence.

In a geometric sequence, the first lerm is nonzero and each lerm after the first is found
by multiplying the previous term by a nonzero constant r called the comman ratio. The
common ratio can be found by dividing any term by ils previous lerm.

Determine whether each sequence is arithmetic, geomelric, or neither. Explain.

a. 256, 128, 64, 32, ...
Find the ratios of consecutive terms.
256 128 % 32

B ¥ - o

o 1 B _ 1 2 _1
o6 3 o 2 64 2
a . 1
Since the ratios are constant, the sequence is geometric. The common ratio is I
b. 4,9, 12,18, ...
Find the ratios of conseculive terms.

4 9 12 18

L % - . - L
8_ 1 o 3
== 8~ '3 - B 1 i

T,

The ratios are nol constant, so the sequence is nol geomelric.

Find the dilferences of consecutive terms.
4 9 12 18

| - L

MW T ]

8—4=5 7-9=13 BW—-12=6

[[1] = |

There is no common difference, so the sequence s not anthmetic.
Thus, the sequence is neither geometric nor arithmetic.

b GuidedPractice 1A-1C. See margin.
W 1,39 2 1B. =20, —15,—10, -5, . 9. 2,8,14, 22, _

e G

G
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Onee the common ratio is known, more terms of a sequence can be generated. The

formula can be rewritten as @y = 20", where nis a counting number and r is 1 HH'EEHiI-E Geometric
the common ratio.

Sequences
Example 1 shows how to determine
o Find the next three terms in each geomelric sequence. WhEﬂ"lEf_El seque_nce £ MELNDE T ;
StudyTip l 1A 16 61 geometric, or neither. Example 2 shows
. | e how to find additional terms of a

fmmf '“:'“"Im‘:iu - J m Find the common ratio. gmmetric 5-2{1 ;
betwieen posilive and 1 4 16 o]
mesgalive berme nr .\'-I.'E'Im Vol o, “-\.____,_-'-" .
the comman ralio is megalive. —_ = % _ aR —64 _ 2 an‘m ASSESSMEM

' N " Use the Guided Practice exercises after

m Multiply each term by the common ratio o find the next three terms. each EHHI‘FI[]IE to determine students”
i 256 1024 4096 understanding of concepts.
T L e
xf—9 x—q x4

The next thres terms are 256, — 1024, and 4096,

B 9,31, 3. . M| Determine whether each
E™X] Find the common ratio. sequence is arithmetic,
9 3 1 % geometric, or neither. Explain.
P e R e Rl a 0.8,16, 24,32, ... Arithmetic;
1 - -
3_1 , B 3 _ the common difference is 8.
L 3 31 =1
1 b. 64, 48, 36, 27, ... Geometric;
The value of r is 3- i Ergy
the common ratio is e
Em JF4 Multiply each term by the common ratio to find the next three terms. s :
. o i ' i i E Find the next three terms in each
i _ ih EE z BL geometric sequence.
Math HistoryLink "_l ! T; a. 1, —B, 64, —512, .
A0y A R _— y 4096; —32,768; 262,144
(TTE6-1E34) Maithus The next three terms are 5, 5, and 31 E & 5
stuafied popdations. b. 40, 20,10, 5, L]
anedl had pessimistic views " "
b e e populatn. | P SUI9SIPRACce oy ere oyre 46875 281215, 182.25,273.375 \ J
ol e ol bt s ik, 2A —3,15, —75, 375, 2B. 24, 3a, 54, 81, .
oer st *Prypulalivn h
nCreases i g geomeliic -
ratio, while the means of . . -
kA i ST Geometric Sequences and Functions Finding the sth term of a geometric 2 Geometric SEI]I.IEIIEES and
an ailhenet falio.” sequence would be tedious il we used the above method. The table below shows a Functions
rule for finding the ath term of a geometric sequence.
B g Example 3 shows how to find the
2 e D z 3? ! - _— nth term of a geometric sequence.
& R—— o i = all B Example 4 shows how to use
E Matice that the common ratio between the terms is r. The table shows that 1o get real-world data to draw a graph
] the rth term, you multiply the first term by the common ratio r raised to the power of a geometric sequence.
T f — 1. A geomelric sequence can be defined by an exponential function in which
‘:E n is the independent variable, @, is the dependent variable, and r is the base. The Teachmg the
o domain is the counting numbers. Mathematical Practices

Structure Mathematically proficient
students look closely to discem a
pattern or structure. Ask students to

Teach with Tech Focus on Mathematical Content explain why the common difference is
Blog On your secure classroom blog have students Common Ratio When finding the common ratio, negative when the signs of the terms
write a blog entry describing how geometric it is important to set up the ratio in the correct alternate.
sequences and exponential functions are related. order. For example, in Example 1, had the ratio

been set up as %Eg- instead uf%zggﬁ-, an incorrect
Additional Answers (Guided Practice) ratio of 2 would have been found. It should be
1A. Geometric; the commaon ratio is 3. noted that when a geometric sequence is

decreasing, the common ratio must be between

1B. Arithmetic; the common difference is 5. 0andi.

1C. Neither; there is no common ratio or
commaon difference.



. Write an equation for the nth
term of the geometric
sequence 1, —2, 4, —8, .
a,=1-(—2"""

b. Find the 12th term of this
sequence. —2048

nm A 50-kilogram ice sculpture
is melting at a rate in which 80%
of its weight remains each hour.
Draw a graph to represent how
many kilograms of the sculpture

Pounds af lce
e
[ e |
T
3
e
o
iy
S

TE e
o o
CEEEEETNL

Hours

Tips for New Teachers

The Power of r Make sure students
raise r to the power (m — 1), in their
equations for the ath term of a
geometric sequence, instead of n.

Teaching the Mathematical
Practices

Reasoning Mathematically proficient
students attend to the meaning of
quantities, not just how to compute
them. In Exercise 32, ask students why
the common ratio is not 0.2. How does
the common ratio relate to the meaning
of the sequence?

Additional Answer (Guided Practice)

4. Tennis Ball
R T
s 7 I T i
8 6 . |
EE B |
Eﬁ - t
-8 e
Ef T om

ik
g 1 23 456789
Mumber of Rebounds

Thee firsi HCAA Division |
women’s baskelbal
Tourmamend was held in 1982,
The University of Tennesses
has won the mest nalional
lithes; wilh B 18k a5 ol 20900

Soeras RO Spuis

o+

[lq'l:mmpt nth term of a Geometric Sequence }

I
| The ath tarm o, of a geometric sequence with first term oy and common ratio Fis given by the
following formula, where n is any positive integer and oy, r 0.

a'_::g’r'"

a. Wrile an equation for the nth term of the sequence — 6, 12, — 24, 48, .. .
The first term of the sequence s —6. 5o, 0 6. Now find the common ratio.
f 12 - 48
e e A N, A The commaon ratio is —2.
1_JE=—2 —1:4=_2 _‘;:—I
PIET Framds For i kerm

i = &( z}l—'.l
b. Fiad the ninth term of this sequence.
fy = @yt !

2y = =6 -1

oy=—6omr=1

Formisa for rib lerm

For the gl beimn, f= 9

e Samplify.
B(256) (- =156
1536

P GuidedPractice 3.0,=96+ {%} “:%

3. Write an equation for the nth term of the geometric sequence 96, 48, 24, 12, ...
Then find the tenth berm of the sequence.

BASKETBALL The NCAA women's basketball tournament begins with 64 teams. In

each round, one half of the leams are left bo compele, unlil only one leam remainsg.
Draw a graph o represent how many leams are left in each round.

Compared to the previous rounds, one hall of the 5
teams remain. So, r = % Therefore, the geometric : 3:
sequence that models this situation is 64, 32, 16, : &0

8.4, 2, 1. 5o in round two, 32 leams compele, 3 *
in round three 16 teams compete and so forth. 2 o

Use this information to draw a graph.

L
b 1 2% 456T7H
Round

P GuidedPractice
4. TENNES A tennis ball is dropped from a height of 12 meiers. Each time the ball
bounces back o 80% of the height from which it fell. Draw a graph to represent
the helght of the ball alber each bounce. 5ee margin.

L
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Differentiatedinstruction

Interpersonal Learners Put students into groups of mixed math abilities. Have groups discuss the
differences between arithmetic and geometric sequences. Suggest they help each other organize
clear, concise, and accurate notes about these and other concepts taught in this lesson.

| Lesson 8-7 | Geometric Sequences as Exponential Functions



Example 1

Examphe 2

Examplhe 3

Example &

Determine whether each

OF 15 @r

tric, or meither. Explain.

1. 200, 40k, B, ... 2.2 4, 16 i —6,—3,03, .. & 1L,—-1,1,—1, .

1. Geometric; the

Find the next three terms in each geometric sequence. margen B isE.

5. 10, 20, 40, 80, _.. 6. 1040, 50, 25, . T4, -1, : B, =7, 21 —63, _.
Write an uqn.'ll:iun for the mth term of each grometric sequendce, and find the indicated
o 2. Neither; there is no
9. the fifth term of —6, —24, —96, ... O, = =6 (4)" ' —1536 common ratio or
differance.
10. the seventh term of —1, 5, —25, . @, = —‘lz- 1:-5.3" b 5 625 3 e r—
M. the tenth term of 72, 48, 32, _. nr.,:?!-{j} S ET difference is 3.
1 4. Geomeftric; the commaon
12. the ninth term of 112,84, 63, . g, =112, (3|" ' 552%7 P

13. EXPERIMENT In a physics class experiment, Lamis drops a ball from a height of
16 micters. Exch bounce has 70% the height of the previous bounce. Dvaw a graph
ti represent the height of the ball after each bounce. See margin.

Examphe 1

Examphe 2

Examphe 3

Example 4

Copryrigt & WeBimli Eduzatias

| | BEER DRI I _B_C0R_L T RReMse el

Determine whether cach sequence is arithmetic, geomeiric, or acither. Explain

'44-19. See margin.

o402 5. 10, 20, 30, 40, ... 16. 4, 20, 100, .

7. 212, 106, 53, — 18. —10, -8, —6, —4, ... 19 5, —10, M, 40, .
Find the next three terms in each geometric sequence.  20-25. See margin.
@ize. 12, 22 4,12, 34, ...

2. —6, —42, -2, _.

20 2, —10, 50, ...
23 400, 100, 25, ... 25. 1024, —128, 16, ..

26. The first term of a geometric series is 1 and the common matio is 9. What is the Sth
term of the sequence? 4,782,965

27. The first term of a geomietric series i 2 and the common ratio is 4. What is the 14th
term of the sequence? 134,217,728

28. What is the 15th term of the geometric sequence —%, 27, —B1, .7 =—43,086,7TH

29_ What ix the 10th term of the geometric sequence &, —24, 96, .7 -=1,572 864

30_ PEMDAUHLUM The first swing of a pendolom is shown. On each swing "\
after that, the arc length is 60% of the length of the presioos swing,. o )
Draw a graph that represents the arc length after each swing,. L. i

See Ch. § Answer Appendix e

H. Find the sighth term of 2 geometric sequence for which o, = 81
and r = 3. 19,683

B 32 REASOMING At an online mapping site, Mr. Adnan notices that when he clicks a spot

omn the: map, the map xooms in on that spot. The magnification 'in-n'l:.am'_-s;'

0736; The map will be magnified at approdmately
207T% of the original size after the fourth click.
a. Write a formula for the mth term of the geometric sequencoe that represents the

magnification of each zeom level. (Hint: The common ratie is nat jost 002.)

20% each time. 8.0, =12

b. ‘What ix the fourth term of this sequence? What does it represent?

Frogrom: UAE Coempenent: 1M |

Differentiated Homework Options

Level Assignment Two-Day Option
€ Basic 14-31, 39-69 15-31 odd, 43-46 14-30 even, 39-42,
4760
O coe 15-31 odd, 32-37, 14-31, 43-46 32-37, 39-42, 47-69
39-69
D Advanced 32-63, [optional

' 3 Practice

Formative Assessment

Use Exercises 1-13 to check for
understanding.

Use the chart at the bottom of this page
to customize assignments for your
students.

Exercise Alert

Grid Paper For Exercises 13, 30, 37,
and 53-55, students will need grid
paper.

Additional Answers
5. 160, 320, 640

6. 12.5,6.25,3.125
SR T
" T%'64" 25
8. 189, —567, 1701

13 Experiment

4 L W 2 H

7 .“"?l

g 123456748
Bounce

14. Neither; there is no common ratio
or difference.

15. Arithmetic: the common difference
is 10.

16. Geometric; the common ratio is 5.

17. Geometric; the common ratio is 1_

2
18. Arithmetic; the common difference

52

19. Neither; there is no commaon ratio
or difference.

20. —250,1250, —6250

24. —2058; —14.406; —100,842
1

1
5. 2.4, NET]

529



Teaching the Mathematical
Practices

Critigue Mathematically proficient
students can read the arguments of
others and decide whether they make
sense. In Exercise 39, advise students
to start by comparing the arguments
line by line to find the differences.

.' ALLOWANCE Laila's parents have offered her two different options to earn
her allowance for a %-week period over the summer. She can either get paid
AED 30 each week or AED 1 the first week, AED 2 for the second week, AED 4 lor the
third week, and =0 on. 2. Yes; the commeon ratio is 2.

a. Does the second option form a geometric sequence? Explain.

b. Which option should Laila choose? Explain.

P 34. SIERPINSKI'S TRIANGLE Consider the inscribed equilateral

33h. The second triangles ab the right. The perimeter of each triangle is
option; she one hall of the perimeter of the next larger triangle. What
would i the perimeter of the smallest triangle? 7.5 cm
earm AED
bichis P 35. If the second term of a geomelric sequence is A0 em
3 and the third term is 1, find the frst and Towrth
i terms of the sequence
than she ' "1 -3
would 36. If the third term of a geometric sequence is —12 and the fourth term is 24,
earn with the find the first and {ifth terms of the sequence. —3; —48
first option.
37. EARTHQUAKES The Richier scale is
used to measure the force of an - o
s - Mt o -
earthquake. The table shows the e -
increase in magnitude for the values : : .
o the Richter acale. 2 L. 9
a. Copy and complete the lable. ad i 20
Remember that the rate of change 1 1000 900
is the change in y divided by the change 5 10,000 9000
in . b-c. 5ee Ch. B Answer Appendix.
b. Plot the ordered pairs (Richler number, increase in magnitude).
€. Describe the graph that you made of the Richter scale data. [s the rate of change
between any two points the same?
d. Write an exponential equation that represents the Richter seala. =1+ (10"
H.OT. Problems (e Higher Order Thinking Skills
38. CHALLENGE Wrile a sequence that is both geometric and arithmetic. Explain
FOMIF ANSWET.
39. 5ee Ch. B Answer Appendix.
35, CRITIGUE [brahim and Ahmed are linding the ninth term of the geomelric sequence
5, 10, — 240, ... . 1s either of them correct? Explain your reasoning.
38.1,111,..5
The common ratio P abaivn Abed 40. Sample answer:
. i i o
E-'!mBi.l‘I'thﬂ R | S am a2 1.4.9,16, 25, 36,
geometric sequence, -5 S S q ot il s e
but the common oy = -5 (-2 5 = seence of
difference is 0 = -51512) -5 -2 squares of
making it an = .725e0 - L% counting numbers.
arithmetic sequence
as well.

40. REASONING Write a sequence of numbers that form a patiern bul are neither

arithmetic nor geomelric. Explain the patiern.

M. @“I‘Fm IN MATH How are graphs of geometric sequences and exponential
functions similar? different? 5ee Ch. B Answer Appendix.

42. WRITING IN MATH Summarize how to lind a specific term of a geometric sequence.

| Lesson B-7 | Geometric Sequences as Exponential Functions

See Ch. B Answer Appendix.
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Standardized Test Practice

43. Find the eleventh term of the sequence 3, —6, 45. SHORT RESPOMSE Asma has AED .50 in 25 fils
12, -4, . B and 10 fils. I she has 35 coins in botal, how
A 14 © 33 many of each coin dn-e:_e she have? ,
: fifteen 10 fils coins and twenty 25 fils coins
B 3072 D —al44
44. What iz the total amount of the investment 46. What are the domain and range of the function
shown in the table below il interest is y=43F)—27 A

compounded monthly? H

A D = [all real numbers), R = {y|y > -2}
B [ = [all real numbers}, R = {y|y = 0}
C D = {all integers), R = {w|y > —2}

D D = {all integers), B = Jy|y > 0}

F AED 61356 H AED 61656
G AED 616.00 J AED 718.75
.
Find the next three terms in each geomelric sequence. |(Leson 56 47-52. See margin.
a1 2,6, 18,54, .. a8. -5, 10, ~20, 40, .. ©.1, 31 5
50. —3,15, —0.75 0375, _ S1. 1, 0w, 0.36, 0216, .. 52 4,69, 135, ..

Graph each function. Find the y-intercept and state the domain and range. (=00 25 53-55. See mangin.
¥
5. y L‘I—J 5 4.y = 2(4)° 55. y = {3

56. LAMDSCAPING A blue spruce grows an average of 15 centimeters per year. A hemlock grows an
average of 10 centimeters per year. Il a blue spruce is 120 centimeters tall and a hemlock is
180 centimeters tall, write a system of equations to represent their growth. Find and interpret the
solution in the contexl of the situation. See Ch. B Answer Appendix.

57. MONEY City Bank requires a minimum balance of AED 1,500 to mainlain
free checking services. Il Mr. lsmail is going to write checks for the
amounts listed in the table, how much money should he stard with
in order to have free checking? at least AED 3,747

Write an equation in slope-intercept form of the line with the given slope
and y-intercept. 58—63. See Ch. B Answer Appendix.

58. slope: 4, y-intercept: 2 59. slope: —3, y-intercept: %
60. slope: % y-intercepl: —5 61. slope: % y-intercept: — 9
62. slope: % yHntercepl: % 63. slope: — 6, y-intercept: —7

Simplify each expression. If nol possible, wrile stmplified.
64. 3u + 10u 13w 65. 52— 2+ 6z Mo —2 66. 6m” — &m simplified

67 4w+ w + 150 1997 +w 68. 13(5 + 4a) 65+ 520 69. (4 — 6)16 64— 96

531

Differentiatedinstruction ¢ O

Extension Often sequences of numbers do not appear, on first 4 7 14 25 40 g3
calculations, to have a pattern. Sometimes the differences between \}Sf’f }I’f }1{ \I‘T;r \I\fg'f
terms themselves create a sequence that can be used to determine \ ;; \ ;; \ !,— \ }_;

the next term in the original sequence. Ask students to determine e T et T |

the bth term in the sequence 4, 7, 14, 25, 40, ... Have them

also explain how they found the term.

| 4 Assess

Name the Math Give each student one
of five different geometric sequences.
Ask students to explain how to find the
common ratio for their sequence.

Additional Answers

47. 162, 486, 1458
48. —80, 160, —320
1 1
B T
50. —0.1875, 0.09375, —0.046875

51. 0.1296, 0.07776, 0.046656
5. 2025, 30.375, 45.5625

oI 't £ )
| 5

—4; D = {all real numbers},
R =|yly > —5}

54. ¥

[

Z; b = {all real numbers});
R={yly > 0}
85. i

%‘, D = {all real numbers};

R={yly > 0}



‘1 Focus

Objective Calculate and interpret the
average rate of change of an
exponential function.

Materials for Each Student
= grid paper

Teaching Tip

Have students use increments of 25 on
the vertical axis. This will give a clearer
illustration of the difference in the

two graphs.

' 2 Teach

Working in Cooperative Groups

Put students in groups of two or three,

mixing abilities. Have groups complete

the activity.

= Discuss how the length of time of the
investment affects the comparison of
the plans.

= Have students describe the shape of
the graph for each plan and discuss
how the shape is related to the
average rates of change.

Practice Have students complete
Exercises 1-4.

' 3 Assess

Formative Assessment

Use Exercises 1-3 to assess whether
students can calculate and interpret an
average rate of change.

‘Algebra Lab
Average Rate of Change
of Exponential Functions

You know that the rate of change of a linear function is the
same for any two points on the graph. The rate of change of
an exponential function i not constant.

Ali has AED 2 000 to invest in one of two plans. Plan 1 offers to increase his principal
by AED 75 each year, while Plan 2 offers o pay 3.6% interest compounded monthly.
The dirham value of each investment after I years is given by A, = 2000 + 75F and
Ay = 2000(1.003) %, respectively. Use the function values, the average rate of

change, and the graphs of the equations Lo interpret and compare the plans.

m Copy and complete the table below by finding the missing values for A, and A,

r 0 1 2 3 4 5
A, 2000 2075 2150 2225 2300 2375
Ay 2000 2073.2 | 245.08 | 222774 | 2309.27 | 2393.79

EXH Find the average rale of change for each plan from { = 01,1 = 3 o4, and | = 0t 5.
Plan 1: w or 75 % or 75 % or 7h
732 — Wa o 230977 — 332774 139379 — 20400
Flan 2: —-g o 732 ?}r or about 32 —=_g§ o about 79

m Graph the ordered pairs for each function. Connect each set of points with a smooth curve.

m Use the graph and the rates of change o compare the plans. S50 ¥[1 LD
Both graphs have a rate of change for the first year of aboul 2700 __Im
AED 75 per year. From year 3 to 4, Plan 1 continues ko increase =5 9600 —+—————
at AED} 75 per year, bul Plan 2 grows at a rale of more than AED 81 & 2500 T
per year. The average rate of change over the first five years E g;gg T T T
for Plan 1 is AED 75 per year and for Plan 2 s over AED 78 per E aagp
year. This indicales that as the number of years increases, 2100 .1
the investment in Plan 2 grows al an increasingly faster pace. Eﬂﬂg.., T

This is supporied by the widening gap belween their graphs.

3. Sample answer: The value of the equipment decreases at a slower rate as the number of years increases.

The value of a company’s plece of equipment decreases over lime due to
depreciation. The function y = 16,000{0.985)™ represenis the value after [ years.

1. What is the average rate of change over the first five years? —AED 448.86 per year

e ¥ "‘-‘F

4. Sample answer: The
awerage rate of change
forx=—3t0is—27

: . - . while the average rate o
. Whal is the average rate of change of the value from year 5 bo year 107 —AED 386 per year of change for x = 0o 3-

2
3. What conclusion about the value can we make based on these average rates of change?
L]

. REGULARITY Copy and complete the table for y = x*.

3 2 i o 1 2 3
8 16 1 0 1 16 L1l

03

Compare and interpret the average rate of change for x 3 to 0 and for x

532 | Extend B-7 | Algebra Labe Average Rale of Change of Exponential Funciions

is Z7. This would ;
indicate that the graph =
of the function was ;
going down and then
changed to going up.

OENEG | |EWEIE

From Concrete to Abstract

After students have completed Exercise 4, have
them discuss what characteristics of a graph
they can determine by examining the rate of
change for a function.

532 | Extend 8-7 | Algebra Lab: Average Rate of Change of Exponential Functions

Teaching the Mathematical Practices
Regularity Mathematically proficient students
notice if calculations are repeated, and look
both for general methods and for shortcuts. In
Exercise 4, advise students to look for and use

regularity in their calculations.
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Recursive Formulas

‘1 Focus
VerticalAlignment

-
Before Lesson B-8 Wrote explicit
formulas to represent arithmetic and

geometric sequences.
v

& You wiobe caplicl [ ] U & rescursive @ Chients of a shublle service gel
Tormisas o formula o &f levmsin picked up from e homes aid
tepresend arilfineel & SeRIEOE. dvives Lo premium oullel stone

shogpping. The Lolal cost of

sorvice depends on the total
numbes of customers. The cos
he Firsl i cuslomers are

and geomelric
SEQUENCES.

Wrile recimsive
Toemidas for
atithmeic amd
geomelic sequences.

Lesson 8-8 Use a recursive formula
to list terms in a sequence. Write
recursive formulas for arthmedtic and
geometric sequences.
-

Hew'.'u:abulary 1 usil'lg Recursive Formulas An explic formula allows you to find any term @, of a
recursive formuly sequence by using a formula written in terms of 1. For example, dg = 20 can be used e
to firud the fifth term of the sequence 2, 4, &, 8, __:a; = 2{5) or 10. After Lesson B-8 ldentify linear,

guadratic, and exponential functions

A recursive formuls allows you to find the mth term of a sequence by performing fi gi\ﬁEI'E b

operations o one of more of the preceding lerms. Since each term in the sequence above

:""""'""'“;: P“"ﬁ“: is 2 greater than the term that preceded it, we can add 2 to the fourth term to find that
ﬂtm:ml:::umnm:q the fifth term 5 8 + 2 or 10. We can then wrile a recursive formula lor a,,.
ol others. oy 2
Oy oyt 2or2+ 2 4
0= apt2ud+2 =6 | 2 Teach
ay oyt 2orb + 2 B
Ts a,_yt2 Scaffolding Questions
) ) Have students read the Why? section of
A recursive formula for the sequence above say = 2,40 = 2, _ ¢ + 2, for 1 = 2 where n is
an integer. The berm denoted g, ; represents the term immediately belore g, Notice the lesson.
that the first term gy 15 given, along with the domain for n.
Ask:
= How does the total cost of the shuttle
Find the first five terms of the sequence in which e, = 7 and ag = 3a,_ — 12, sefvice change as a customer is
=2 added? Sample answer: The total
= Use a; = 7 and the recursive formula to ind the next four lerms. cost increases by AED10.
E =3, ;=12 n=2 g, =3y =12 n=4 ) ) =
g 3ay — 12 Er— Juy — 12 Skmprify. = |5 this sequence anthmetic,
= U7y~ 120e9 8 =1 315) - 120633 0,= geometric, or neither? arithmetic
& gy = 3ag_ 4 — 12 a=3 dg = 3dg _ 4 — 12 n="5 s
e 3z, — 12 — dg, 12 — = How much would it cost for 9
g 39) — 12 0r 15 a,=9 3(33) —120r87  o,—33 customers? AED105
L The first five terma are 7,9, 15, 33, and 87.
& b cuidedPractice

1 Find the first five terms of the sequence in which g, 2 and
dy = (-3}, ,+ 4. iln=2 —2.10,—26 82, —242




2“‘rﬂ'llg Recursive Formulas To wrile a recursive formula for an arithmetic or
geometric sequence, complete the following steps.

41 Using Recursive Formulas
Example 1 shows how to find the

first five terms of a sequence using KeyConcept Writing Recursive Formulas |
a recursive formula.

m Determine if the sequence is arithmetic or geometric by finding @ common difference or a

%

= COMMATRoN ratio.
Formative Assessment StudyTip Y weie _
- = " Deﬁ'u'q o Far the el lerm =i a recursive formula.
Use the Guided Practice exercises after of & sequence. the vl of 8 ) )
o % (it AR Arithmetic Sequences Oy = 0, ¢ + d, where d is the common difference
each example to determine students m ﬂ“ﬁﬂmm S
Attwegh we: Geometric Sequences Op = [+ 0, & Where ris the comman ratio
understanding of concepis. the damstin of m, from this [ -
poink Torwand, we will sssume mﬂmﬂﬂﬁlﬂmammfﬂrﬂ.
hal o i am inbeger. |
ind the fi
« | Find the first five terms of the
- . Write a recursive formula for each sequence.
seguence in which ¢y = —8 and
@n=—2an—1+5,ifn=2 B Iy
—8,21,—37,79, —153 m Firat subtract each term from the term that follows it
1B-17=—4 9-1=—4 5-9=-4
i Tip There is a compon diflerence of —4. The sequence is arithmetic.
2 i : Domasin The domsin fof o & m Use the formula for an arithmetic sequence.
Writing Recursive Formulas dariried by The cvan Ierrne. e R R e
3 Since the Rl lem & alneady
E:amplezfshaws. h;]W to write ot Wi Bt I - PR
a recursive formula for a sequence. st berem to wihiich e | )
: Torrmla woukd & e A mmeﬁrsllermn 2 17, and n = 2.
Example 3 shows how to write wrmeoprgpisaril :
recursive and Eh‘.pﬁl:il formulas for orwhenn = 2 A recursive formula for the sequence s a) = 17, ey =2, 4 a=2.
a sequence. Example 4 shows how | i esiiiesia
to translate between recursive and e R
S m Firat subtract each term from the term that follows it
explicit formulas. .
M-6=18 9% — M =172 384 — 96 = 288
There is no common difference. Check for a common ratio by dividing each
termn by the berm thak precedes it
4 Write a recursive formula for % : ?_‘; : jéﬂ_ﬁ .
h There is a common ratio of 4. The sequence s geometric.
eacnh sequence.
q Use the formula for a geomeltric sequence.
a. 23,29,35,41, ... o= 23, —— T ———
Oy =0Op—qt+o,n=2 % =
b. 7 89 gaea - g
- 1, —21,63, 189, .. E=E the first term a, is 6, and n = 2. 5
o=1a,=—3a,_.n=12 =
B A recursive formula for the sequence isa) = 6, 0y = 42, n= 2 z
g2
F
P GuidedPractice -
20 4,10, 25, 625, ... 8. 9, 36, 63, 90, __ H
ag,=&a,=2151, ., n=2 o,=%a,=a, ,+T.n=2 g

534 | Lesson B-8 | Recursive Formulas

Tips for New Teachers
Notation Recursive formulas are occasionally defined for ay, 4 1 and written in terms of a,,. For part a of
Example 2, the recursive formula can be writtenas oy =1, gy +1=gs — 4. 0= 1.

534 | Lesson 8-8 | Recursive Formulas



A sequence can be represented by both an explicit formula and a recursive formula.

COST Refer to the beginning of the lesson. Let # be the number of customers. =1 CARS The I:“iEE of a car
p a. Write a recursive formula for the sequence. depreciates at the end of each year.
Real-WorldCareer TR First subtract each term from the term that follows it. Year |Price (AED)
LSRR, The and 2 E1 ST 45 — 35 =10 55 — 45 = 10
of jubs in the bamsporalicn : T e 1 12,000
- ey R e cied b ot There is a common difference of 10. The sequence is arithmetic.
- by an estimaled 11 million 2 7200
bestvarezn 2004 and 20, The m Use the lormula for an arithmelic sequence.
sppecilic fekds dictate the 3 4320
wclucational | eguinemenls, dp = a4 +d Recursive foamuls bor arilhmedic s=quence
which indude a high school ay=a,_q4+ L} d="10 4 2592
diprhoma g 2 foam off = .
RS EZX he first term a, is 25, and n = 2. a. Write a recursive formula for
Seuear Lblind Stalis Dcpuatiant A recursive formula for the sequence isa; = 25,8, =a, _;+ 10, 8= 2 the sequence. ay= 12,000,
ol Lt i
b. Wrile an explicit formula for the sequence. an = 0.60, —1
m The common difference is 100 b. Write an E!]]lif“ formula for
m Use the formula for the nth term of an arithmetic sequence. the sequence. ]
ap = aly 4 (n—1)d Farmula for the nih term On = 121{}00"{]-6?1
25 + {n — 1)10 8, =25 and d =10 n a. Write a recursive formula for
25 + 10 — 10 Disiribufive Progesty p=2n—4 ;m=—2,
10 + 15 Smpiity. Gn=a,—3+2,n=2
An explicit formula for the sequence is 2y = 108 + 15 e i
b. Write an explicit formula for oy
P GuidedPractice = 84, 0y = 150, —1,
— —1
3. SAVINGS The money that Badr has in his savings account earns interest each year. n=2 On = 34{1'5}”

He does not make any withdrawals of additional deposits. The sccount balanee atb

the beginning of each year is AED 10,000, AED 10,300, AED 10,609, AEL 10,927.27,
and so on. Write a recursive formula and an explicit formula for the sequence. Tios for New Teachers
|:r1=ﬂ.ﬂDﬂ.n.=Lﬂ3:n_,.n21:u.=1ﬂ.{mm3]"_' p

Terms The first term of a sequence is

If several successive terms of a sequence are needed, a recursive formula may be useful, ﬂEEﬂSiDI’bﬂ“‘f denoted as Op.
whereas if just the ath term of a sequence is needed, an explicit formula may be wseful.
Thus, it is sometimes beneficial to translate between the bwo forms.

a. Wrile a recursive lormula for a, = b + 3.
= - . ag = B+ 3 is an explicit formula for an arithmetic sequence with d = 6 and a4 = 6(1)
= StudyTip | + 3 or 9. Therefore, a recursive formula for gy isay =9 ey =a, 4+ 6, a=2
_| GeomelicSequence Becall | b Write an explicit formula for @, = 120, 4 = 08a, _,, n= 2.
= thal the foamla for the all 2 ¥ L r
| derm ol a geomeliie sequencs dp = 0.8a, _ ; is a recursive formula for a geometric sequence with a; = 120 and
& g —oy” ¢ = 0.8 Therefore, an explicit formula for 0y is 2 = 12000.8)" — 1.
3 b GuidedPractice
'-_f 4A. Write a recursive formula for ay = 4(3)"~ 1. oy, =4,0,=30, _, n =L
_:_' 4B. Write an explicit formula for a, 16 an=a, ;—72=2 dp=—Ia—9
:G I

Differentiatedinstruction © ©

Interpersonal Learners Divide the class into groups of two or three students. Have each student
write a sequence on one note card and the recursive formula for the sequence on another note card.
Repeat the process for 10 sequences. Then, have the students lay the cards face down. Each student
should take turns flipping over two cards, attempting to find a match between a seguence and its
recursive formula.




Formative Assessment

Use Exercises 1-9 to check for
understanding.

Use the chart at the bottom of this
page to customize assignments for
your students.

Teaching the Mathematical
Practices

Modeling Mathematically proficient
students use tools such as diagrams to
map the relationships of important
quantities in a practical situation. In
Exercise 22, tell students that they can
sketch the patio to help them see the
pattern.

Arguments Mathematically proficient
students can recognize and use
counterexamples. In Exercise 33, tell
students that they can start with a
seguence for which they know a
recursive formula and see if they can
write another recursive formula that fits
the sequence to see if they can find a
counterexample to the statement.

- ™\
WatchOut!
Error Analysis In Exercise 31,
students should recognize that
the sequence is geometric with a
common ratio of —1. Therefore,
the sequence can be represented
as both an explicit formula and a
recursive formula.

Additional Answer

31. Both; sample answer: The
sequence can be written as the
recursive formula a,= 2.a,=

{—l]-:'.r"_.l, n = 2. The sequence

can also be written as the explicit
formula @, = 2(—1)"".
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Check Your Understanding

Example 1

Example 2

Example 3

Exampile &

Find the first five lerms of each sequence.

o the first theee bounces are shown.

Lo, =16 a@u=a, - In=2 F San=4a, t+10,a=2
16,13,10,7. 4 —5, —10, —30, —110, —430
Wrilte a recursive formula for each sequence.
3.1, 6,11,16, ... & 4,12, 36,108, ...
ay=1lay=a, ;+5n=2 o,=8,an=30,_n=2
5. BALL A ball is dropped from an initial height of =
10 meters. The maximum heights the ball reaches ' \\'.

a. Write a recursive formula for the sequence.
b. Write an explicit formula for the sequence.
Sa.oy=Map=08a, ,n=2

Sh. o, = 10{0.6)" !

For each recursive formula, write an explicit formula. For each explicit formula, wrile a
recursive formula.

6o, =han=a, ;+16n=2 @ i-5n1s
op =161 —12 o=, 0e=0,_;+5n=2
B o, = 15221 8 o, =224y =4a, ;n=2
o,=15,0,=20, _,n=2 a,= 224"

Practice and Problem Solving

Exampie 1

Example 2

Ezampls 3

Exampile &

Find the first five lerms of each sequence.

Wy =, ap=a, ;+7nz=2 N a2y = 48, @n 05z, +8a=2
23,30, 37, 44. 51 48.—16,16.0,. 8

2.0y =8 ay,=25a, n=2 By =12, 8,=3a, —Hn=2
8, 20, 50, 125, 125 112,15, 24, 511

M. oay =13, an 22, ;- 3n=2 By ==y tr=1l
13, —29,55, M3, 223 % 2, % 5. %

Write a recursive formula for each sequence.

¥%. 12, -1, —14. -, .. 7. 27, 41, 55, 69, ...
a,=12,a=a, —T,n=2 ay=Has=0, ,+MW.n=2

18. 2,11, 20, 29, ... 19, 100, 80, &4, 51.2, ...
o,=20,=0,_,+9.n=2 o,=100,a,=08a,_.n=2

20. 40, —60, 90, —135, ... 21 81,2793,

a,=40,8,= —15a, _4sn=2 ﬂ'1=ﬂ1,.ﬂ"=%ﬂn_.|,l'l21
22. MODELING A landscaper is building a brick patio.

S 15 ricks
Part of the patio includes a pattern constructed i
from triangles. The first four rows of the pattern 13 birkcks
are shown. Z2a.a,= W\, 0,=a, _;—2,n=2 11 bricks
Bbricks

a. Write a recursive formula for the sequence.

b. Write an explicit formula for the sequence. g, = 17 —2n

For each recursive formula, write an explicil formula. For each explicit formula, wrile a
recursive formula.

23. 2q= 347 24 i, ZLaa= 12, n=2 op=—T12n+10

LOMEANEE | [HwEEy 3 i b

o,=3,0,=40,_,.n=2 il
5.0, =38 g =50, 4=l qym—1 26. i Ta+ 52 oy=45,0p=0, _;—Lo=x12
| Lesson B-8 | Recursive Fosmmulaes - “(i}
Differentiated Homework Options
Level Assignment Two-Day Option
O Basic 10-26,31,33-59 1-250dd, 36-39 | 10-26 even, 31, 33-35,
| 40-59
O core 11-25 odd, 27-31, 33-59 10-26, 36-39 27-31,33-35, 40-59
D Advanced | 27-53, {optional: 54-59)




E". TEXTING Amani received a chain text that she forwarded to five of her friends. Each of
her friends forwarded the text o five more lriends, and so on.

a. Find the first five terms of the sequence representing the number of people who
reveive the text in the ath round. 1, 5, 25, 125, 625

b. Wrile a recursive formula fof Lthe sequence. &y =1a,=5a,_,n=2

€. Il Amani represents a4, find 2, 78,125

28. GEOMETRY Consider the pattern below. The number of blue boxes increases according
to a specific pattern.

O BE | -

2Ba.g;=0,0,=a,_,+4n=2

a. Write a recursive formula for the sequence of the number of blue boxes in each fligure.
b. I the first box represents a4, find the number of blue boxes in ag. 28

29. TREE The growth of a certain type of tree slows as the tree continues to age. The
heights of the tree over the past four years are shown.

30a. 5ample
answer: The first
two terms are 1.
Starting with the
third term, the
i 1am nm 121m 1331m
two previous

terms are added

together to get a. Write a recursive formula for the height of the tree. @, =MW, 00 =110, _, =2
the next term; 13,  b. If the patiern continues, how tall will the tree be in bwo more years? Round your
21, 34, 55, 89. answer o the nearest tenth of a meter. 6.1 m

b 30. ' MULTIPLE REPRESENTATIONS The Fibonacci sequence is neither arithmetic nor geometric

33. False;
i and can be defined by a recursive formula. The first terms are 1,1, 2, 3,5, 8, ...

sample answer:
A recursive formula for  a. Logical Determine the relaticnship between the berms of the sequence. What are

the sequence 1, 2, 3, ... the next five lerms in the sequence?  30b. a=Lo;=VLoa=0,_,+to,_.n=3
can be written as b. Algebraic Write a formula for the mth lerm ifa; = 1,4, = 1, and & = 3.

0, =18, =0, 1+ . sgebeaic Find the 15th term. 610

:‘iltuln;!; 3 d. Analytical Explain why the Fibonace: sequence is nol an anthmetic sequence.

Gn=0, ,+2.n=3. Sample answer: There is no common difference.

35. Sample answer:

In an explicit 31. ERROR ANALYSIS Bilal and Jassim are working on a math problem that involves the
formula, the oth  “equence 2,-2.2, -2.2, __ _Bilal thinks that the sequence can be weitlen as a
recursive formula. Jassim believes that the sequence can be written as an explicit

term o, is given ) : z
formula. Is either of them correct? Explain. See margin.

as a function of n.

an

one or more of
the terms that
precede it

? In a recursive 32. CHALLEWGE Find g, for the sequence in which ay = 1104 and @s = 42, _, + 16. 12

E formula, the 33 ARGUMENTS Determine whether the following statement is rue or fulse. Justify your reasoning,
= mth term a, is found s it X .

I:=J by performing ere i3 only one recursive formela for every sequence.

5 oOperationsto 34. CHALLEMGE Find a recursive formaula for 4, 9,19, 39,79, .. o,=4,0,=20,_,+1Ln=2
=

g

35. WRITIMG IN MATH Explain the difference between an explicil formula and a recursive formula.
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&5 Multiple Representations
In Exercise 30, students use logic,
analysis, and algebra to explore the

Fibonacci sequence and find terms as
needed.



| 4 Assess

Ticket Out the Door Have each
student create a sequence by writing
the first five terms. Then have them
write an explicit formula and a recursive
formula for the sequence.
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& '.q-. - im

36. Find a recursive formula for the sequence 12, 24, 38. Find an inequality for the graph shown. ©

36,48, ... C .
T
Ag,=12a,=2a w3zl BT
T4
Bay=12.an=4a,_ -2, n=1 Hmrs
4_00| &
Cay=12, ap=a,_,+12,5=2. 3 T

Day=12ap,=12a, +12. 8=

37. GEOMETRY The area of a rectangle is 36m*n®
square meters. The length of the rectangle is
G meters. What ks the widih of the rectangle?

G

F Zi6em n® m

Ay>2r—4 Cy<2x—4

By=2x—4 Dyx2e—4

G &mn’ m {2, —20) and (4, 58). F
H 42m s m Fy=13x+46 H y= 19+ 18
¥ 30mnt m Gy=1%x—18 Ty=13 -4
Spiral Review
5 35
Find the next three terms in each geometric sequendce. e 87) 80.35. 5.5
40. 675, 225, 75, . &L 16, —24, 36, 42 6,18, 54, .. 162, 486, 1458

—54, B1, —121.5 '

43. 512, —256, 128, .. 44, 125,25.5. ... Lgv3g

—b4, 32, —16
46. INVESTMENT Ahmed invested AED 2,000 with a 5.75% interest rate compounded monthly.
How much money will Ahmed have after 5 years? (lesson 26 AED 2,664.35

47. TOURS Rashid’s family and Saleh’s family
are traveling together on a trip to visit a candy
factory. The number of people in each family and

| Momber  Mumbersf | Tols
F"",-un:u- Cest

the total cost are shown in the table below. Find S ? : =
the adult and children’s admission prices. [Lesson 63) Salits ? 1 ALD 32
adults: AED 14; children: AED 10

Wrile each equation in standard form. (Lesen 43

48. y t 6 e+ 2) 48 y-12=4x—7) 50. y+9="5{x—3)
3:+y'=1—12 h—y=;ﬁ Sxr—y=24

51y — 1 T[rl!E} 52 y + 10 EI:I [1] 53 vy 4 %{rl‘l;
x—3y=—18 2x — Sy =62 x+Ty=26

;
i

LOEANEE | [HwEIsa 3 Tyl idon

Simplify each expression. Il nol possible, write simplified.

S4. Bx + 3y" F Tr— 2y 55. 4(r — 16) + 6x 56. 41— 3m t+9m - n
3y + 158 — 2y 10x — 64 3In+ 6m

57 6r + 7r 58 —2{ig — 5h) — &g 58. %’ — Tr+ 16y"
simplified —1g + 10h simplified

| Lesson B-8 | Recursive Fosmulas

39, Wrile an equation of the line that passes through

45. 12, 60, 300, ... 1500; 7500; 37,500

Differentiatedinstruction

Extension For Exercise 30, students wrote a recursive formula for the Fibonacci sequence, which is

neither arithmetic nor geometric. Have students write a recursive formula for another sequence that is

neither arithmetic nor geometric.



Study Guide and Review

Study Guide

j KeyConcepts

Multiplication and Division Properties of
Exponents (- B1 -7

For any nonzero real numbers o and b and any integers m, m,
and p, the following are true.

» Product of Powers: g™ « g7 = g™ ¥ 1

» Power of a Power: [g™)" = ™" "

» Power of a Product: jab™ = o"5™

-
= Duotient of Powers — = g™ P

o
m i
= Power of a Quotient: {ﬁ} :-,,
1

= Zero Exponent: a®
1

]

il ]

= Megative Exponent: o~ uln and a

Q

Rational Exponents
For any positive real number b and any imtegers mand n > 1,
the following are true.

1 1
b*=+/b o7 = ¥b b
Scientific Motation
= A numbser is in scientific notation if it is in the form o x 107,
where 1< a < 1.
= To write in standard form:

= |f @ > 0, move the decimal n places right.
= |fm < 0, move the decimal n places left

Exponential Functions

= The equation for exponential growth is y
= [, The equation for exponential decay is y = aft — rf’.

f{-‘ln]mur o BT

ofl + ', where r

where 0 < r < 1. y is the final amount, o is the initial amount,

ris the rate of change, and I is the time in years.

[T StudyOrganizer

Be sure the Key Concepts ———
are noted in your Foldable. —
i
‘f%r.,,h,_.__}
'-“-9:1"‘"
s
Pt

| KeyVocabulary

common ratia
compound interest
constant

cube root
exponential decay
exponential equation
exponential function

exponential growth

manomial

negative exponent
nth root

order of magnitude
rational exponent
recursive formula
scientific notation

ZeMn EXpOnEnt

gesmetric sequence

| VocabularyCheck |

Choose the word or term that best completes each sentence.

1

2

10.

. Zisain)

. A number written in

. @y = 4and o, = 3a, _,

3 2_{;‘-1

Txy* is an examiple of an) . monomial
The of 35,234 is 10°. order of magnitude

of 8. cube root

. The rules for operations with exponents can be extended to

z
apply 1o expressions with a{n) such as 73,

rational exponent

is of the form o x 107,
where 1< o < 10 and n is an integer. scientific notation

. flx} = 3" iz an example of ajn)

exponential function

12, if m = 2, iz afn)
for the sequence 4, — 8, —20, - 32, .
recursive formula

16 is an example of ajn)
exponential equation

. The equation for sy =0 — b
exponential decay
If @ = b for a positive integer n, then o is ajn)
of b. nth root

Formative Assessment
KeyVocabulary If students have
difficulty answering questions 1-10,
remind them that they can review the
l2ssons to refresh their memories about
the vocabulary terms.

| M StudyOrganizer

Dinah Zike's Foldables”

Have students look through the chapter
to make sure they have included
examples in their Foldables for each
lesson of the chapter. Suggest that
students keep their Foldables handy
while completing the Study Guide and
Review pages. Point out that their
Foldables can serve as a quick review
when studying for the chapter test.
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Lesson-by-Lesson Review
Intervention If the given examples
are not sufficient to review the topics
covered by the questions, remind
students that the lesson references tell
them where to review that topic in
their textbook.

Simplify each expression.
o x-xtsx® x” 12. 2ol - %) —6y®
13, (Cam?)(-50%?) 14 (ad?)’ 3ety*

5. [{2.-1:}1]? 4% 16, (—20%)50) —t00*
m (2 a® 1 ) e

9. GEOMETRY Use the formula ¥ = sr’h to find the

volume of the oylinder. 45%x*
Ax

simplify (Sx%y*) (2¢%).
(5= ) 2x )
520 x - y)
105yt
| Example2
simplify (3%,
(2% = 34 P (*Y Poaser of & Prodact

270" Simpliy

Simplify each expression. Assume that mo denombinator
equals zero.

@)® 1 3:y3]3 eyt
© b E . Xz ar?
2y : e
23— 4y 23 o bt 5

Iy a

— 15Tyt g% 32 I:-ll' 1] 7
2 ——2 27 25, :

—AExdySd 3 [3:7)

" | 12} x (r") B
26. (m,.,r{ J] 1 2. {2){)’5] ]
28. GEOMETRY The area of a rectangle is 25x%y* square

the length of the rectangle? Sxy® m

Sy

meters. The width of the rectangle is Suy meters. What is

o 2wt
Simplify o . Assume that no demominator equals zero.
m
2'm? I;E:I i {LJ} Group powers will
ak’m A2 Jhm the same base
ha-2, 31 N—
7 7
3.3
% Simnplify
. i x .
Simplify P - Assume that no denominator eguals zero.

e

I i

[_I' LR $J|:H1 . .'}{“I -!J

2

' 5
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29 /33 7 30. V729 3
1 B 13 7
. 6254 § 32. (n] =
] 3
33 2564 64 34, 325 4
4 4 : 8
35 3437 2401 6. {qg]l =

Solve each equation.
3. 6°=TI% 5 38 4% 1= 32

68 |

2
Simplify 1253,
) i = e
1253 = (vizs)? e {48 )"
(¥5-5-5)° g1 =47
52 or 25 Sirnpaily .
Solve 9" "= 729
9~ 1= 729 Oiriginal eqoation
9=~ 1=g? Rewite 729 as O
r=1=3 Posnss Prop: Egual
x=4 Ak 1

Express each number in scientific notation.

38, 2300000 2.3 x 105 &0. 0.0000543 5.43 x W0~°

41. ASTROMOMY Earth has a diameter of about 12,700
kilometers. Jupiter has a diameter of about 140,000
kilometers. Winite in scientific notation the ratio of Earth's
diameter to Jupiter's dizmeter. about 9.1 x 102

Express 300,000,000 in scientific notation.

E™E] 300,000,000 — 300000000

E™E] The decimal point moved 8 places to the left,
son =B

E™E] 300,000,000 = 3 x W2

Graph each function. Find the y-intercept, and state the
domain and range. 42-45. See margin.

a2 y=2

42 y=3"+1

44 y— 4"+ 2

a5 y=2"-3

46. BIOLOGY The population of bacteria in a petri dish
increases according to the model p — S50(2.7)2004
where tis the number of hours and t = 0 corresponds

to 100 p.M. Use this model to estimate the number of
bacteria in the dish at 5:00 pM. about 568

Graph y = 3" + 6. Find the y-intercept, and state the
domain and range.

| ee |, [EEERE

3| 33+6 | M 12

10
-2 | 37?46 | en| |4 -
-1 | 346 | 613 _E_ | _:

z N
{=t-6—d-2CH

0 +6 |
1 I'+6 9

The p-intercept is {0, 7). The domain i &ll real numbers,
and the range is all real numbers greater than 6.

Additional Answers

42. y-intercept 1; D = {all real
numbers R =y |y = 0}

T

43. y-intercept 2; D = (all real
numbersR={y|y =1}

L e

44, y-intercept 3; D = {all real
numbersk R ={y| y = 2}
: 7 :

i

CL L AT i

45. y-intercept —2; D = {all real
numbersk R ={y |y > —3]

&




Additional Answer

55. Basketball Rebound
¥ T
_ 18— i
E !
£ 14 |
2 ;
E -« |
| anan
8 ¢ . i
& a — |
7 L l

| | * s & !

0 123456708 9%

Bounce

25. |

47. Find the final value of AED 2 500 invested at an interest rate
of 2% compounded monthly for 10 years. AED 3.053.00

48. COMPUTERS Alia's computer is depreciating at a rate
of 3% per year. She bought the computer for AED 1.200.
8. Write an equation to represent this situation.

b. What will the computer’s value be after 5 years?
AED 1,030.48 48a. y = 1200{1 — 0.03)*

Find the final value of AED 2,000 invested at an interest
rate of 3% compounded quarterly for 8 years.

A=pf14 ﬁ}ﬂ

zom(1 " %}Im

= AED 2540227

Find the next three terms in each geometric sequence.
a8, -1
50. 3.9, 27, .. B1,243.729

51. 256,128, 64, . 32,16, 8

1.1.-—111

‘Write the equation for the ath term of each geometric
sequence.

52 1111 a,=—%—1"!
53. 3.9.27. . @, = 33"
4. 256, 128,64, . 0, = 256

jim—1
2)
55. SPORTS A basketball & dropped from a height of

20 meters. it bounces to % its height after each bounce.

Diraw a graph 1o represent the siuation. See margin.

Find the next three terms in the geometric sequence
26,18, _.

m Find the commaon ratio. Each number i
3 times the previous number, sor = 3.

m Muitiply each term by the commaon ratio to find the
next three terms.
18 % 3 =54,54 x 3 = 162,162 x 3 = 486

The next three terms ane 54, #62, and 486.

Write the equation for the nth term of the geometnic
sequence —3, 12, —48, _ .

A Sor 4.

The common ratio is

Find the first five terms of each sequence.
4n=2 M13,—1—5
i+ 6.n=2 3,12, 30, 66, 138

56. 0= Moo= ap—y

5. 0,=3, 0,= 20,

‘Write a recursive formula for each sequence.

58. 2120, . 4= a,=a,_,+5n=2
58. 32.16.8.4. . 0,=32,0,=050, _,.n=2
60. 2,51.23,__ a,=2,a,=20 +in=2

n—1

Write a recursive formula for 3,1, -1, -3, _

m First subtract each term from the term that follows it.
1—-3 Z=1=1 2.-3—-[-% 2
There = a common difference of — 2. The
SEquence is arithmetic.

m Use the formula for an arthmetic sequence.
0, =0, _3td
ap=a,_yt+[—2) d=—2

m The first termi oy is 3, and m = 2.

Arecursive formulais ey = 30, = @

Reoursire formuls

2n=2

n—1

| Shedy Guide and Review

[T oy [T 113
2; D = {all real numbers},
=¥ly=0}
26. [ T TT1§M
REERNCERNE
1r'
—3; D = {all real numbers},
R={ly<0]
-2 50 B I
| /r'.
-I—-'—"'""-"J
oy | [ | [x

3; D = |all real numbers},
R={ly>2
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Practice Test

. RAF

Simplify each expression.
1 (2)(7=%) T
2. (5c”be* ) —6a?he”) —300%H”

3. MULTIPLE CHOICE Express the volume of the solid
as a monomial. A

C m:l-
D rl'l

Ax
B ax

Simplify each expression. Assume thal no denoiminalor
equals 0.

2y

L — x'y*
I
& 340
5. (2':’ } 1
[
oy T 9
E_ s
Hx ]’;7
Simplify.
7. V1000 10 g V325 5
! m)i 4
8. 17283 12 10. {ﬁ ¥ 2
P 3
1 273 9 12. 10,000+ 1000
5 1 3 1
13. 273 243 14, {E}’ 5

Solve each equation.

_ 15 12*=1728 3

i W6 7T 1=Mm 5

S Mm9I-796

-

= [Express each number in scientific nolation.
& 18 0,000 21x 1907

B

S 19, 58000 5.8 x 10*

Express each number in standard form.
20. 29 % 1077 0.000029
21. 91 % 10" 9,100,000

Evaluate each product or quotient. Express the resulls
in scientific nolation.

22 (25 % 10°M3 x 10*) 75 x w07

BB x 107

e 22%10°

23

24 ASTRONOMY The average distance from Mercury
tor the Sun i 57,910,000 k. Express this distance
in scientific notation. 5.791 % 107

Graph each function. Find the y-intercepl, and slale
the domain and range.

25 y= 25 25-127. See margin.
26, y = 311"
ooy=3"+12

Find the next three terms in each geomelric sequence.

28. 2, —6, 18, ... —54, 162, —486

29. 1000, 500, 250, ... 125,615, 31.25
11 1

30. 32, 8.2, . P A7)

3. MULTIPLE CHOICE Shaima invested AED 500 into an
account with a 6.5% interest rale compounded
manthly. How much will Shaima's investment
be worth in 10 years? H

F AED 600.00
G AED 93357
H AED 956.09
1 AED 957.02
32 INVESTMENTS Suha’s investment of AED 3,000 has

been losing value at a rate of 3% each year. What
will her investment be worth in & years? AED 2. 498.92

Find the first five terms of each sequence.

4, n>=2 18,14,10,6,2

Yomy=hay g+ Simay T hoeh e

33. ay
34 a,

18, 8y =8, 4




Preparing for Standardized Tests

1 Focus

Objective lUse the strategy of using : S n
Rt kit 1o ol Using a Scientific or Graphing Calculator
standardized test pml]lems_ Scientific and graphing caloulators are powerful problem-sobving Lools.

There ire times when a caloulstor can be used Lo make compulations
Tarster and easier, such as compulations wilth very large numbers. Howeser,
there are times when using a calculislor is necessarny, fike the eslimalion

ol irrationa] numbers.

2 Teach

Strategies for Using a Scientific or Graphing Calculator

Scaffolding Questions

Ask: [ Step 1

e e e ey
have you used a scientific ’

calculator? Answers will va ry. = Exponents scientific nolation, calculating with large or small numbsers

= Are there any WPES of math FI-I'I]I]I-EI'EIS » P solwing cirche problems, like droumference and area

in which you find that it is faster or
easier to not use a scientific
calculator? Answers will vary.

» Square roots distance on a coordinate plane, Pylhagorean thearem
« Graphs analyzing paired dita in a scatler plol, graphing luncions,
finding roots of equalicns
= Are you more likely or less likely to
make calculation errors when using a
scientific calculator? Explain.
Sample answer: You are less likely
to make a calculation emror, but you

Use your scientilic or graphing calculator to solve the problem.

» Remember o work as elficiently as possible. Some steps may be done mentalhy

: . : ; ; g

could still make errors if you enter the ot by hand, while others should be completed using your calculalor 5
numbers incorrectly, or use formulas = Iflime permits, check your answer. o
incorrectly, or round incorrectly. E
4

§

Read the problem. Identify what you need to know. Then use the information in the -

problem to solve. 5

-

The distance from the Sun o Jupiter is approximately 7.786 = 10" meters. E

If the speed of light is about 3 % 10 melers per second, how long does it lake =

fosr light from the Sun to reach Jupiter? Round to the nearest minute. E

A about 43 minutes C about 1878 minutes E

B aboul 51 minutes D about 2595 minutes b

544 | Chapter 8 | Preparing lor Slandardized Tests
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Read the problem carefully. You are given the approximate distance from the

Sun to Jupiter as well as the speed of light. Both quantities are given in scientific
notation. You are asked to find how many minutes it takes for light lrom the San o
reach Jupiter. Use the relationship distance = rate X time to find the amount

of time.
d=rx1

To find the amount of time, divide the distance by the rate. Notice, however,

that the units for ime will be seconds.

7786 = 10" m

= I seconds
3 x 10% mfs

Use a sebentific caleulator to quickly find the quotient. (n most scientific caleulators,

the EE key is used o enter numbers in scientific notakion.

KEYSTROKES: E?.ME[EEJH[DEIEEIEE]S[E

The result is 259533333333 seconds. To converl this number o minutes, use
your calculator to divide the result by 60. This gives an answer of aboul

432555 minutes. The answer iz AL

Read each problem. Identifly what you need o know.
Then use the inlormation in the problem
Lo solve.

1. Since ils creation 5 years ago, approximately
2,504 3 107 items have been sold or traded on

a popular online website. What is the average
daily number of items sold or traded over the

S-year period? B

A about 9640 items per day

B about 13,720 items per day

C about 1,025,000 items per day
D about 5,008,000 ftems per day

2. Bvaluate Vab ifa = 1H and b = 23_ 1
F about 5.26
G about 950
H about 12
] aboul 5275

3. The population of the United Slates is about

3.034 x 10% people. The land area of the country is
about 3.54 to 917 square kilometer. What is the

average popilation density (number of people
per square kilometer) of the United States? D

A aboiil 136 3 people per square kilometer
B about 30.2 people per square kilometer
C about 94.3 people per square kilomeler
D about 33.1 people per square kilometer

Ghaya is making a cover for the marching

band’s drum. The drum has a diameter of

20 centimeters. Estimate the area of the face of the
bass drum. J

F 3141 square centimeters
G 4283 square centimelers
H 7854 square cenlimelers

J 31416 square centimeters

Light travels at about 9.46 x 1012
kilometers per year. The star Altair
is about 1.5136 % 10™ kilometers
from Earth. About many months
would it take light to travel from
Earth to Altair? B

A about 1920 months
B about 192 months
C about 160 months
about 16 months

3 Assess

Use Exercise 1-4 to assess students’
understanding.
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ajtandardized Test Practice

‘ %Cumulatﬁe, Chapters 1 through 8

Read each question. Then fill in the correct answer on
the answer document provided by your leacher or on a
sheel of paper.

1. Express the area of the triangle below as
a monomial. D

A 12547
B 12b4g10
C 6bEgm
D 6b5d7

2. Simplily the following expression. &
20’5\ ?
[ 3! ]

3. Which equation of a line i3 perpendicular bo
3
y=gxr-3TA

ﬁy:—%lwz Cy:%:r--?_
Hy:—%.t-l-z Dy:%r—z
»
Test-TakingTip

Question 2 Use Dre lawes of exponents Lo siglily the exnession,
Rermnber, 1o find thie power of & powed, mulliphy Use exponents.

L"

e

545 | Chapter 8 | Standardized Test Praclice

4. Wrile a recursive formula for the sequence of the
number of squares in each figure. H

op B R
g d__h dj-_bu

Faoy=lag=4a, ;-3In=1

|

Ga=la,=4a, ,n=2
Ha=lLa,=a, ;+4nzl
J ay=la,=da, ,+4uxl

5. Evaluate (4.2 x 10%)(5.7 = 10%). A
A 2394 x 0™

B 23.94 x 10™
C 99 xi0™

D 2394 x 10%

6. Which inequality is shown in the graph? H

¥

-
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Chapies E Standandied Test Pradics

Homework Option

Get Ready for Chapter 9 Assign
students the exercises on p. 549 as

Short Response/Gridded Response 10. GRIDDED I!‘ESMIS-E At a family fun center, Amers homework to assess whether ﬂ]eyr
and Abdalla’s families each bought video game < the prerequisite skills jad
tokens and batting cage tokens as shown in the P bnat

7. Saeed created a Web site for the Science Olympiad bl for the next chapter.
team. The total number of hits the site has received
15 shown.
Dy Totsl Hits ] Dy Totad Hits
3 5 w kil
& T A 13
10 12 26 0
What i the cost in difhams of a balling cage token
14 17 34 55

at the family fun center? 175

¥y=167x — 264
a. Find an equation for the regression line.

b. Predict the number of total kits that the Web site
will have received on day 46. about 74

8. Find the value of x so that the ligures have the same Record your answers on a sheel of paper. Show your
area. 4 winrk.

M. The table below shows the distances [rom the Sun

to Mercury, Earth, Mars, and Saturn. Use
the daka o answer each question.

Planed | Distante from Sun flan)

u - Mercury 579 x W07
Eartl 150 = 108
Mars. 2328 x 10°
Satumn 143 x 107

& =+ 1

9. What is the solubion to the following system of a. (f the planets listed, which one is the closest to
equations? Show your work. no solution the Sun? Mercury

{y =fx—1 b. About how many times as far from the Sun is
y=6xr+4 Mars as Farth? about 152 times farther

Comignt © MoGrvw- K Edocation
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Lesson 8-1 Lesson 8-5

65b. 1. 1; D = {all real numbers]; 2. =1 = {all real numbers];
\I/ R=ly|y>10] R=[y|y<0]

Yl ){ | | 1 U1 axl ]
. | 1
T | %
| gt q | Il !
T ]
[—10,10] scl: 1 by [—10, 10] scl: 1 by : | \
(10, 10] sct [~10, 10] sct: 1 | | ]
e
| [ || '
3. =1 D = {all real numbers]; 4. 3; D = {all real numbers];
( R={y|y<0) R={y|y>0]
: 5 : | T !1 5
" | | [ |
[=10,10] scl: 1 by - 4+ -
[~10, 10] sct: 1 -2 : RS
65d. If the power of x is 1, the equation or its related expression A ! -/ ! L : ! l R |
is linear. Otherwise, it is nonlinear. I T I
|
i T
Lesson 8-2 . ; - ; .
= | | | ]
Z Bt
=
5. 4; D = [all real numbers]; 6. 1; D = {all real numbers);
3 R—trly>4 R=lrly<2
= = ¥ i [ || ¥
i | [T
E g g ’t Bl
| -
© / g NEEEE.N
8 ) HHHAHH N
s . ' 1l \
o : 1 (T || . \
[ | 1
Oy a
4
: < - 10. 2; D = {all real numbers); M. 2; D = {all real numbers];
f A R={y|y>0] R={[y|y>0]
14 NnLF | l
' z ] 1* t # y
N FEIT mER
no solution TTTATT 11 ] ‘
< T
Lesson 8-5 (Guided Practice) N . . [ '1{ !
1A. 4y ] ™%
i
[ [ ;?j:;'j L LY
_* :O I E

(0, 1); O = {all real numbers)
R={y|ly=>0)

547A | Chapter 8 | Answer Appendix
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12. 1; D = [all real numbers);

13. —=3; D = {all real numbers};

R={[y|y>0) R={y|y<0]
¥ [ YT T 11
” "@l I3
| \
| ] | ::Kf
! t

14. —4; D = {all real numbers];

15. 3; D = {all real numbers]);

R={y|y<0) R={y|y>0]

TRy T

3 4 u
\

SE

16. 4; D = {all real numbers]

18. 6; D = {all real numbers)

R=ly|y>3] R={y|y> —4]
f rjf. ¥
m i i il N 6
o] X
O | | | 1%

19. 3; D = [all real numbers);

R={y|y=>1 R={y|y<95)
T T TPR 1] y
| \
il 7] x
: 8] | | *
20b. -‘.::HJ 1] The p-intercept is 300; there are
L 350 - 300 bacteria at 9:00 Am.;
00— D={tlt=0}
250 - R={plp = 300)
—200
150
=100
i
of 1234567t

44. Sample answer: leto =3, b=2andc =1

.12314

of f84 1
. /
S8
-8 | 4 | Bx
4
X [ flx)=3%2"4+1]| glx)=3&+1
=5 | 10w | 4
—4 11875 —11
—g | 1375 -8
= | 175 -5
—1 | 25 3
0 1
1 7 4
2 12 7
3 | 25 10
4| 49 13
5 97 6 |

The y-intercept of fix) is 4 and the y-intercept of g(x) is 1. Both
fix) and g{x) increase as x increases. All function values for f{x)
are positive, while gi{x) has both positive and negative values.
Meither f{x) nor g(x) have maximum or minimum paints, and
neither has symmetry.

Lesson 8-6

19. Sample answer: Exponential models can grow without bound,
which is usually not the case of the situation that is being
modeled. For instance, a population cannot grow without bound
due to space and food constraints. Therefore, when using a
model, the situation that is being modeled should be carefully
considered when used to make decisions.

20. The exponential growth formulais y = of1 4 r)f, where o is the
initial amount, f is time, y is the final amount, and r is the rate of
change expressed as a decimal. The exponential decay formula
is basically the same except the rate is subtracted from 1 and
rrepresents the rate of decay.

&2 [ TTT11TM

- 5 I I £

0
=
3
]
@
o
@
H
o
5]
®
==
2.
=
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Lesson 8-7

30.

Pendulum

Arc Length (m)

B 1 ..'
i-1el |
0D 1234567889

Swing

" 10,000 :

9000

BODO I

Jo00) |

6000 |

5000 I

4000

000 ! " 41 L !
2000 |+

.

1oon

x|

O y 234567839

37c. The graph appears to be exponential. The rate of change

39.

1.

42.

56.

between any two paints dees not match any others.

Neither; lbrahim calculated the exponent incorrectly. Ahmed did
not calculate ( 2}E correctly.

Sample answer: When graphed, the terms of a geometric
sequence lie on a curve that can be represented by an
exponential function. They are different in that the domain of a
geometric sequence is the set of natural numbers, while the
domain of an exponential function is all real numbers. Thus,
geometric sequences are discrete, while exponential functions
are continuous.

Sample answer: First find the commaon ratio. Then use the
formula o, = @y - r" . Substitute the first term for o, and the
common ratio for r. Let n be equal to the number of the term you
are finding. Then solve the eguation.

¥ =120 4+ 15x, y = 180 -+ 10x; (12, 300) means that in 12 years
the trees will be the same height, 300 centimeters or 3 meters.

547C | Chapter 8 | Answer Appendix

SB.y=4dx 1+ 2
1
60. y= i 5

o i O3
62, y= Xty

B9. y=

6. y=1

63. y=

3x

X

G
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nadi'éal and Rational Functions, and Equations

Chapter Planner

Diagnostic Assessment
Guick Check

i : ' Graphing Technology Lab: S . .
Title Root Functio i . S I Radical Ex
| S WSS | Graphing Square Root Functions gl iy Radkcol Expascions
Uh-je:‘lives ® Graph and analyze dilations of radical | ® Use a graphing calculator to & Simplify radical expressions by using
functions. investigate the graphs of square root the Product Property of Square Roots.
functions.
® Graph and analyze reflections and R = Simplify radical expressions by using
translations of radical functions. the Guotient Property of Square Roots. |
Key Vocabulary square root fumction radical expression
radical function rationalizing the denominator

radicand Conjugate

wbpagoy

DI

HeMES

I LT
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' Algebra Lab: Rational and
| Irrational Numbers

& |nvestigate the products and sums of
two rational numbers, two irrational
numbers, and a raticnal and irational

ducation

MeGraw-HIl

Cogyright

Operations with Radical
| Expressions

I
| Radical Equations

& Add and subtract radical expressions. | ® Solve radical equations.

® Multiply radical expressions. ® Solve radical equations with
extrancous solutions.

[
| radical equations
| extraneous solutions

Formative Assessment
Mid Chapter Quiz




Il'.-idiéail and Rational Functions, and Equations

Chapter Planner

. G ing Technology Lab: Famil
Title Inverse Variation ufﬂ;;htilu“:aliun e e Rational Functions
ﬂhiecli'l'es = [dentify and use inverse variations. = |Isp graphing technology to = |dentify excuded values.
imvesti families of rational
® Graph inverse variations. ;::ﬂmg:te A e = jdentify and use asymptotes to graph
: rational functions.
Key Vocabulary imverse variation rational function
product rule excluded value

asymptote

wbpagoy

DI

HeMES

I LT
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Graphing Technology Lab: Solving
| Rational Equations

| Rational Equations

= Solve rational equations. = |se graphing technology to solve

z . rational eguations.
= Uise rational equations to sobve =

problems.

rational equation

extrancous solution

work and rate problems
Summative Assessment
Study Guide and Review
Practice Test

Education

raw-HIll

~
Lo

opyright & McG

G



Radical and Rational Functions, and Equations

Assessment

SE = Student Edition, TE = Teacher Edition

Diagnosis J_.P'Es_‘.'.'!’_t'_"_'“ 2

= Beginning Chapter 9
E E Get Ready for Chapter 9 SE Response to Intervention TE

“ - *
% — Beginning Every Lesson

vy
= Then, Now, Why? SE Chapter 0 SE
nﬂ_ y p

During/After Every Lesson

E Guided Practice SE, every example Diﬂerentiated Anchon 15 .
g = Check Your Understanding SE Differentiated Homework Options TE
=3 HOT. Problems SE
=X oy ;
= W Spiral Review SE
E 5 Additional Examples TE
. Watch Out! TE

Step 4, Assess TE
Mid-Chapter
Mid-Chapter Quiz SE
Before Chapter Test

Chapter Study Guide and Review SE
Practice Test SE
Standardized Test Practice SE

-
=
[
E
w
b

SUMMATIVE

wbpagoy

H=MEEDIN

2np3

104}
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Radical and Rational Functions, and Equations

'ifferentiated Instruction

Option 1 Reaching All Learners g'ur‘ | Option 3 Beyond Level O
Social Have students work in groups. Assign each student a Ask students to research a method of dividing polynomials known
polynomial division problem. Tell the students to study their as synthetic division. Then ask students to compare this method
problems for a few minutes to decide on a method for finding the to using the long division method. An example below is shown
quotient. Then, ask each student to “teach”™ the group how to find for (3 —5x? —6x— 2) = (x — 3).
the quotient. Have groups discuss whether the method “taught™
is correct.

Lang Diavirion: ;rn"“m“‘.".:l'. Divirion

Auditory In pairs or small groups, students work on Exercise 18 - i s 5[5 -5 —6—2
and talk about each step of the solution as they show their work. v_—:i - . . ‘%’f
Have them check their solutions and discuss why one it — 1
of the solutions is extraneous. li‘:‘_‘fg
Kinesthetic Average speed ris given by the equationr = %

where d is the distance traveled and £ is the time it takes to travel
the distance. Ask students to choose a distance like 50 meters that
people are willing to run. Once they have chosen the distance, ask
them to create a graph, perform an experiment with the given
distance, and then determine whether the graph accurately depicts
the performance of their participants. Analyses should be performed
to show how the data points relate to the graph.

| Option 2 Approaching Level ©

Have students write division problems involving rational expressions
on note cards, pieces of scrap paper, or any other item that they can
manipulate. Then have students physically “flip” the fractions to
multiply by the reciprocal. The act of “flipping” the fractions will help
cement the concept in students’ minds.

ucatan

Ed

L McGraw-HI

pyright

Co
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rocus on Mathematical Content

VerticalAlignment
A 4

Before Chapter 9
Related Topics

= represent squares and sguare roots using geometric
models

= approximate the values of irrational numbers as they arise
from problem situations

Previous Topics
= use the Distributive Property to simplify algebraic
expressions

= splve quadratic equations using algebraic methods
= solve problems involving proportional change

= graph and analyze linear, exponential, and quadratic
functions

= rewrite expressions involving radicals and rational
exponents using the properties of exponents

v

Chapter 9
Related Topics
= add, subtract, multiply, and simplify radical expressions

= solve radical equations

h 4

After Chapter 9
Preparation
= use the Pythagorean Theorem

= jdentify and apply patterns from right triangles to solve
meaningful problems

= use formulas for length, slope, and midpoint
= use ratios to solve problems involving similar figures

= formulate equations and inequalities based on square
root functions, use a variety of methods to solve them,
and analyze the solutions in terms of the situation

548G | Chapter @ | Radical and Rational Functions, and Equations

Lesson-by-LessonPreview

9-1

9-2

Square Root Functions

A sguare root function is so named because the function
contains a variable inside a square root symbol. The parent
function of a square root function is fix) = +/x. In order for a
sguare root to be a real number, the radicand cannot be
negative. When graphing a sguare root function, numbers that
make the radicand negative must be excluded from the domain
of the function. The graph of y = a+/x starts at the origin and
passes through the point (1, aj. If @is positive, the graph is in the
first guadrant. If g is negative, the graph is a reflection of the
graph of y = | @ |v/x and lies in the fourth quadrant.

Simplifying Radical Expressions

When an expression contains a square root, it is called a radical
expression. When the radicand, the expression under the
square root sign, contains no perfect square factors other than 1,
it is said to be in simplest form. Properties of square roots can
be used to simplify radical expressions.

= Product Property of Sguare Roots: For any numbers greater
than or equal to 0, the sguare root of their product is
equal to the product of each number’s sguare root. For

example, V18 = \/Z+ 3+ 3 = v/ - /32 = 3v/2. Principle
square roots are never negative, so absolute value symbols
must be used to signify that some results are not negative,
for example ’v'{xz =|xL

= Quotient Property of Square Roots: For any number greater

than or egual to O divided by a number greater than 0, the
square root of their guotient is egual to the guotient of each

g : - \/E _ VB s
number s square root, for exampile, 4 - \.-"E =3

= When there is a radical expression in the denominator,
the expression is not in simplest form. A process called
rationalizing the denominator eliminates radicals from
a denominator. Since squaring and taking a square root
are inverse functions, multiply the numerator and the
denominator by the same radical expression so that the
radical in the denominator contains a perfect square. For

Vi_Vi V5_V§

example, — .
PovE Vs W5 8

= |f the denominator is an expression containing a radical,

multiply by its conjugate to rationalize the denominator.
For example, if the denominator is in the form g + v’ﬂ,
multiply both the numerator and the denominator by a — ﬂ,f b.

o

wbnfdon
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Operations with Radical Expressions

= Adding or subtracting expressions with radicals uses the
process of combining like terms. For terms to be combined,
their radicands must be the same.

= Multiplying two radical expressions with two terms is
similar to multiplying binomials. The radicands do not have
to be like radicands when multiplying.

Radical Equations

Equations that contain radicals with variables in the radicands
are called radical equations. To solve radical equations, the
radical must first be isolated on one side of the equation.
Then both sides are squared. This will eliminate the radical.
Sguaring each side sometimes produces extraneous solutions,
results that are not solutions of the original equation. Be sure
to substitute all solutions back into the original equation to
check their validity.

Inverse Variation

Some situations in which y increases as x increases are
known as direct varigtions (Lesson 3-4). Some situations in
which y decreases as x increases, or vice versa, are known as
inverse variations. Inverse variations can be represented by

equations of the mrmy=%urx}f =k, wherex # 0and y #+ 0.

The value of an inverse variation is undefined when x = 0.

The product rule of inverse variation states that if (x,, y;) and
(¥, y-) are solutions of an inverse variation, then xy = x4
because both xy, = k and X4y, = k. The equation Xy, =
X4)'5 can be used to solve for missing values of x and y.

Rational Functions
A rational function is a function of the form y = %, where the

numerator, p, and denominator, g, are both polynomials. Any
value that makes the value of g equal to 0 is called an
excluded value of the rational function and must be excluded
from the domain of the function. Depending on the situation
represented by a rational function, there may be additional
values excluded as well. The graph of a rational function of the
form y = ﬁ (where a # 0), has two asympotes, the line

X = b and the line y = 0. The graph of the function appears to
approach these two lines.

Rational Equations

Rational eguations are eguations that contain rational
expressions. If both sides of a rational equation are single
fractions, cross products can be used to solve the equation.
Or, you can multiply each side of the equation by the LCD of
the fractions to eliminate the fractions, and then solve the
resulting eguation.

When solving a rational equation, more than one solution may
result. Always check all solutions in the original equation, as
some solutions may be extraneous solutions.
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Madical Functions,
ational Functions, and Geometry

Chapter Project

The More You Know

Students use what they have leamed
about rational functions to complete a
project.

This chapter project addresses civic
literacy, as well as several specific skills
identified as being essential to student
success by the Framework for 21st
Century Learning.

KeyVocabulary Introduce the key
vocabulary in the chapter using the
routine below.

ﬁmﬂ DUy | UCIAY SUBIUNG |0 PeEY T WY pOOE MoaLD
L

Define: A radicand is the expression
that is under the radical sign.

Example: % is the radicand in the

: \[z'&n
expression \f <. I .
Ask: What does the radical sign 3 m A
indicate in regards to the T (S
radicand? the square root of * miischapter, youwi®: ' OCEANS Tsmamis, or bange wimes, are genensied by underses

th di d » Graph and earthquakes. A radical equalion can be used bo find the speed of
<o Nl radical & bsunaemi in meters per second or the depth of e ocean in mejers.

Manclions.

= Sirmplily, sdd,
saibiract, and
inutfipey redical

H
!
g
E
gq
=
|
-
g
g
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Get Ready for the Chapter

‘ 1 Texthook Option Take the Quick Check below. Refer to the Quick Review far help.

an
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QuickCheck
Find each sguare root. if necessary, round to the nearest
hundredth.
1. /32 9.06 2 /26 510
3. +/15 3.87 4. /95 9,95

5. SANMDBOX Eissa is making a square sandbox with an area
of 100 square meters. How long is a side of the sandbox? 10 m

Simplify each expression.
6. [21x + 1oy) — (9x — ) 12x+ 19y

7. 13— Sy + 2y 13x— 3y
8. (Mo — Sb) + (Sa + Sb) 16a
8. 6mi5n+4-3Im-2n+6 Im+3In+10

0. x+y— Ix—dy+ 2x— 8y —Ty

Solve each equation. 11-14. See margin.
il B —de= 0 12 6 -~ Sx—4=10

1B -t0=0

15. GEOMETRY The area of the rectangle
Is B0 square meters. Find x. 10

T P 1

OuickReview
{Used in Lesson 9-2)

Find the square root of /50, If necessary, round to the
nearest hundredth.

/50 = 7.0T06TE12...
To the nearest hundredth, +/50 = 7.07.

Use o endeudador

(UsedinLesson 53

Simplify 3x -+ Ty — 4x — By.
Ax+ Ty — 4x — By
[3x — 4x) + {7y — 8y} Combine fike letme.
x—=y Saimpdify.

BTN wsedintesson 54

Solvex? — S5x + 6 = 0.
oSt 6=0 Original eguabon
—Ax—H(=0 Faclos.

x—3=0mwx—2=10 Tero Prodise Property

=3 x=2 Solve emch eguation.

Additional Answers
Mn 02

(3@ Essential Question

= How can you choose a model to
represent a real-world
situation? Sample answer: To model
a set of data, you could create a
scatter plot and choose a function
with a graph that fits the data. To
model a physical situation, you could
create a diagram to represent a
situation using a figure that has
known properties.



FoLDARBLE 5' StudyOrganizer

Dinah Zike’s Foldables™

Focus As students read and study this
chapter, they show examples and write
notes about radical functions and
geometry in their booklet.

Teach Have students make and label
their Foldables as illustrated. Before
beginning, have them skim the chapter
and write down any problems from the
chapter that they think are challenging
on the right-hand page of the problems’
corresponding lessons. As students
work through the chapter, ascertain that
students are able to find the answers to
their problems.

When to Use It Encourage students to
add to their Foldables as they work
through the chapter and to use them to
review for the chapter test.

Get Started on the Chapter

You will learn several new concepts, skills, and vocabulary terms as you study

Chapter 9. To get ready, identify important terms and organize your resources.
You may wish o refer to Chapler 0 o review prerequisite skills.

[T StucyOrganizer

Radical Functions and Geametry Make this Foldable to help
you organize your Chapter % notes about radical functions and
gesmetry. Begin with four sheets of grid paper

1 Fold in half along the width.

N

1%
N — -
! =7

2 Staple along the fold.

2  Tum the fold to the left and write the titie of the chapter
on the front. On each left-hand page of the booklet,
write the title of a lesson from the chapter.

!.._-i.

Radezal
FuncFiong |
and |

Geomtey |

| MewNocabulary

square root functon
radicand

radical function
radical expression
conjugate

raticnalize the
denominator

chosed

radical equations
extraneaus solutions
Inverse variation
product rule
rational function
excluded values
asympota
rational equation
work problem
rate problem

i ReviewVocabulary

FOIL method to multiply two binomials, find the sum
of the products of the First terms, Outer terms, inner
terms, and Last terms

perfect square a number with a square root that is
a rational number

propodtion an equation of the form E ﬁ b0,
d 3 (0 stating that two ratios are equivalent

o C
e

od = br
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Additional Answers [Lesson 10-1, Guided Practice)

M. D={x|x=0L,R=[y|y=0}

1A

/
/

/

]
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1B. D={x|x=0,R={y|y=0]
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Square Root Functions

[ ] raph amd analyoe
dilations of radical

Tunclions.

@ Sclentsts use sounds of whales 1o
brack: their movements. The distanoe
o & whale can be found by refating
Lime o U speed of Sownd @0 watur_

& You graphed and
analyeed Gmeas,
axponendial, and
quadialic Tunclions.

Graph and analyze
refleclions and
Iranslations af
radical funcliomns.

Thee speed of sound & waler cd
b desiiibed by Ui svare @
E
fwaclion ¢ = J—d. whese F
represenls e bulk modubes elg

of the waler and o reEpresenls Iht"
densily of the waber.

ATy Imngea

= 1ri Hpnpanik

WeGwwHl Ed.cafion

MewVocabulary Dilations of Radical Functions A square root function contains
squase ool fumclion the square root of a variable. Square rool functions are a type of
P radical function. The expression under the radical sign is called the radicand.
S For a square rool to be a real number, the radicand cannot be negative.
Values that make the radicand negative are not included in the domain.
Mslhenabical Pracioes | & MeyConcept Square Root Function
Atscnd o precisken. |
Parent Function: fix) = V% [ [ []
Type of Graph: CLrve | I |.'.T:1I_._ VTI
T =T
Domain: [xlx = 0} ™1 /"h 1
[ X
Range: [y = 0} |

Graph flx) = 2-/x. State the domain and range.

m Make a table.

o 05 1 2 3 4
O} =14 | 2 | =28 | =35 | 4

The domain is {x | r = 0}, and the range
is {y |y = 0} Notice that the graph is
increasing on the entite domain, the
minimum value is 0, and there is

no syrmmetry.

" GuidedPractice 1A-1B. See margin.
1A gz} = 4%

1B Fix)

m Plot podints.

CUrye.

1]

Diraw a smodoth

byyx

‘1 Focus

VerticalAlignment

-
Before Lesson 9-1 Graph and
analyze linear, exponential, and
guadratic functions.

w

Lesson 9-1 Graph and analyze
dilations of radical functions.Graph
and analyze reflections and
translations of radical functions.
-

After Lesson 9-1 Solve radical
equations.

' 2 Teach

Scaffolding Questions
Have students read the Why? section of
the lesson.

Ask:

= What part of the equation indicates
that it is a sguare root function? the
radical symbol, which represents a
square root

= |f the number under the square root
symbol cannot be negative, what

must be true about 5? The guotient
must be greater than or egual to zero.

= |f d'is constant and £ increases, what
happens to c? It increases.



Refiections and Translations of Radical Functions Recall that when the

1 Dilations of Radical Functions value of ¢ is negative in the quadratic function [Tx) = ax®, the graph of the parent
Elﬂl'l'lllh 1 shows how to graph a :  funetion is peflected across the x-axis.
dilation of a radical function. Ty |
Graphing Radical Funcions /{qu:mi Erqili'gj'=m.|'|:+.'r+l 1
Choose pesfed syuans o [ -
Formative Assessment  woess thal will resull in mmmnhegaplmfy'. /K. The graph starts at the origin
cooidinabes Bl ane o
Use the Guided Practice _e:tercises after 1o o, e ;Tf ﬁmﬁ Enmﬂu]e' 'fmﬂ ::-mo_ ﬁmimjm:,,;m .
each Examlfreto determine students " | ™Y Transiate the graph k units up if k > 0 and | k| units down if k < 0.
understanding of concepts.

E™E) transiate the graph i units left if i = 0 and | & | units right it < 0.

Graph y = ~3+/x. Compare o the parent graph. State the domain and range.

4 B Graphy = %\fx. State the

domain and range. Make a table of values. Then plot the peints on a coordinate ¥ 1
D=fxlx=0s,R=|yly=0] system and draw a smooth curve that connects them. o ! : { LK
USRS ]
| 0| o5 | 1] 4 T
? : E 0 | =—21|-3| -6 -
e o
LN L 1. ax Motice that the graph is in the 4th quadrant. It is obtained by

1 -t stretching the graph of ¥ = /¥ vertically and then reflecting
e T across the y-axis. The domain is [x | = 0}, and the range is {y | y = 0]

h GuidedPractice 2A-28. See Ch. 9 Answer Appendix
A\ My = —2F 2B y= 4T
StudyTip [
2 Reflections and Translations A T
of Radical Functions hm = "'I'_ﬂ‘ﬂ:::.m Graph each function. Compare to the parent graph. State the domain and range.
Examples 2 and 3 show how to graph i) = /7 B is 8 harizantal a g = E+1 T
reflections and translations of radical Fe AR e —
functions. Example 4 shows how to E : :i : : f r;;-""uﬁ_
solve a real-world problem involving a o] F
radical function. Example 5 shows how Motice that the values of g{x) are 1 greater than :
7 i those of flx) = +x. This is a vertical translation
b g ph e Fhﬂt e 1 wnil wp from the parent function. The domain
more than one transformation. is{x)x = 0}, and the range is {y |y = 1)
b k) =+x—2 f
T 2 |3 1 [ WRLIEEE R n ::;
3 Graphy = —ﬂfJx_Cumpamtu 0 | 1 | =] 2 T = B
the pﬂ.IEﬂi g[ﬂl]h. State ’E.TIE This is a horizontal translation 2 units to the right Iv] * T ur'-1
domain and range. vertical of the parent function. The domain is {x]x = 2], 2
compression of y =+/x and and the range is [y |y = 0L ]
reflection over the x-axis; D = 553 | Lesson 81 | Square Root Functions
{xIlx=0}:R={yly=0}
LT
1 Focus on Mathematical Content Tips for New Teachers
. uare n Liare r ns oW a imits on
Root Functions oot functio Sense-Making Show students that the limits
= M= . are a type of radical function. The sguare root the domain and range of a square root function
Fz' B O 1) function y = +/x is the inverse function of are also representative of the inital point of the
, = , y = x%for x = 0. It can also be represented as graph of the function, where x is the minimum
l - - - -
LY ¥, y = x2. To graph a square root function, exclude value in the domain and y is the minimum value

in the range.

any values from the domain that resultina
negative radicand.

552 | Lesson 91 | Sgquare Root Functions



Guided Practice 3A-3B. See Ch. 9 Answer Appendix.
3. glx) = x4 3B By =V +3

=1 Graph each function. Compare to

the parent graph. State the
Physical phenomena swch as motion can be modeled by radical functions. Oten these domain and ra nge.

functions are transformations of the parent square root funchion.

a. gix) =+/x — 1 translated 1
unit down; D = {x|x = 0}:

BRIDGES The Gohden Gale Bridge is about 67 meters above the water. The R={glx| gix) = —1}
velocity v of a freely falling object that has fallen k meters is given by 1 RELD] ! ]
o= -‘Il'zgk, where g is the constant 9.8 meters per second squared. Graph i
the funclion. Il an object is dropped from the bridge, what s its velocily when ! il | e
it hits the water? <t
—4 -2 101 2 | 4x
Use a graphing calculator to graph the function. ! 0t | |
To find the velocity of the object, substitute | ; i
67 meters for k. i :

»=agh Ot e b. h{x) =Vx+ 1 translated 1
VIOENE) g=9sman=sr unit left D = {x| x = —1};
ki gl R = {hix) |ag{¥]2“}
= 36.2 m/s sz & colcuslator. B
The velocity of the object is about 36.2 meters per second after dropping ;..-'
&7 meters. 4 >
and translated down 1; -2 1

b cuidedPractice

D =[xl =0}, L
R=[yly=—1) 4. Use the graph above ko estimate the inikial height of an object if it is moving at | S I e . A S |
T 20 meters per second when it hits the water. =20m
Y TSUNAMIS The speed's of a
' tsunami, in meters per second, 1s
. L | Transformations such as reflections, translations, and dilations can be combined in one given by s = 3_1.\‘(..1 where d is
I ™ H uabion. g
1 g the depth of the ocean water in
| o Tasmesoftesqaretobundion meters. G fu e
| tsunami is traveling in water

Graph y = ~2+/x + 1, and compare to the parent graph. State the domain

Tineapan SalhazemneantSettaniok

and range. 2 26 meters deep, what is its
4
E o By v B speed? about 15.8 m/s
1 -1 | —-3| 5
A
F: This graph is the result of a vertical stretch of the L.
E graph of ¥ = V¥ followed by a reflection across the = G = 7 L s L B
a r-axis, and then a translation 1 unit up. The domain : T
i s x| x = 0], and the range is [y |y = 1). "“'-T,,‘
ﬁ P GuidedPractice
& —h, b|scl:1by|—4, Ffisc:1
: S| say=gvE-1 S8y = -2/r-1 . l J L :
553 @ Follow-up
Students have explored square root
. . F functions.
Differentiatedinstruction QO w,
students demonstrate an understanding of the translations of the graphs of square root = Why would you choose a square root
functions, function to model a set of data
-— instead of a polynomial function?
Eﬁ have students work in pairs or groups to graph square root functions such as y = Vxl+ 2, Sample answer: The end behavior of

= M’JB — x%, and y = V x? — 2x. Have them state the domain and range of the functions and a square root function might fit the

describe the graphs. Ask how they might use a graph of the guadratic in the radicand to find data better. Also, the domain of the

the domain and range of the function. sguare root function is x = 0, which

may be applicable to many real-world
situations that involve quantities such
as time and distance.

553



Check Your Understanding

Examples 1-3 Graph each function. Compare lo the parent graph. Stale the domain and range.

5 Graphy=3‘\fx:i and Ly= 33 3y Sy 1-8. See Ch. 9 Answer Appendix.
compare to the parent graph. e .
State the domain and range. L y=3VE =gt
vertical stretch of y =+/x 5.y = I +3 Boy=E—2
translation 2 units right; D =
T vt 2 8. V-3

{x|x=2}R={y|y=0} SIS =
T 1 T ¥ T Example § 9. FREE FALL The time {, in seconds, that it takes an object to fall a distance d, in meters,

4 is given by the function [ %‘\n‘rd [assuming zero air resistance). Graph the function,

and state the domain and range. See margin for graph; D = {did =0}, R={t | t = 0L

Pl

Ezxample 5 Graph each function, and compare bo Lhe pareni graph. State the domain and range.

- | 1 10-13. S5ee Ch. 9
(T4 =2 |0/l i 0. y=5VE+2 Wy =gV T ewer Appondic
- T -=2 1 12 y=-Mr+1 By=3r-12
| i ! J !
—4
|

M.

Examples 1-3 Graph each function. Compare Lo the parent graph. State the domain and range.

Moy = 5vx . ¥ %v"r 1. y -%Ji T y=Tx :;Ih—:."..iee
- 1 - 1
3 Practice By= VT By = —Vr M. y= —=E 2 y= -7z Appendix.
2oy=wr+2 2B y=vitd M oy=+xr-1
Formative Assessment & = 2 s i e
t+ 1. 5 - 24
Use Exercises 1-13 to check for y=vr y=vE ¥ =V
understanding. 2B y=vxt4 29 y=vr—4 0. y=vxt1
Use the chart at the bottom of this page Ly=vVr-05 W y=vVr+5 ! y=vr-15
By At ass.lgnmenis for PO Example 4 34. GEOMETRY The perimeler of a square is given by the function P A, where
students. A is the area of the square.
. . a. Graph the function. 5ee margin.
" Multiple Representations

b. Determine the perimeter of a square with an area of 225 m?. 60 m

In Exercise 44, students use graphs and

. When will the perimeter and the area be the same value?

a piecewise-defined function to When the sides of the square have length 4 m, the perimeter and area are both 16 m.
compare quadratic and square root Example 5 Graph each function, and compare to the parent graph. State the domain
iehons and range. 35-40. S5ee Ch. 9 Answer Appendix.
' 3. y= 2T+ 2 % y=-IF-3 Wy=Vxt2
Additional Answers 3/ y=—Vr—1 y=r 142 0. y=2Vr- 241
o, = : 1

E} 41, ENERGY An object has kinetic energy when it is in motion. The velocity in nketers
per second of an object of mass m kilograms with an energy of E joules is given by

the function o l‘l'lr% Use a graphing calculator to graph the function that represents
=1 1 ! o | the velocily of a basketball with a mass of (L6 kilogram. See Ch. 3 Answer Appendix.

—1— 554 | Lesson 81 | Sguare Rool Funclions
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0 K] - : .
Differentiated Homework Options
3a. | Lfr B 5 Level Assignment Two-Day Option

—]f 1 O Basic | 14-40, 47, 49-64 15-39 odd, 53-56 14-40 even, 47, 49-52,
hal Pl 57-64

s // ' O core 15-39 0dd, 41-44, 47, | 14-40, 53-56 41-44, 47, 49-52, 57-64
el T 111 49-64
WE: f O Advanced 41-64

O]l 24 6 B 1012141618

A I VO T
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42. GEOMETRY The radius of a circle is given by r \II{%

where A is the area of the circle.
a. Graph the function. See Ch. 9 Answer Appendix. )

b. Use a graphing calculator to determine the radius
of a circle that has an area of 27 cm”. about2.9 cm.

{@8) SPEED OF SOUND The speed of sound in air is determined by the lemperature

of the air. The speed ¢ in meters per second is given by c = 3315 v{j t ﬁ:ﬁ where
is the temperature of the air in degrees Celsius. o

a. Use a graphing calculator to graph the function. See Ch. 9 Answer Appendic
b. How fast does sound travel when the temperature is 55°C? about 363.3 mis

€. How is the speed of sound affected when the lemperalure increases to 65°C?

3 # MULTIPLE REPRESENTATIONS In this problem, you will explose the relationship

between the graphs of square root functions and parabolas. a—e. See Ch. 9 Answer Appendix.
a. Graphical Graph y = x" on a coordinale system.

b. Algebraic Write a piecewise-deflined function to describe the graph nrl'j,r! x
in each quadrant.

c. Graphical On the same coordinate system, graph y = vx and y = —v/x.

d. Graphical (On the same coordinate system, graph y = x. Plol the points (2, 4),
(4,2). and (1, 1).

e. Analytical Compare the graph of the parabola to the graphs of the square
rool funclicns.

43c. When !is&E"C.:isahmﬂﬁE..Bmfs,mﬂlisﬂ—dEgmehcrease

results in an increase in speed of about 5.5 mis.

H.O.T. Problems  Use Higher-Order Thinking Skills

CHALLENGE Determine whetlher each stalement is true or false. Provide an example or
counterexample o support your answer. 45-46. See Ch. 3 Answer Appendiz.

45.
6.
47.

51

Mumbers in the domain of a radical function will always be nonnegative.
MNumbers in the range of a radical function will always be nonnegative.

@ﬂ'l!‘l‘llﬂi IN MATH Why are there limitations on the domain and range of square
rool functions? See Ch. 9 Answer Appendix.

TOOLS Write a radical function with a domain of all real numbers greater than or equal
to 2 and a range of all real numbers less than or equal to 5.
Sample answer: y = —vx—2+5

. WHICH DOES NOT BELONG? Identify the equation thal does nol belong. Explain.
§=3vE y= 0IvT F=vE+13 ¥ "T7
See Ch. 9 Answer Appendie.

. OPEM EMDED Write a function that is a reflection, translation, and a dilation of the

parent graph y = +/X. Sample answer: y = —3vxr—1

REASONING If the range of the function ¥ = av'x is {y |y = 0}, what can you conclude
aboul the value of a? Explain your reasoning. 5ee Ch. 9 Answer Appendix.

. WRITIMG IN MATH Compare and contrast the graphs of flx) = v + 2 and

gix) v + Z. See Ch. 9 Answer Appendix.

555

Teaching the Mathematical
Practices

Tools Mathematically proficient
students consider the available tools
when solving a mathematical problem.
In Exercise 48, encourage students to
consider using graph paper or
technology to help as they write their
function.



4 Assess

Name the Math Give students
a square root function such as
¥ = v/x — 5 and have them
explain how to find the domain
and range of the function.

53 55. Which of the following is the equation of a line
parallel to y %r t 3 and passing through
(-2, -1)* D
1 1
Ay ke Cy 7% 2
By=2r+3 Dy=-—gx-2
Which function best represents the graph? A
Ay=x* C y =X 56. SHORT RESPONSE A landscaper needs to
By=2" Dy=x mulch 6 rectangular ower beds thal are
8 meter by 4 meter and 4 circular flower beds
B4 The statement "y < 10 and 3x — 2 = 7" ks true each with a radius of 3 meter. One bag of
when ¥ is equal to what? H mulch covers 25 square meter. How many
bags of mukch are needed to cover the
FoO H 8 Aower beds? 13 bags of mulch
G2 J 12
57. HEALTH Khawla exercises every day by walking and jogging al least Fast-Food Choices
3 kilometer. Khawla walks at a rale of 4 kilometer per hour and jogs al T T
a rate of 8 kilometer per hour. Suppose she has al most one hal-hour E 1 EMEE EE
to exercise bday. a-h. See Ch. 9 Answer Appendio. pre
a. Diraw a graph showing the possible amounts of time she can g . ¥ 'I" F '
spend walking and jogging today. g 00 ! *t ] Il
ﬂ- 1 | »—t 1 | - !
b. List three possible solutions. 200 || w gt
150 | ) -
58. MUTRITION Determine whether the graph shows a posiltive, 1£ : EEEE
rdgalive, of do corfelation. Il there iz a positive of negative
correlation, describe its meaning in the situation. 0 woow o
Pasitive; as the number of grams of fat increases, Grams of Fat
the amount of calories increases.
Skills Review
Factor each monomial completely. B33+ 3+5+5cgeagegebebec
—l=3=Mag=a=h
58, 28x* 2+2+Twmsn=n 60. —33a’h 6L 150t Z+3=SaSarst
62 —378ny’rt 63. 22577 64. — 160yt
—le2e3e3eIeTenegegerer —12222222202aSaxeRafujayey

LOMEANEE | [HwEEy 3 i b

5568 | Lesson 21 | Sguare Rool Funclions

Differentiatedinstruction O O

556 | Lesson 9-1 | Sguare Root Functions

Extension Write several square root functions on the board and have students state the domain and
range of each. Examples may include y = \:’—3f+ 2,y= —5\!"—%—;—, ory = ‘Jﬁiz Encourage
students to graph the functions to check the domain and range. D= {x | x = %}

R={y|y=0}D={x|x=-2LR={y|y=0}D={x|x> -2} R={y|y >0}
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Forin /" Graphing Technology Lab
Graphing Square

Root Functions

Mathematical Proctices
Use approprate Inols strabogically

For a sguare root to be a real number, the radicand cannot be negative.
‘When graphing a radical function, determine when the radicand would
be negative and exclude those values from the domain.

Activity 1 Parent Funclion

Graph y = +/x.

Enter the equation in the Y= list, and graph in the standard viewing window.
xevsreokes: Y= 2nd [+ | [XThn] V] [ZOOM &

1A, Examine the graph. What is the domain of the function? [xlx = 0]

1B. What is the range of the function? [¥ly = 0}
[<10, 10] =1t 1 i =10, 10] so; 1

Graphy = vx—2.

Enter the frqualll.'n'l in the Y= list, and gr.aph in the standard \':II."!WiI'I$ wiindanw .

eeramons 52/ 25 [V ] 13012 1 (260)s o

2A. What are the domain and range of the function?  {xlx = 2§, {¥ly = 0]

2B. How does the graph of y = %'x — 2 compare to the graph of the parent
function y = +/&7 Itis translated 2 units to the right.

[=110, 100 sek 7 by [ 10, 100 ¢l 1
8

Exercizes

Graph each equation, and sketch the graph on your paper. State the domain and 1-8.5ee Ch. 9
range. Describe how Lhe graph differs from that of the parent function y = X. Answer Appendiz.

Ly=vwr—1 2 y=vx+3 3w Wr -2 4 y W
5. y= —/% 6. y =2 T y=AT-z B y=vx-3+2

Solve each equation for y. Does the equation represent a function? Explain
FOUF reasaning.
- S 4 _||r1 ay= - B
¥ = 1+/x; No; you mist
Worttyt=d consider the graph of y = +x
" 224 5‘,z 2 and the graph of y = —/x. This
graph fails the vertical line test.

10. y = £V 4 —x?; Ho; there are
both positive and negative
values of y for most values of x.

Write a function with a graph that translates y = +/x in each way.
12. shifted 4 units to the kel F=+vx+ 4

13. shifted up 7 units y=+x +7 _

ly= :I:‘."I—Z — x2: Mo; there are
both positive and negative
values of y for most values of x.

. shilted down & units y=+x—6
15. shifted 5 units to the right and up 3 units y=vx — 5413

557

From Concrete to Abstract

3 Assess

Formative Assessment

Use Exercise 8 to assess whether students
understand how to graph sgquare root functions
and can describe how the graph differs from the
parent function.

of the function.

Use Exercise 15 to assess whether students can
write a function given a description of the graph

'1 Focus

Objective Use a graphing calculator to
investigate the graphs of square root
functions.

Materials for Each Student

= graphing calculator
= grid paper

Teaching Tip

Before starting this lab, familiarize
students with the ZoomFit option in
the | ZOOM | menu. This option lets
the calculator automatically zoom the
viewing window to fit the graph.
Suggest that students use this option
to get a better view of the shape of the
graph of a square root function.

' 2 Teach

Working in Cooperative Groups
Have students work in groups of two or
three, mixing abilities, to complete
Activities 1and 2.

= Have students use the value
operation from the CALC menu to find
the value of the function at different
x-values. Press |CALC] 1 and
then enter an x-value. Students
should see that the value of the
function is the square root of the
radicand of the function.

Practice Have students complete
Exercises 1-5.
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‘1 Focus

VerticalAlignment

w
Before Lesson -2 Simplify
radicals.

-w
Lesson 9-2 Simplify radical
expressions by using the Product
Property of Square Roots. Simplify
radical expressions by using the
Quaotient Property of Square Roots.

b 4

After Lesson 9-2 Add, subtract, and

multiply radical expressions.

' 2 Teach

Scaffolding Questions
Have students read the Why? section of
the lesson.

Ask:
= Which is the radical expression in the
equation for the diameter of a steel

cable? \/ "—B"

= What does the radical sign in the
equation mean? You must find the
square root of the value under the
radical sign.

= Based on what you know about the
order of operations, when do you
think you should simplify the radical
expression? Simplify the expression
under the radical sign before finding
the square root.

# You simpliled
iadicak.

MewVocabulary
radical expression
rationalizing the

denominalor
conjugabe

Mathematical Practices
Lieolr foir aned ol s of
shruchese.

Lol lov and capross
reqetanty in repeated
easoEing.

558 | Lesson 9.2

L Samplfy radecal

@ The Sunshine Skyway Bridge
across Florida's Tampa Bay s
saipported by 21 steel cables,

expressans by using
the Product Property

ol Squarne Roals. each I2 cenlimedesns in
diameter.

Simalify radical Fama

expressiod by using To Nind the diameber o sbeel

the Quolienl Propesty  cabde should have o suppoil

af Suare Roals. & givern weighl, you can ke
o eyt of ﬁ, it
o & he diameter of the cable
in contimeles and w s the
weight in tons.

Product Property of Square Roots A radical expression contains a radical, such
as a square root. Recall the expression under the radical sign is called the radicand. A
radicand iz in simplest form if the following three conditions are true.

+ Mo radicands have perfect square fctors other than 1.
= No radicands contain fractions.

+ No radicals appear in the densminator of a fraction.

The following property can be used to simplily square roots.

| & KeyConcept Product Property of Square Roots

Waords Faor any nonnegative real numbsers o and b, the square root of ab is equal to
the square root of o times the square root of b.

Symbaolks b = +/T« Vb, fo=0andb =0

Examples VA9 =IEwE VE T =1.4/9=2.3w6

Prime [artarimtion of 80

LTI LTI

2.2 -5 or 44/5 Simpaty.

Product Properly of Sguare Rools

P GuidedPractice

w51 e

8. V180 65

3 40siton

CRINEE | |HWRIBW

Bt

ey Aueymbew)
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oz,

ReadingMath
Fradiions in the Radicamd
mmf’%hm
the squove roof of o over b,
of the suae fool of the
crastirilily of o oy B

Simplify PR
V21 =227 Product Propesty of Square Rools
V2 ST ae 2T Product Praperty of Squars Roots
P CuidedPractice
28 V6 -VE #V3

2 V5 Vi 5v2

Consider the expression \"r.tz. It may seem that x - in, but when finding the principal
square rool of an expression containing variables, you have to be sure that the result is
not negative. Consider r = —3.

\l'rxl L x
VEIE L -3 Repiscerwah—3
Voz-3 3=
3¢ -3 4ff=3

MNotice in this caze, il the right hand side of the equation were | x|, the equation would be
true. For expressions where the exponent of the varable inside a radical is even and the
simplified exponent is odd, you must use absolute value.

Vit = ]

‘.I'rxz = |x| Vet - W ‘I.I"‘-.'rl s
Simplify /90y "z

Voory's® = \f2-32. 5.2y Fime Facloriation
AT AATFATENE R, iier
AT 3 S fFayt e R Simpiiy.
Iy V0 Samplify.

P GuidedPractice

aw Va2 AV . \say e 2 Vi

Quotient Property of Square Rools To divide square roots and simplify radical
expressions, you can use the Quotient Property of Square Rools.

| [ 5 KeyConcept Quotient Property of Square Roots |

Words For any real numbers o and b, where a = 0 and b = ﬂ.lhesqmremn‘tnf%is
equal to the square root of o divided by the square root of b.

Tips for New Teachers

Intervention In order to simplify square roots
with the Product Property of Square Roots,
students need to be able to find the prime
factorization of the radicand. Take a few minutes

to review finding prime factorizations so that
students can focus on leaming the new concept
rather than trying to recall earlier material.

1 Product Property of

Square Roots

Example 1 shows how to simplify a
radical expression in which the
radicand is not a perfect sguare.
Example 2 shows how to multiply
square roots. Example 3 shows how to
simplify a square root that contains
variables.

Formative Assessment

Use the Guided Practice exercises after
each example to determine students’
understanding of concepts.

N simplify v/52. 24/13
=4 Simplify /2 - v/24. 4y/3

= | Simplify Mféﬁ-a‘it-i?cﬁ.

30’4 S Wsp
A
Focus on Mathematical Content
Product Property of Square

Roots The Product Property can be
used to simplify radical expressions.
For all nonnegative numbers, the
product of each sguare root equals
the square root of the products.

Teach with Tech

Blog Have half of the students show
and explain how they simplified a
radical expression. Have different
students show how to simplify products
and quotients of radicals. When all
agree, post on the secure classroom
website for additional reference.



2 Quotient Property of

Square Roots

Example 4 is a test item that shows
how to rationalize the denominator of a
radical expression to eliminate radicals
from the denominator. Example 5
shows how to use conjugates to
rationalize the denominator of a

radical expression.

Focus on Mathematical Content

Quotient Property of Square

Roots The Quotient Property can be
used to simplify radical expressions.
For nonnegative dividends and positive
divisors, the square root of a quotient is
equal to the quotient of the principal
square roots of the numbers.

Which expression is equivalent to
Van, o
T
v3n VEn
ki 75 Tl
N
W 8+ 235
F&mplﬂy P A
o
Teaching the Mathematical
Practices

Structure Mathematically proficient
students can see complicated things as
single objects or as being composed of
several objects. Point out that
simplifying the radicand first doesn't
change the final answer, but it does
simplify the calculations.

Test-TakingTip

Straclure Lok al e
iadBcand lo wee il il can be
simpilied firsl. This rmeay
naki your compaulaliom.
simpler.

Wou can use the properties of square roots o rationalize the denominator of a fraction
with a radical. This involves multiplying the numerator and denominator by a factor that
eliminates radicals in the denominator.

35
Which expression is equivalent Lo E?
sVII Va1 V525 35
A 15 B 3 c 15 D 15

Read the Test ltem The radical expression needs o be simplified.

Solwe the Test lem
35 7
ViE=v; Reduce 35 1o 5
= % Oundient Property of Squsre Rools
V7 A5 L AfF
B M =
W3 W s
W21
= 5 Product Property of Soman: Bools

The correct chobce is B.

P GuidedPractice

W Wiy Vv
3 it Vi

Binomials of the form aV'l + ovd and av'd — ov/d, where g, b, ¢, and d are rational
numbers, are called conjugates. For example, 2 + V7 and 2 — V7 are conjugates.

The product of two conjugates is a rational number and can be found using the pattern
for the difference of squares.

3

SIImpEH'JE"'rf.+1.,|fz_

5+3ﬁ. 5:{2-2:::3 The conjugate of 5 -+ ¥/Z 55— V/Z.
% fo—bjio + b =a" — 5"
C1E-3W1

15 — 32 2
B-2 ¥ = (2} =2

b GuidedPractice Simplify each expression.
3 6=32 g 7 N+NT
2442 2 I—v7 3

560 | Lesson 92 | Simplifying Radicsl Expressions
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n students need further practice with conjugates,

Eb have students use their calculators to show that using conjugates produces equivalent

V2) 15— 32

expressions in Example 5. Have students show that

are equivalent. They should find that each expression is about 0.4677.

560 | Lesson 9-2 | Simplifying Radical Expressions
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Ezxamples -3 Simplify each expression.

1. V21 246 2 W16 12 3. 2v/25 10
a 10 .14 20/35 5 V3-18 3V6 6 310 - 4410 120
1 b0ty 24315y & (st 9. Vo9ab5:2 3% Viab
22mr
Exampie 4 10. MULTIPLE CHOICE Which expression is equivalent bo %’? D
5v2 Vs V50 2
Ao B C D
Example 5 Simplify each expression.
3 8 =35 & B 10 + 546 5. 2 24 20
3445 4 Z—va =2 1—v1o =]
1 2=13 5 4 2+ w7 8 1% =3/N
T A+ vz 2 6 — 7T = 54911 7

Practice and Problem Solving

Examples -3 Simplify each expression.

52 /i3
20. 318 92
23 +/5 -4/10 5vZ

8. V72 62

22 V245 W5

25 31 -7 12
28 5\/815° 45¢%\/q

18 56 2v1a
7. V243 93
24. /10 - /20 1042

26. 42 . 53 80 77. 3252 18I

20, V2847 2albTb 30. \[75¢7 5r/3qr 31 7 edm'p 2meTmp
32 1feegTht Agih®Vee 33 Vaab? . V10 34 Vidas el add2
20%07/5b

‘ ROLLER COASTER Starting {rom a stationary position, the velocity o of a roller
coaster in meter per second at the bottom of a hill can be approximated by
= Y19.6k, where k is the height of the hill in meter.

a. Determine the velocity of a roller coaster at the bottom of a 41 meters hill. about 28.34 m/s

36. PRECISION When fighting a fire, the velocily ¢ of water being pumped into the air
is modeled by the function o \,erhg, where k represents the maximum height of
the water and § represents the acceleration due to gravity (9.8 m_.-’:i.j:l.

a. Solve the function for k. i =£

b. The Hollowville Fire Department needs a pump that will propel water 24 meters

into the air. Will a pump advertised to project water with a velocity of 21 m per
second meet their needs? Explain. No; sample answer: The advertised pump will pump water
only to a mazimum height of about 20.28 meters.
€. The Fire Department must purchase a pump that will propel water 27.5 m into the air.

Will a pump that iz advertised to project water with a velocity of 23 m per second meel
the fire department’s need? Explain. Yes; sample answer: The advertised pump will pump
water only to a maximum height of about 23.05 meters.

561

WatchOut!

Preventing Errors Students may
not think the simplified form of a
fraction containing radicals looks
any simpler than the original
fraction. Explain that meeting the
three conditions for simplifying a
radical expression, not the look of
the fraction, dictates whether a
fraction containing radicals is

Differentiated Homework Options
Level Assignment Two-Day Option
€ Basic 17-48, 52, 54, 55, 57-75 | 17-47 odd, 5861 18-48 even, 52, 54, 55,
57, 62-75
O coe 17-47 odd, 49-52, 17-48, 5861 49-52, 54,55, 57, 62-75
54, 55,57-75
€Y Advanced 49-75

simplified.

' 3 Practice

Formative Assessment
Use Exercises 1-16 to check for
understanding.

Use the chart at the bottom of this page
to customize assignments for your
students.

Teaching the Mathematical
Practices

Precision Mathematically proficient
students express numerical answers
with a degree of precision appropriate
for the problem context. In Exercise 36,
point out that the calculated values
only have to be accurate enough to
determine if the needs are met.




Teaching the Mathematical
Practices

Structure Mathematically proficient
students can step back for an overview
and shift perspective. In Exercise 52,
tell students one way to start is by
thinking about when two squared
numbers are equal.

Examples 4-5 Simplify each expression.

w Vi 2 aVIIdE e
0 G BPE wpTii g el
A NN . T Eﬁfﬁ - zv’:fj}\-’i s

ELECTRICITY The amount of current in amperes [ that an appliance uses can be

caleulated using the formula [ %, where P is the power in walts and R is the

resistance in ohma.
VPR
a. Simplify the formula. I=—F4—

b. How much current does an appliance use if the power used is 75 walls and the
resisfance is 5 ohms? about 3.9 amps

KINETIC ENERGY The speed © of a ball can be determined by the equation

] y/% where k is the kinetic energy and m is the mass of the baJJ_
Bk
a Simplify the formula il the mass of the ball ia 3 kilograms. ¥=——
b If the ball is traveling 7 meters per second, what i the kinelic energy of the ball
in Joules? T3.5 Joules

SUBMARINES The greatest distance d in kilometers that a
bookoil can see on a clear day is modeled by the

formula shown. Determine how high the submarine
would have bo raise ils periscope bo see a ship, il the
submarine is the given distances away [rom the ship.
Round your answers to one decimal place.

Disiance ] 3 g e 15
Height 07 |28 | 63 |13 |76

H.O.T. Problems  use Higher-Onter Thinking Skills
Vitrz 3o

b 52 STRUCTURE Explain how to solve —— 7 See margin.
53. CHALLENGE Simplify each expression.
a 427 3 b. 440 235 e /750 5v6

54.

57.

REASONING Amna takes a nunlII:-er, subtracts 4, multiplies by 4, takes the square rool,

and takes the reciprocal to get . What number did zhe start with? Write a formula to

describe the process. 5: 1 _ A1
54. ax— 4) 2

OPEN ENDED Write bwo binomials of the form av/b + oyff and sV — yf

Then find their product.

g Sample answer: 1+ V2 and 1— V2: 1+ vV2) s 1= /2)=1—2=—1

CHALLENGE LUse the Quotient Property of Square Roots to derive the Quadratic

Formula by solving the quadrabic equation ac” + be + ¢ = 0. (Hini: Begin by

completing the square.) See Ch. 9 Answer Appendiz.

WRITING [N MATH Summarize how to write a radical expression in simplest form.
See margin.

562 | Lesson 82 | Simplifying Radical Expressions
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Standardized Test Practice

58 Salem’s electric bill is AFD 23 less than his matural
gas bill. The two bills are a tokal of AED 109.
Which of the following equations can be used to
find the amount of his natueal gas bill? D
Agtg=109 Cy—213=1090
B 23+ 2p=109 D2p—23=109

60. The expression \l'riﬁELr.iy" i= equivalent to which
of the following? €

A 16]x] vy fily
B |xly™/160y

C 4]x|y* 10y
D 10]x|y 4y

61. GRIDDED RESPONSE Faris earns AED 10 an hour

2

B Silboe: Zeti=- N amd 10% commission on sales. W Faris worked
F —4.-6 H -4.6 38 hours and had a total zales of AED 1275 last
G 4, -6 J4.6 week, how much did she make? S07.50

| r’

Spiral Review
Graph each function. Compare to the parent graph. State the domain and range. fleson 89 62-61. See
62 y=2E-1 63. y = 1VE 6 y=2xt2 C“-“:;:"‘“
65 y=—vr+1 66 y= —IvWr—3 6L y= 2T +1

68. POPULATION The country of Latvia has been experiencing a 1.1% annual decrease in
population. In 2009, its population was 2,261,294, If the trend continues, predict
Latvia’s population in 2019, about 2,024,510

69. TOMATOES There are more than 10,000 varieties of tomatoes. One seed company produces seaed
packages for 200 varieties of lomabves. For how many varieties do they nol provide seeds?
Sample answer: Let { = the number of tomato varieties for which they do not produce
seeds, {+ 200 > 10,000; {t | { > 9800}.

Wrile the prime faclorizalion of each number.
0. 24 273 T 88 2%
74, 60 22+3+5

72, 180 22+3%.5

T 1 | 75 90 2.32.5

Differentiatedinstruction ©

Extension Find a number other than 1that has a whole number square root, cube root, and fourth
root. Sample answer: 4096

| 4 Assess

Ticket Out the Door Ask students to
write radical expressions in which they
need to use a conjugate to rationalize
the denominators. Have students
simplify the expressions.

Additional Answers

52. Sample answer: Cross multiply

then divide. Rationalize the
denominator to find that

5V3 19
=
No radicals can appear in the
denominator of a fraction. So,
rationalize the denominator to
get rid of the radicand in the
denominator. Then check if any of
the radicands have perfect square
factors other than 1. If so, simplify.



1 Focus

Objective Investigate the products and
sums of two rational numbers, two
irrational numbers, and a rational and
irrational number.

Teaching Tip

Emphasize that using examples with
actual numbers cannot actually prove
the conclusions made in the activities.
This would need to be done algebraically.
To increase the reliability of each
conclusion, examples should be done
using all types of numbers in the sef{s).

2 Teach

Working in Cooperative Groups
Have students work in pairs, mixing
abilities. Have them first make a list of
subsets for rational and irrational
numbers. After reading Activities 1
and 2, have them test more pairs of
numbers from the subsets they listed.

Ask:

= [id you find any examples that did
not agree with the conclusion in
each activity? no

= What would finding one example that
did not support the conclusion
indicate? One example would be a
counter example that would prove
that the statement is false.

Practice Have students complete
Exercises 1-3.

3 Assess

Formative Assessment

Use Exercises 1and 2 to assess if
students can investigate operations
completed with specific types of
numbers.

" Algebra Lab
Rational and Irrational
Numbers

Mathematical Practices
Liook lor and make e ol Siucherc

A set is chosed under an operation if for any numbers
in the set, the result of the operation is also in the set. A set
may be closed under one operation and not desed under another.

Are Lhe sels of rational and irrations] numbers closed under multiplication? under sddition?

m To determine il each set is closed under multiplication, examine several products of
twior ratdonal factors and then two irrational factors.

Rational:5 = 2 = 10; -3 x 4 1,37« 05 1.55,% ® %

VIm 3 2 V7 =V AE x5 =5

The product of each pair of rational numbers i3 rational. However, the products of pairs of
irrational numirers are both irrational and rational. Thas, it appears that the sel of rational
numbers is closed under ||:|u|l||.'l'|'i|."al||.||'|_. bk the set of irfational numbers 3 nol.

| b

Irrational: m * \H'IE

m Repeat this process for addition.
Rational: 3 + 8= 11; 4 + 7=3;37 +582=9522+1 =03
Irrational: 3 + ©= V3 + 7 35 + 6v5 = 05412 + VB0 = 23 1 502

The sum of each pair of rational numbers is rational, and the sum of each Pai:r of
irrational numbers is irrational. Both sets are closed under addition.

What kind of numbers are the product and sum of a rational and irrational number?

ET1 fcemine the products of several pairs of rational and irrational numbers.

3% VB = 62 3 x 2 ﬂﬂ;uwf? Vi 0xvE=0

The product is rational only when the rational factor is 0. The product of each
nonzero rational number and irrational number is irrational.

m Find the sums of several pairs of a rational and irrational number.

5+V3=5+vV3 T+ @ 4+ V6= —1¢4 — V&)

The sum of each rational and irrational number s irrational.

.

1. The difference of any two I:I.I:I.il;]I.IE rational numbers is always a rational number. The
difference of any two unigue irrational numbers is always irrational. The difference of any

Analyze the Results rational and irrational numbers is always irrational.
1. What kinds of numbers are the dillerence of bwo uriigue rational numbers, bwo

unigue irrational numbers, and a rational and an irrational number?

2. [s the quotient of every ralional and irrational number always another rational or

rational number? Il not, provide a counterexample. 5
el 3 A i siza R Mo; sample answer: —o= does not equal a real number.

3. CHALLENGE Recall that rational numbers are numbers that can be written in the
form %, whene g and b are integers and b 0. I.r.‘illl._Ei; and% show that the
sum and F!h.'u.fu(‘! of twio rational numbers must alwa}-g be a ratiomal number. See margin.

B 3 Ty de

oEneg

S84 | Extend 8-2 | Algebra Lab: Ralional and Irrational Mumisers

Additional Answer

a C od + be a ac
3. E+E—-—E—andE-E—EThesum

From Concrete to Abstract

After stedents complete Exercise 3, ask the class
for possible ways that irrational numbers could
be represented and used to test the product
prediction from Activity 1.

and product of two integers is always an
integer, so (gd + bc), oc, and bd are all
integers. By definition of a rational number,
the sum and product of the two rational
numbers are rational.

564 | Extend 9-2 | Algebra Lab: Rational and Irrational Mumbers



@ You simplified iadical @ Add and sublracl
radical Expressions.

eRpresions.

C McGwwHI Ed.cafion

Cooyiont

Mathematical Practices
Heason abstracily and

quansEasrecly.

Mulliply radical
ERpEe L.

> Operations with

Radical Expressions
;- Wihy?

@ Nowa & gaing to run in ber
neiglhoifisod o get neady for the
socoer season. She plans lo rin
Ihe course thal she has laid oul
thies limes each day.

—
How Tai does Noura have Io fuin | i
Io compdele B csurse thal she X
laid aul? |

L]

How [a1 does she iun every day?

= xﬁ

1 Add or Subtract Radical Expressions To add or subtract radical expressions, the
radicands musi be alike in the same way thal monomial terms must be alike o add or
sulbtract.

Moromash Radical Expressiops

42t 2e= {4+ e /5 + 245 = (@ + 205
fia &5

9h — 2h = (9 — 2)b 3 — 13 = (9 - I3
Th 73

Notice that when adding and subbracting radical expressions, the radicand does not
change. This is the same as when adding or subtracting monomials.

Simplify each expression.
a 52 4 72 — 62
Sy 7V - 6T = 5+ 7 - a2

a2 Sy

b 10V7T 5411 + 47 — 611
1T + 51T + 447 — T

Dislributive Property

{10 + 40T + (5 - el
17 — 11 Simpiily.

K. 4TI -85 L. —2VT+6/7
1B 611 + 211 - i1 —n
0. 43+ IVT - 63+ T

Distributive Property

b GuidedPractice
18 32 - 53 4 12 242
1C. 1543 — 1445 + 63/5 — 114/3

Not all radical expressions have like radicands. Simplifying the expressions may make i
possible to have like radicands so that they can be added or subtracted.

1 Focus

VerticalAlignment
-
Before Lesson 9-3 Simplify radical

expressions.
-

Lesson 9-3 Add and subtract radical
expressions. Multiply radical

expressions.
v

After Lesson 9-3 Solve radical
equations.

2 Teach

Scaffolding Questions

Have students read the Why? section of
the lesson.

Ask:
= What expression shows the length of
the course? x + 2x + xv"3

= Which terms in the expression can be
combined? Explain. x and Zx
because they are like terms

= Which term cannot be combined?
Explain. xv” 3 because it contains
a radical

® What expression shows how far
Conchita will run each day?
(3 +V3)



|

Add or Subtract StudyTip

; : Simuplify First. Simpify eech Simplify 2418 + 24/32 + V72

adical Expressions adical lenm first. Then : = — = 5 Product
Example 1 shows how to use the et e operations 2918 + 132+ VT2 = 20V3E-v2) + 2V HE o) + (VeE- V) Soigary
Distributive Property to add or subtract == ) = 2(3V2) + 204v/2) + (6V2) Sigiy.
like radicands in a radical expression. = 6W2 + 82 + 6v2 Wultply.
Example 2 shows how to simplify the = 202 Sinugify.
radicals in a radical expression with
unlike radicands. P GuidedPractice

28 454 + 29/21 166 28 412 - 64z —164/3

Formative Assessment 2€. 3Vi5 + V20 - V2i5 45 M. V21 - 51 + V96 36

.

Use the Guided Practice exercises after

each example to determine students’
understanding of concepts. Multiply Radical Expressions Multiplying radical expressions is similar to

multiplying monomial algebraic expressions. Let x = (.

Monomisls Radical Expressions
(2x}3x) =23 -x-x (PN = 23 -E- T
Bt B

2 | Simplify each expression.

You can alzo apply the Distributive Property to radical expressions.

a. 65 + 24/5 — 55 3\/5
b. W2 + 8T — 4Vl —
- - . . Simplify each expression.
- ﬁ:ﬂ"f V2 +avn - a e
I MulSiplying Radicands 1 e - i ;
o Moke sure hatyourmalipy 2| 3V2:2V6=(3:2)(VZ-V6)  Associative Property
6V27 + 812 + 20/75. e s whes i3 |
44\,"3 miudtiplying sadcal . Mhlliply
L ﬁmiﬂ“ &(2v3) iy
< fadeands ratfer than rulliply. 113 Muiply.
b 33525 4 54/3)
2 Multiply Radical Expressions 3EEVE + 5v3) = (35 - 25) + (35 - 5v/3) Distribaive Propesty
Example 3 shows how to muitiply = 13- 205 - VBN # 13- 5)VE - V3)] Associstive Property
mgfm:;:‘";'m ':'“' dm'ﬁﬂm A - 16O/25)] + 150/T5)] Mutiy.
radicands. Example 4 shows how
multiply radical expressions to find the s :15_:.1..-"15;1 —p—
- 30 + 15415 Mulligly.

area of a rectangle.

P GuidedPractice
. e - 73 422 38, 9V5 - 11/15 4953

-3 3V2(13 4 6v2) 12/6 + 36 0. 5v/3(32 - v3) BV —15

=1 Simplify each expression.
a. 2V3.aV6 24v/2

b. 4\{2{3"{2 + E\IE:I similar ko multiplying two algebraic binomials with variables.
24 + 16v/3

Wour can alzo mulliply radical expressions with more than one term in each factor. This is

566 | Lesson 83 | Operations with Radical Expressions
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n students struggle with the FOIL method in Example 4,

D have students rewrite the example in five steps to facilitate an understanding of First terms,
Outer terms, Inner terms, and Last terms. For example, in Step 1, have students write the
original expression, underline the first terms, and then multiply to find the product of the first
terms. Students continue this process until they have found the products of all of the terms.
Then for the fifth step, have them combine and simplify the results of the previous four steps.

566 | Lesson 9-3 | Operations with Radical Expressions



GEOMETRY Find the area of the rectangle in WAy
aimplest form.
. ! . . ST =T
A=1,2 INVE + 43 A=1L-
e (w2 - VAN + 4v5) a
FOIL Miethod Muitialy lwo Fiisl Tefms Dualler Termem bt Terms Ll Tesme
e e = (5V2IVE) + (5V2)(av/3) + (V3)(VE) + (Va)ev3)
P, The Qwube Do, e ¥ T ’
s e - 510 4 2076 — V15 — 40 Muftiply.
e - 5410 + 206 — 415 - 12 ——,
P GuidedPractice 845 — 34
4. GEOMETRY The area A of a rhombus can be found using
the equation A ;—d,d'-“, where dy and d; are the lengths
of the diagonals. What is the area of the rhombus at = y
the right? 4 =120— 815 — 930 +9+/2 BVE - 20T
T 1
Operation Symisols Examiple
addition, ab +ofb = o + chb LAVER R VERS B -
b=0 like radicands IATEY
subtraction, avB + B = o — v/ V5 - 85 = (12 - 8n5
b=0 like radicands - h/5
avbii/g) = afy/bg W2sv7) = 3-5(v2-7)
b}ﬂ,g}ﬂr Radicands do not have to be like = 5VH
radicands.
Checdck Your Understanding

Examples -3 Simplify each expression.

21-62

@35+ 65 95 2 8V3 1 53 1343 2 W7 - 67T 5T
4 12 - 642 42 5. 445 + 2420 By5 B VI1Z -+/3 43
7. + 12 + \fia B V27 + 23 - 12 33 o wals) 73
5vV2+2v/3
. 10. 1+/3(3v/3) 96 . VI(VT + 34/2) 12 VE(v3 + #/3) sy
5 V21 +3/6
E_i Example 4 13, GEOMETRY The area A of a triangle can be ‘
3 fownd by using the formula A = %bh, wihaere
% b represents the base and R is the height. T 45
o What is the area of the triangle at the right? s
B 145+ 3/15 2 LY
E- Eﬁ - y"ﬁ_
567
Differentiated Homework Options
Level | Assignment Two-Day Option
D Basic 14-26, 37-62 15-25 odd, 40-43 14-26 even, 37-39,
44-62
O core 15-33 odd, 34, 35, 14-26, 40-43 27-35,37-39, 4462
37-62
O Advanced

Focus on Mathematical Content
Operations with Radical Expressions
Radical expressions can be added or
subtracted only if the radicands are the
same. Radical expressions can be
multiplied whether the radicands are
the same or different.

_ Y GEOMETRY Find the area of a

rectangle in simplest form with a
width of 4/6 — 24/10 and a
length of 5v/3 + 7v/5.

18V/30 — 10V/2

' 3 Practice

Formative Assessment
Use Exercises 1-13 to check for
understanding.

Use the chart at the bottom of this page
to customize assignments for your
students.

Teach with Tech

Interactive Whiteboard Write an
expression on the board to add or
subtract radical expressions. As you
simplify the expression, drag the like
terms to group them together. Then
combine like terms and simplify the
expression.



Teaching the Mathematical

Practices Examples 1-2 Simplify each expression. 18.12+/3 + /2 23.3/5 +6—+/30—

Arguments Mathematically proficient
students make conjectures and build a
logical progression of statements to
explore the truth of their conjectures. In
Exercise 37, suggest that students use a
calculator to find several sums and
products.

M 7B + 445 B B 16 + "s ME e
1. 35 - 2720 —/5 17350 - a2 Wz 24933 —ev22+4
18 7V3 - 2V + 32 + 53 B VE(vVI+a/i) svie 215 —6v30

20. V{2410 + 3v2) 415 4643 21 4+/5(3/5 + 8v2) 80+ 32410
22. 5v/3(6v/10 - 6v/3) 3030 —90 . (V3 - VIS5 + ViZ)

24. (3311 + 3W15)(3v3 - 2) 25, (5v/2 + 3v5)(2v/10 - 5) 5V5 +5v2
Example & 26 GEOMETRY Find the perimeter and area of a rectangle with a width of 23/7 — 23/
and a length of 377 + 3/5. 10+/7 + 25 units; 12 units®
Simplify each expression. 30. 85
1 —4s 2 e 1
E}zr.\/fg Vi = zn_\/imfa : B 22+ 12 -VE V2

30. av’% + 320 m‘/é n(3-v5)1u—6/5 3= (Viiva) s+a/e

ROLLER COASTERS The velocity o in meters per second of a roller coaster al the botbom
of a hill is refated to the vertical drop k in meters and the veloeity oy of

the coaster at the top of the hill by the formula o, ‘Jrzlz- k.

2. What velocity must a coaster have at the top of 2 63.8 meter hill to achieve
a velocity of 37 meters per second at the boltom? 0 mis

34. FINANCIAL LITERACY [Brahim invests AED 225 in a savings account. In bwo years,

Ibrahim has AED 232 in his account. You can use the formula ‘/:—; 1 to find the

average annual interest rate r that the account has earned. The initial investment s o,
and v, is the amount in bwo years. What was the average annual interest rabe thal
Ibrahim's account earned? about 1.5%

35. ELECTRICITY Electricians can calculate the electrical current im amps A by using the
W
R
miich electrical current is running through a microwave oven that has 850 watts of
power and 5 ohms of resistance? Write the number of amps in simplest radical form,
and then estimate the amount of current to the nearest tenth. /170 about 12 amps

formula A where @ is the power in watts and r the resistance in ohms. How

H.OT. Problems s Bigher-Order Thinking Skills

b 36. CHALLENGE Determine whether the following statement is frue or falee. Provide a prool
or counterexample io supporl your answer. See mangin.
xd oy > _1l||'121 yzwl'mnr::-ﬂamdy:\-ﬂ
37. ARGUMENTS Make a conjecture aboul the sum of a rational number and an irrational

number. I3 the sum refioral or irrefional? Is the product of a nonzero rational number
and an irrational number refioral or irrelional? Explain your reasoning.  See margin.

38. OPEN EMDED Write an equation thal shows a sum of two radicals with dilferent
radicands. Explain how you could combine these lerms. See mangin.

39. WRITING IN MATH Describe step by step how to multiply two radical expressions, each
with two terms. Write an example to demonstrate your description. See margin.

568 | Lesson 83 | Operations with Radical Expressions:
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40. SHORT RESPONSE The population of a town is 42 Evaluate vn — 9 and /& — V% forw = 25. G
13,000 and is increasing, by about 250 people per
vear. This can be represented by the equation F4:4 G 42
p = 13,000 + 250y, where y is the number of H24 J2:2
vears from now and p represents the population.
In how many years will the population of the

town be 14,5007 6 years A3, The current | in a simple electrical circult is

given by the formula [ %, wheie Vs the

violtage and R i the resistance of the circuil
If the voltage remains unchanged, what effect
will doubling the resistance of the circuit have
on the current? ©

41. GEOMETRY Which expression represents the
sum of the lengths of the 12 edges on this
rectangular solid? €

A The current will remain the same.

B The cursent will double its previous valise.

C The current will be half its previous value.

A ot bt I The current will be two units more
B 3+ b+ than its previous value.
C4a+b+ao

D 12z + b+ )

L

SI.IHPH.I-F. [Lessnn 5-F)

a4 /18 342 5. 71 24/6 a6, /50 2+/15
2. V0% sab®\/2ab s \leory Wy . \[BHYE 3ed Tt

Graph each function. Compare to the parent graph. State the domain and
range. ([lesson 27 S0-55. 5ee Ch. 9 Answer Appendic

50. y = 5L y=—3vx 52 y=wx+1
Bl y=vx—4 54y =T +3 S y=+x—2

56. FINANCIAL LITERACY Determine the value of an investment if AED 400 is invested at an
interest rate of 7.25% compounded quarterly for 7 years. AED 661.44

Solve each equation. Round each solution to the nearest tenth, if necessary.

5 —4e—12=08 —05 58 -26p—337 =841 453 58. 03w + 4 =96 18T
—dk — {5
80. 10 ; & —B0 Bl + 13 24 62 36+6—251=8 1.8

Differentiatedinstruction QO

Extension Write 46 + v/3 = v/9 = 3 and /40 = v/36 + /4 = 8 on the board. Ask students to

explain the errors. You cannot add radical expressions unless they can be written with the same
radicand, and you cannot write the sguare root of a sum as the sum of the sguare roots.

Crystal Ball Ask students to write how
they think what they leamed today
about adding, subtracting, and
multiplying radical expressions will
connect with the next lesson on radical
equations.

Additional Answers

36. True; (x + y)* > (\/xz-+.y2]1

2+t =t +y?
2y =0
Becausex > Oand y > 0,

2xy = 0 is always true.
soX+y> \/xz-kylis

true for allx > 0 and y > 0.

37. Irrational; irrational; no rational
number could be added to or
muitiplied by an irrational number
so that the result is rational.

38. Sample answer: ‘\f12 +V’2? =
Er\.."r 3; When you simplify v’ 12, you
get 2V/3. When you simplify V27,
you get 3\.(3. Because 2\!’3 and

31»,*"3 have the same radicand, you
can add them.

39. Sample answer: You can use the
FOIL method. You multiply the first
terms within the parentheses. Then
you multiply the outer terms within
the parentheses. Then you would
multiply the inner terms within the
parentheses. And, then you would
multiply the last terms within each
parentheses. Combine any like
terms and simplify any radicals.
For example,

(V2 +V3)(V5 + V1) =
V10 + V14 + 15 + V21



1 Focus

VerticalAlignment
-
Before Lesson 9-4 Add, subtract,
and multiply radical expressions.
-

Lesson 9-4 Solve radical equations.
Solve radical equations with

extraneous solutions.
-

After Lesson 9-4 |dentify and use

# You added,
subiractesd, and
mullipGed radical
EXpIESEionS.

inverse variations.

' 2 Teach

Scaffolding Questions
Have students read the Why? section of
the lesson.

Ask:

= [f you know the value for h, what
do you need to isolate to solve
the equation? /¢

= How can you isolate it? Divide each
side by 1.34.

= How can you remove the radical
sign? Square each side of the
equation.

570 | Lesson 9-4 | Radical Expressions

NewVocabulary
radical equatiom.
exiramecus solulions

Mathematical Practices.

Loastrect viabic argements

amd Critigue the measoning of
otherms.

Moded with mathematics.
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L Solve radical

@ The waterline lemgth of a safboal i the englh

equalions. af the line made by the waber's edge when
Sobve radical e boad is el A sailboal's hull speed &

E e Fasiesh speed thal @ can travel
eguiations wilth

exlrancous solulions. You can eslimabe huoll speed i by
wsing e Formula b = L3AVE,
where £is the benglh of Use

saifhoal's walidline.

-
1 Radical Equations Equations that contain variables in the radicand, like
k= 1.34\E, are called radical exquationg. To solve, isolale the desired variable
on one side of the equation first. Then square each side of the equation to eliminate the
radical.

| & KayConcept Power Praperty of Equality
Words If you square both sides of a true equation, the resulting equation & still rue.
Symbuoks
Examples If /& = 4, then (/X)° =47,

fo==58, thena® = 7.

SAILING Usama and Ismall are sailing in & frlend's sailboat. They messurne the hill
speed at 9 kilometers per hour. Find the length of the sailboal’s walerline. Round to
Lhe nearest mebers.

Understand You know how [ast the boat will travel and that it relates to the length.

Plan The boat travels at 9 nautical kilometers per hour. The formula for hall

speed is b = 1340VE.
Solve =13 \"I! Formada For hull speed
13y subcintessorn
9 130vr ) o

m W Divide sach side by 134

6.72 = £ Simpify.
(6720 == [h‘rf]z Sruaie parch side of the eguation.

4516 = F Simplify.

The sailboal’s waterline length is aboul 45 meters.
Check Check by substituting the estimate into the original formula.
B= 1348
92 1.34v/45
9 = §OBEP9327

Formmula For hull speed
h=19ond £ =45

Multiply.

yfuddoy

ISOW 3
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GuidedPractice

1. DRIVING The equation v = Vrdr represents the maximum velocily that a car can
travel safely on an unbanked curve when o is the maximum velocity in kilometers
and r is the radius of the burm in meters. Il a road is designed for a maximum speed
of 505 kilometers per hour, what is the radius of the turn? 1690 m

To solve a radical equation, solate the radical lirst. Then square both sides of

the equation.

MeGmwe- HI Edaciflan
Y

[

s

syt

[

LY

Sdu-u"n 54 T=12

i - i Yo+ 5 +7=12  Driginal equstion
H Vat+th=5h Saibiract T inom each side_
Squaring Each Side x
Remesnbas hat when yau (WVa+5) =52  Squseeataie
square eadh side of he at5h=25 Samplify.
equalion, you mesl souane = .
e e ke T a = M} Subitract 5 from esch side
equalion, even T l=e s . 3
e than ane term on P GuidedPractice
o Solve each equalion.
M Afe-3-2=439 2 4+yke1=14 99
".
Extraneous Solutions Squaring each side of an equation sometimes produces a
solution that i= not a solution of the original equation. These are called extraneous
solulions. Therefore, you must check all solutbons in the original equation.
Solve yk + 1 = k — 1. Check your solution.
VET 1= Dviginal equetion
{v‘ri: E] -1:.}2 ={k Square each sde.
E+1=k2—2k+1  Smpfy.
0=k Suibiract k and 1 frem sach side.
0= kik Factor.
E=0Dork—3=0 Tedo Product Property
=3 Solve.
CHECKE vk+1=k-1 Oviiginal equation VEt1=k—1  Osiginal equaion
VoriLto-1 k=g VivTiZa-1 k=3
Vi Sirmpliy. Viza Shnpilly_
StudyTip 1#-1X Fabe 2=24 True
Exdraneous Solulions A Since ) does not satisfy the original equation, 3 is the enly solution.
When checking solution for
exlvaneous sollions, we " "
T P GuidedPractice
principal roots. Solve each equation. Check your solution.

MAIFrS=1+3 —4 Mr—-3=vx-15

Differentiatedinstruction QO

n students are familiar with graphing calculators,

m have students graph the equation in Example 3 to check the solution. Have them subtract
k — 1from both sides of the equation and then enter the equationas ¥, = Vi+1—x+1
GRAPH . Press E |CALC] 2 to calculate the zero point or x-intercept of the graph. Move
the cursor to the left of the x-intercept for left bound, press ENTER |, and to the right
of the x-intercept for right bound and press [ENTER| Press|ENTER | to give the coordinates
of the x-intercept.

1 Radical Equations

Example 1 shows how to solve a
real-world problem with a variable in
the radicand. Example 2 shows how to
solve a radical equation with a radical
expression as the radicand.

Formative Assessment

Use the Guided Practice exercises after
each example to determine students’
understanding of concepts.

+J| FREE-FALL HEIGHT An object is
dropped from an unknown height
and reaches the ground in &
seconds. Use the equation
= 52% where fis time in
seconds and h is height in, to find
the height from which the object

was dropped. 120 m
Solve Vx — 3 + 8=15. 52

v

2 Extraneous Solutions
Example 3 shows how to determine
extraneous solutions when solving a
radical equation with a variable on
each side of the equal sign.

=} Solve /2 — y = y. Check your
solution. 1

Focus on Mathematical Content
Solutions to Radical Equations

When solving radical equations, it is
always important to check all solutions
in the original equation, since one or
maore of the solutions could be
extraneous.



Formative Assessment

Use Exercises 1-7 to check for
understanding.

Use the chart at the bottom of this page
to customize assignments for your
students.

&g Multiple Representations

In Exercise 29, students solve a radical
equation algebraically and by use of a
graphing calculator and compare the
solutions.

Exercise Alert
Graphing For Exercise 29, students
will need a graphing calculator.

Teaching the Mathematical
Practices

Critique Mathematically proficient
students distinguish correct logic or
reasoning from that which is flawed. In
Exercise 31, have students carefully
check each step in the two solutions.
Have them identify the step in which
the error was made and the likely
cause. Have students discuss ways they
can avoid similar errors.

Additional Answers

Bc. Increases; sample answer: As the
leqg length increases, the value of
the radicand also increases.

21b. Increases; sample answer: If the

length is longer, the quotient and
square root will be a greater
number than before.

29a. A

) 4

[—10, 20] scl: 1by [—10, 10] scl: 1

2

Irrt-tr‘:;-: tion
|l= 10 H2B427 Y=2.B2E42?d

[—10, 20} sck: 1 by [—10, 10} scl: 1

572 | Lesson 9-4 | Radical Expressions

Check Your Understanding

Example 1 1. GEOMETRY The surface area of a basketball is x square centimeters. Whal is the radius

of the basketball if the formula for the surface area of a sphere is 54 = 4wr’? F R
ix

Examples 2-3 Solve each equation. Check your solution.

2 vioh +1=11 40 AVIrt2+3=72 a5ty 3-64
5 vVix-5=x-510 6vVInt13=n3 Ve 2+4=a6

Practice and Problem Solving

Example 1 8. EXERCISE Suppose the function 5 = \'/% wheie § represents speed in mebers per

second and £ is the leg length of a person in melers, can approximate the maximum
speed that a person can run.

a. What is the maximum running speed of a person with a leg length of
1.1 meters to the nearest tenth of a meter? B.2 mis

b. What is the leg length of a person with a running speed of 6.7 meters per second to
the mearest lenth of a meter? 0.7 m

c. Asleg length increases, does maximum speed increase or decrease? Explain.  See margin.

Ezamples 3-3 Solve each equation. Check your solution.

.w.f: F11 =21 100 0 VI 4=7 11 e 3-639
1Z+verin=46 12 yVE-5=-2317 wAVEr T3 n
5By=412-y 3 ®BVet6=u3l mAVrt3=r-36
1®m1-2=1+10 B5a-3+4=147 20Nr-11-8=44

D‘ 21, RIDES The amount of ime I, in seconds, that il takes a simple pendulum to complete a

full swing is called the peried. [t is given by § = 2w L where £ is the length of the

LE]
pendulum, in meters.

a. The Giant Swing completes a period in about 8 seconds. About how long, is
the pendulum’s arm? Round to the nearest meter. 16 m

b. Does increasing the length of the pendulum increase or decrease the period?
Explain. See margin.

Solve each equation. Check your solution.

2 Ve —6=aitl BV r o 15-245 24 6% 3 u%
no solution no solution

5 Ptk -
1&1#?" 10 = 4 235.2 2% Vil -1 =an A5 -0=-23

28. REASOMING The formula for the slant height c of a cone I
s ‘.lfhl s r"", where ki is the height of the cone and ¢ I 4
i the radius of its base. Find the height of the cone if eht )
the slant height is 4 units and the radius is 2 units. Round g
Io the nearest tenth. 24/3 of = 3.5 units b r_,_/:

LOEANEE | [HwEIsa 3yl Sdon
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Differentiated Homework Options
Level | Assignment Two-Day Option
O Basic | 8-20,31-35, 37-60 9-19 odd, 38-41 8-20 even, 31-35, 37, 42-60
O core | 9-270dd, 28-35,37-60 8-20, 38-41 | 21-35, 37, 42-60
O sdvanced | 21-60
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33. 5ample answer: In

. i MULTIPLE REPRESENTATIONS Consider4/2x — 7 = x — 7.

a. Graphical Clear the Y= list. Enter the left side of the equation as
¥i= /2 7. Enter the right side of the equation as ¥2 = r — 7.

Press GRAPH . See margin.
b. Graphical Sketch what is shown on the screen. 5ee students’ work.

c. Analytical Use the intersect feature on the CALC menu to find the point of
inlersection. See mangin.

d. Analytical Solve the radical equation algebraically. How does your solubion compare
o the solution from the graph? About 10.E3; they are the same.

30. PACKAGING A cylindrical container of chocolate drink mix has a volume of
162 cubic centimeters. The radios r of the container can be found by using the formula

r ‘J% . where V is the volume of the container and k is the height.

a. Il the radius iz 2.5 centimeters, find the height of the container. Round to the
nearest hundredih. 8.25 cm.

b. I the height of the container is 10 centimeters, find the radius. Round to the nearest
hundredth. 227 cm.

32 B; The solution of the given equation is 2. Choice B is the only equation that is true when x = 2.

HO.T. Problems s Higher-Order Thinking Siills

p 3. CRITIOUE Asma and Eiman solved ¥& — b = +b + 10. Iz either of them correct?
Explain. Asma; Eiman had the wrong sign for 2b in the fourth step.

the first equation, Aswn Eiman
you have to isolate Jc 'h='\|"b+]!:|‘ Vo-h=yhk+ 1
e Huccnt et by 2_ 2 WNe-ar -nEsor
subtracting 1 from ey =t/ e+ l0) E_bekim
each side. Then C-b=%p+l0 xia
square each side to =4
find the value of x. In = 4 :2
the second equation, e Ghack J6-L2 =y 12 +0
the radical is already | Check [~ (-2) = /6D + 10 Ja+ex
Eula'le:i.susquare \ﬁ‘:ﬁ‘f g
each side to start.
Then subtract 1
from each 32. REASONING Which equation has the same solution set as Vi =z 27 Explain.
side to i
A /4 ¥+ 42 E4=xt+2 C2 2 T
solve for x. v vES o W
33. REASONING Explain how solving 5 = X + 1 is different from solving,
E=wfz+1.

34. OPEM ENDED Write a radical equation with a variable on each side. Then solve
the equation. Sample answer: ¥ 2r —1=x1

35. REASONING [s the following equation sometines, aways of sever trve? Explain.
’ﬂrﬂ-t- Ni=x-2 Sometimes; the equation is true

for x == 2, but false forx < 2.
36. CHALLENGE Solve vx 1 9 =3 4 wx. 3

37. WRITING IN MATH Wrile some general rules about how Lo solve radical equations.
Demonstrate your rules by solving a radical equation. See margin.

Additional Answer

37. Sample answer: Add or subtract
any expressions that are not in the
radicand from each side. Multiply
or divide any values that are not in
the radicand to each side. Square
each side of the equation.

Solve for the variable as you did
previously. See students’
examples.



4 Assess

Yesterday's News Have students
explain how yesterday's lesson on
operations with radical expressions
helped with today’s lesson on radical
eguations.

Teach with Tech

Blog On your secure classroom blog
have students write a blog entry about
extraneous solutions. Have them
explain what extraneous solutions are
and how they can check their solutions
both graphically and algebraically.

Additional Answers

49. Yes; 12 is a real number and
therefore a monomial.

50. Yes; 4x” is the product of a number
and three variables.

51. No; o— 2b shows subtraction, mot
multiplication alone of numbers
and variables.

52. No; 4n + 5p shows addition, not
multiplication alone of numbers
and variables.

53. No; ‘y% has a variable in the

denominator.
3

i 1
number, =

L ]

54. Yes; — abc™ is the product of a

and several variables.
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38. SHORT RESPONSE Hassan needs to drill a hole 40. What is the slope of a line that is parallel
at A, B, C, D, and E on Ein*]e P o the line? H
| ¥
B q’ o
AE NN NN
If Hassan drills holes so that mZAPE = 1100 |

and the other four angles are congruent, ) i

whal is msCPD? B2.5° F -3 H
o J3
38, Which expression is undefined when o = 32 C 3
= 3 O£ 1 #1. What are the solutions of
w1 w’ — Jw VeE+3-1=x-47D
' — 3w 3w A6 c1
g . i Feet P
iad 3w’ B-1,-6 D6
LS
Spiral Review
42, ELECTRICITY The voltage V required for a circuit is given by V VPR, where P is
the power in watts and R is the resistance in ochms. How many more volls are
needed bo light a 100-watt light bulb than a 75-wall light bulb il the resistance of
baoth i= 110 ohma? =93 about 14
Simplify each expression. (Leson®3)
a3 e -VE 43 8.3 .VE 12 s VI-nE a2
w6 2 3B s /Eed . Vor'y 3y
o el TV g My M
Determine whether each expression is a monomial. Weile yes of 0. Explain. 49-54. See margin.
4. 12 50. 4x* SLa— 2 52 4n + 5p 53 5 5&%
¥ .
Simplily.
55 o B1 56. 10° 1,000,000 57. 47 1024
] w3}: Wt )3
58 (80)® 64¢° 55_{9 5 &0. (i0y?)° 1000y°

574 | Lesson 94 | Radical Equalions
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Differentiatedinstruction O

Extension Explain that the geometric mean of two positive numbers is the positive sguare root of
their product. Ask students to find a pair of consecutive positive even integers whose geometric mean
is 4\!’5. Since 4\."5 = xfx{.x + :'!:l % = B or —10. Since the two numbers are positive, ¥ must equal
to 8 and, therefore, ¥ + 2 = 10. The two numbers are B and 10.
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HH id-Chapter Quiz
I.em 9-1 through 9-4

A

Graph each function. Compare to the parent graph. State the
domain and range. [Leoon 5

1. ¥ = 24/ 1-6. 5ee Ch. 9 Answer Appendix.
2 y= -4k

3y %y‘x

4 y=+x—13

5 y=vx—1

G y=2x-2

7. MULTIPLE CHOICE The length of the side of a square is
given by the function s /4, where A is the area of the
square. What is the length of the side of a square that has
an area of 121 sguare centimeters? fle=con% B

A 121 centimeters C 44 centimeters

B 11 centimeters D 0 centimeters

Simplify each expression. fLeeon 9 7)
8. /25 10

9. Viz-vE 46

10. V2o 62 Wy
g, —2 3-8
T 14s =
1 5+47

42 —1
57 18

13. SATELLITES A satellfte is launched into orbit
200 kilometers above Earth. The orbital velocity of a
. g
satellite is given by the formula v —7 -¥isvelocity
in meters per second, & is a given constant, mis the
mass of Earth, and r is the radius of the satellite’s orbit
in meters. [Lesson 97

a. The radius of Earth & 6,380,000 meters. What is the
radius of the satellite’s orbit in meters? 6,580,000 m

b. The mass of Earth is 5.97 x ml“}kmgrams,and the
constant G is 6.67 = W0 "N - :'—} where Nis in
|

Mewtons. Use the formula to find the orbital velocity of
the satellite in meters per second. about 7779 mis

4. MULTIPLE CHOICE Which expression is equivalent to

%? Moo -7} G
1
i
2
6 -5
H 2

14

Simplify each expression. (L= 93

5. W2 + 52 82

6. Vi - 31 —2dn
7. 6v2 + 150 2642
8. V27 - Vg —/3

. 1/3(26) 2442
20. 34/20(2+/5) 60

M. W5+ VTIIVID + V) VB +2/35 4

22, GEOMETRY Find the area of the rectangle. |Lesson 9 3)
_ 36v5
BTl
|— W7
Solve each equation. Check your solution. [Lesson 549
23,45 -1=45
24./o—2-638
25 15 —x =4 —1
. Vai-32-x4
2.V —1=2-75

28 Ver1+42=43

29. GEOMETRY The lateral surface area % of a cone can be

found by using the formula 5 wryr + b2, where ric
the radius of the base and h is the height of the cone.
Find the height of the cone. [Leson 54 about 12.5 cm.

S=1"em

Formative Assessment
Use the Mid-Chapter Quiz to assess
students’ progress in the first half of
the chapter.

For problems answered incorrectly,
have students review the lessons
indicated in parentheses.

| FoLDABES | StudyOrganizer

Dinah Zike’s Foldables”

Before students complete the Mid-
Chapter Quiz, encourage them to
review the information for Lessons 8-1
through 9-4 cm their Foldables.



1 Focus

VenrticalAlignment

w

Before Lesson 9-5 Solve radical
equations.
-w

Lesson 9-5 |dentify and use inverse

variations. Graph inverse variations.
-

After Lesson 9-5 |dentify and use

rational functions.

' 2 Teach

Scaffolding Questions
Have students read the Why? section of
the lesson.

Ask:

= |f a runner has an average pace of
5 kilometers an hour, how long will it
take the runner to run 10 kilometers?
2 hours

= |f a runner has an average pace of
6 kilometers an hour, how long will it
take the runner to run 10 Kilometers? 1
hour 40 min

& [n both cases, what number does not
change? the distance, 10 kilometers
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Inverse Variation

| Now |1 Wiy?

@ You soled
prodilems invohing
dired varialion.

MewVocabulary
inverse varialion
product nde

Mathematical Practices
ke sep=c of problems aed
perscwere i sokding them.

576 | Lesson 95

L Ideenlily aedl use

@ The e i lakes a runmern Lo liniksh 8
inwerse variations. taoe is imversely propodional o the

avistage pace of e runner. The

Eld.ph. i runne’s lime decreases a5 e pace
b . al the e Bcieases. 5o, oo
guanlilies are imvecsely proporlionol.
-

Identify and Use Inverse Variations An inverse variation can be represented by
the equation y —: or xy = k.

| % KeyConcept Inverse Variation |

¥ vanes imversely as x if there is some nonzero constant k such that y %wx}-’ k, where x, o 0.

In an inverse variation, the product of bwo values remains conslanl. Recall that a
relationship of the form y = kr is a direc! perigtion. The constant k is called the constani of
variglion or the consltant of proportienalily.

Determine whether each lable or equation represenis an inverse or a direc! varialion.

Explain.
i b MNotice that xy is not
In an inverse m : : .
m variation, xy equals a i 3 Chirigin. S, the Ll
1 16 constant k. Find xy for does not represent an
7| = cach ordered pais In 2 6 indirect variation.
1 ] the table. 3 g
1-16=16 2:8=16 4-4=16 3= k1) 6 = k(2) 9 = ki3)
I=k A=k I=F

The product is constant, so the table

represents an inverse variation. The kable of values represents g
the direct variation y = 3x. S

€ x=21y d. 2vy = 10 =
The equation can be wrilten as y = — x. Zry =10 Weile the equation. %
Therefore, it represents a direct variation, ¥ = 5 TSI b By =
The equation represents an inverse g

varkation.

F GuidedPractice !
Direct; —2x = yis 2

Imm- Lk

. 1 2 5 e W =ir=y equivalent to y = —2x. =
= = . equals a
constant. 3




ReadingMath
Varialion Equations Fos
direct wariation equations,
yous say [l y varies divectly
a5 x. For imeerse varislion
equalions, you sy tal

VOIS fveysedy & o

You can use xy = k to wrile an inverse variation equation that refates rand y.

i

Assume Lhat y varies inversely as x. If y = 18 when x = 2, wrile an inverse variation
equation that relates ¥ and y.

=k lnverse variation equalion
Hig) =k r=Z2omdy =18

b=k Simpdily.
The constant of variation is 36. 5o, an equation thal relates x and v is
Iy = Ibory - %

P GuidedPractice W= —ary=—2
2. Aszume thal y varies inversely as r. Il y = 5 when x 4, wrile an inverse

varialion equation that relates x and y.

If (x4, wq) and {x,, ¥4} are solutions of an inverse varation, then oy, = k
aiud ¥4y

2y = kand x4 = k
Iy = X4,

The equation xy, = Iyt is called the product rule lor inverse variations.

Subesiibute x , for

| % KeyConcept Product Rule for Inverse Variations

e}

Words If {xs, Jry} and {x, y;) are solutions of an inverse variation,
then the products x,, and x,), ane equal.

X ¥z
Symbals x*-..-rx]r‘,nrﬁ' F

Assume Lhal § varies inversely as x. Il y = 3 when x = 12, find x when y = 4.

Xl = X5l Product rule for inverse variafions
12-3=x5-4 =1 p=3andy,=4
36— x5-4 Samplily.
% =¥; Dividde esch side by &
9=1x; Samplity.

S0, wheny = 4, x= 9.

b GauidedPractice

3. ly varies inversely asxand y = 4 whenx = — 8, lind y whenx = —4. 8

i

1 \dentify and Use Inverse
Variations

Example 1 shows how to identify
inverse and direct variations.
Example 2 shows how to write an
inverse variation equation to relate x
and y. Example 3 shows how to use the
product rule for inverse variations

to find a value for x or y. Example 4
shows how to use the product rule for
inverse variations to model a real-world
situation.

Formative Assessment

Use the Guided Practice exercises after
each Example to determine students’
understanding of concepts.

« || Determine whether each table or
equation represents an inverse or
a direct variation. Explain.

. 6 (8|10
3 4 5

Direct variation; y = %x.
b. 1 2 3
12 6 4

Inverse variation; xy is a
constant.

c. —2xy =20 Inverse variation;
Xy 1s a constant.

d. x = 0.5y Direct variation; the
equation can be written in the

MeGrvw-HI Edacation

form y = kx.

E Assume that y varies inversely
asx. If y = 5when x = 3, write
an inverse variation equation

that relatesxand y. xy =15 or
_5
X

The product rule for inverse vanations can be used to write an equation to solve
real-world problems.

syt

[

Teach with Tech E Assume that y varies inversely
Interactive Whiteboard Choose a student to asx. If y = bwhen x =12,

work through an example in front of the class. find x wheny =15. 4

Give the student an x-value and a p-value. Have %, !
the student find the constant of variation given

that y varies inversely with x.

577



_ ¥ PHYSICAL SCIENCE When two

people are balanced on a
seesaw, their distances from the
center of the seesaw are
inversely proportional to their
weights. How far should a

47 kilogram person sit from the
center of the seesaw to balance a
29 kilogram person sitfing

1.06 meters from the center?
0.65m

. 8

2 Graph Inverse Variations

Example 5 shows how to graph an
inverse variation in which there are
negative values of x.

-} Graph an inverse variation in
whichy =1whenx =4.
TR

8

ta

., O gx

- : J

Focus on Mathematical Content
Inverse Variation When the product of
two guantities remains constant, the
quantities form an inverse variation.

As one guantity increases, the other
decreases, as long as k = 0. The
nonzero product of the two quantities
xyis called the constant of variation k.

Teaching the Mathematical
Practices

Sense-Making Mathematically
proficient students consider analogous
problems, and try simpler forms of the
original problem in order to gain insight
into its solution. Point out that the
procedure for making a table of values
and graphing points is the same for
various types of functions.

578 | Lesson 9-5 | Inverse Variation

Iy
-]

PHYSICS The acceleration a of a hockey puck is inversely proportional to its
mass m. Suppose a hockey puck with a mass of 164 grams is hil so that il accelerales
122 m/s”. Find the acceleration of a 15%-gram hockey puck if the same amount of

X ., s force is applied.
Ve g F] Make a lable lo organize the information.
. Let me; = 164, 2y = 122, and m, = 164. Solve for 2.

gty 5l 5 U= the product rude (o wrile sn egquation.

1 |61g TIma?
' 7 |mEg ay

164 + 122 = 1584, my = 164, 6y = 122, and i, = 158
20,008 = 158a, Stmplfy.
Real-WorldLink 126.6 = iy Divide exach sicke by 758 and simpify.

A stardurd hodesy puck ks . The 159-gram puck has an acceleration of approximately 126_6 m/s”.
2.5 cenlimelers thick and

7.6 contisneters indiametir, s } GuldedPractice
e B beshanstn an ool about 8.9 kmph

156 and 70 grans. 4. RACING Abdulaziz runs an average of 8 kilometers per howr and nishes a race in
Sourca MHI Rudclosk [1.3% hour. Huda finished the race in 0.35 hour. What was her average pace?

Graph Inverse Variations The graph of an inverse variation is not a straight line
like the graph of a direct vanation.

Graph an inverse variation equalion in which y = 8 whena x = 3.

Problem-SolvingTip |
5 Making Somelimes ) mWnleammem&mrlalmneqmalirm.

& necessary 1o bresk & r Xy - k lrverse vaiialion eguation

prablem inlo parks, sahae 3B =k =1 y==8

each Mﬂ'ﬂmwrﬂ M=k Simplity.

Ithesn 1o G U sodulion Lo % £ i ¥ o]
Ihé prabiem The inverse variation equation isxy = 24 or y = 4.

Choose values for x and v that have a product of 24.

m Flot each point and draw a smooth curve thal connects the poinis.

IENN -

3 B Nuotice that since y is undefined when
_'_.__:E i & 1 ¥ = 0, there is tie) point o the graph

] Lol when x = (. This graph is called a

! Ly M 7 hyperbola.
=5 |—5 O] 4 & i215%]
: T P GuidedPractice

1
] ‘1115 5. Graph an inverse varialion equation in which y = 16 when x = 4.
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Additional Answers
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k=l k=
K
"y kr -y "
= yvarnies directly as x. = yvanes inversely as x.
-ﬂmmm%uamnsmnt = The product xy is a constant.

Exampie 1 Determine whether each lable or equation represents an imperse or a direct

variation. Explain. .
Inverse:xy =24. 4. Direct; the data in the

1 1 4 E 1z 2 1 2 3 4 table can be
2| B | ® | HENERE] represented by the
1 equation y = Zx.
3 xy = 4 Inverse;xy = 4. 4 y 1_:|:| Direct; y = 5x.

Examples 2, § Assume thal y varies inversely as x. Wrile an inverse variation equation that
relates x and y. Then graph the equation. 5—8. See margin.

5 y=8whenxr =& 6 y= 2whenx =5

T y=3whenx = 10 8y 1 when x 12

Exampie 3 Solve. Assume that y varies inversely as x.
. Hy=8whenx =4, find xwheny = 2. 16
10. If y = 7 when x = &, find y when x o
. fy = —5whenx = 9, find y when x = 6. —1.5

Exampie 4 12. RACING The time it Lakes to complete a go-cart race course is inversely proportional to
the average spead of the go-cart. One rider has an average speed of 223 meters
per second and completes the course in 30 seconds. Another rider completes the
course in 25 seconds. What was the average speed of the second rider? 26.76 mfs

13. OPTOMETRY When a person does nol have clear vision, an oplomelrist can prescribe
lenses o correct the condition. The power P of a lens, in a unit called diopters, is equal
to 1 divided by the focal length [, in meters, of the lens.

a. Graph the inverse variation P l.F See margin.
b. Find the powers of lenses with focal lengths +0.2 to — 0.4 meters.  5to —2.5 diopters

Differentiatedinstruction ©

n students need a challenge in this lesson,

[::p borrow a fulcrum, lever, and weights from a science teacher to recreate Additional Example 4

or Exercise 44. After some experimentation, ask students to calculate where to place the
weights for the lever to balance.

' 3 Practice

Formative Assessment

Use Exercises 1-13 to check for
understanding.

Use the chart at the bottom of the next
page to customize assignments for your
students.

Exercise Alert

Grid Paper For Exercises 5-8, 13,
22-27, and 51 students will need
grid paper.

Additional Answers

111 al™ =12

4

13a. !

s




Teaching the Mathematical
Practices

Critigue Mathematically proficient
students read the arguments of others
and decide whether they make sense.
In Exercise 52, point out that a single
pair of x- and y-values could represent
either a direct or indirect variation. In
this problem, x and y vary inversely.

Additional Answers

14. Inverse; xy = 30

15. Direct y = —3x

16. Direct; y = —%x

17. Inverse; xy = —40

18. Direct; y = 5x

19. Inverse; xy = %

20. Direct; y = kx

21. Direct; y = 9x

36. Inverse; the cost per wig times the

number of wigs equals the total
amount they can spend, AED20.

37. Direct; the number of lemonades
times the cost per lemonade

equals the total cost. 5o the ratio
total cost
number of lemonades

AED150.

38. Direct; the number of hours times

the rate per hour equals the total
A .
number of hours

is a constant

pay. The ratio total

is a constant AEDY.

39. Inverse; the number of friends
times the number of tokens per
person equals the constant 30.

. Direct, y = 0.2x
Inverse; xy = 21
. Inverse; xy = 2

@ N8

. Direct; y = %x

55. Sample answer: Newton's Law of
Gravitational Force is an example of
an inverse variation that models real-
world situations. The gravitational
force exerted on two objeds is
inversely proportional to the square
of the distances between the two
objects. The force exerted on the two
objects, times the square of the
distance between the two objects, is
equal to the gravitational constant
times the masses of the two objects.
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Practice and Problem Solving

Example 1

Determine whether each table or equation represents an inperse or a direct varialion.
Explain. 14-21. 5ee margin.

“EEN O <EEl - EEn

E: 2| s 4| 5] 8
K 1| - 2| - 2|
2B e = ==
6| 5 5 | . i | 2 B | s

W ESx-y=0 oy =L 20, ¥ =y nl-o

Examples 2, 5 Assume that v varies inversely as x. Write an inverse variation equation that relates x and

Exampie 3

Examph= 4

. Then graph the equation. 22-27. See Ch. 9 Answer Appendix.
22. y = 2whenx = 20 23. y= 18 whenx = 4 24, y 6whenr = -3
25. ¢ 4 when x 3 26. y = —4 when x = 16 O y=12whenx=—9

Solve. Assume that y varies inversely as x.

28 Wy =12whenx =23 find xwheny = 6. &

29. fy = 5 whenx = 6, find r wheny = 2. 15

30. Il y = 4 when x = 14, find ¥ when y = -5 —M.2

M Wy = Ywhenx =9, lind y when xr = —27. —3

32. Wy = 15 when x 2, ind y whenr = 3. —10

33 Wy 3 when x 12, find y when x = 10. 9.6

34. EARTH SCIENCE The waler level in a river varies inversely with air temperature.

When the air temperature was 32° Celsiug, the water level was 3.35 meters. Il the
air temperature was 43" Celsius, what was the level of water in the river? 2.49m

. MUSIC When under equal tension, the frequency of a vibrating string in a
piano varies inversely with the string length. I§ a string that is 420 millimeters
in length vibrates at a frequency of 523 cycles a second, at what lrequency
will a 707-millimeter string vibrate? approximately 311 cycles per second

Determine whether each siluation is an example of an inoerse or 3 direct variation. Justify
your reasoning. 36-39. See margin.

36. The drama club can afford to purchase 10 wigs at AED 2 each or 5 wigs at AED 4 each.
37. The Spring lfamily buys several lemonades for AED 1.50 each.

38. Amal earns AED 14 for providing child care for 2 hours, and AED 21 for providing
child care for 3 hours.

39. Thirty video game tokens are divided evenly among a group of friends.

u )

Determine whelher each table or graph represents an inoerse or a direct variation.
Explain. 40-43. 5ee margin.

LOEANEE | [HwEEy 3 Ty

5 1 -3 -7
15 —2 | —ms -
| 22 1 535 [i] x
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Differentiated Homework Options
Level Assignment Two-Day Option
O Basic 14-35,52, 5474 15-35 odd, 57-60 14-34 even, 52, 54-56,
61-74
O core 15-43 odd, 44, 14-35, 57-60 36-52, 54-56, 61-74
45-49 odd, 50-52,
54-74

O Advanced

3670, {optional: 71-74)



44, PHYSICAL SCIENCE When bwo le are balanced on a seesaw, their distances s
P i : Additional Answer

from the center of the seesaw are inversely proportional to their weighls. Il a

53.5 kilogram person sits 1.8 meters from the center of the seesaw, how far should 56. Direct variation can be written as
56.7 kil o 5t th ter to bal the seesaw? about 17 i

a ilogram person it from the center ance the seesaw m y= kx where k is the constant of

b Solve. Assume thal i varkes Inversely as x. proportionality. The graph of a
. If y = 9.2 when x = &, find x when y = 3. 18.4 direct variation is a line through the
46. 1fy = 3.8 when x = 1.5, find xwhen y = 0.3. 19 origin with a slope of k. An inverse

varia}riun is written in the form
¥y = The graph is a two-part
curve (a hyperbola).

al Iy %w‘h.enx 20, find y when x % 15

48. My 6.3 when x % find ¥ when x = 8 —0.525

45, SWIMMING Badr and Hesca each bought a pool membership. Their average cost per
day is inversely proportional o the number of days that they go to the pool. Badr went
to the poal 25 days for an average cost per day of AED 560, Hessa went o the pool
35 days. What was her average cost per day? AED 4

50. PHYSICAL SCIENCE The amount of force required to do a certain amount of work in
moving an object is inversely proportional to the distance that the object is moved.
Suppose W N of force is required W move an object 10 meters. Find the force nesded
to move another object 15 meters if the same amount of work is done. G0N

51. DRIVING Buthaina must practice driving 40 hours with a parent or guardian before she
is allowed to take the test bo get her driver's license. She plans to practice the same
number of hours each week.  a, c. 5ee Ch. 9 Answer Appendix.

a. Let k represent the number of hours per week that she practices driving. Make a
table showing the number of weeks w that she will need o practice for the following
valwes of h:1,2, 4,5, 8, and 10.

b. Describe how the number of weeks changes as the number of hours per
week increases. The number of weeks decreases.

€. Write and graph an equation that shows the relationship between b and w.

H.O.T. Problems s Higher-Onder Thinking Skills

52. CRITIQUE Ahmed and Ayman found an equation such that x and y vary inversely, and
y = 10 when x = 5. Is either of them correct? Explain.

Ayman; the constant of variation is
5{10) or 50, so “5'5 correct equation is 'ﬂ'hT‘A gpm
xy = 50 or y = —~. Ahmed found an 1’-=; dny
i i iati = (R0 o 50
equation for a direct variation. =£or‘:-' - -
2 =
¥y =K

53. CHALLENGE Suppose [ varies inversely with g, and g varies inversely with k.
What is the relationship between [and k7 direct variation

54. REASONING Dhoes xy k represent an inverse variation when k 4+ 07 Ex plain.

Yes; the product of x and y is a nonzero constant.
55. OPEM ENDED Cive a real-world situation or phenomens thal can be eled by an

inverse variation equation. Use the correct lerminelogy to describe your example and
explain why this situation is an inverse variation. 5ee margin.

an

56. WRITIMNG IN MATH Compare and contrast direct and inverse variation. Include a
deseription of Lhe relationship between slope and the graphs of a disect and inverse
variation. See margin.

Enmyrignt © MG HI Eda




4 Assess

Name the Math Prepare two paper
bags containing slips of paper: one
containing a value for x on each slip,
the other a value for y on each ship.
Have each student select both an
x-value and a y-value and write an
inverse variation equation that relates
xandy.

Additional Answers

61. Positive; it means the more you
study, the better your test score.

Additional Answers (Explore 9-6)

3

a3

2

(=10, 100 sck: 1 by [=10, 10] scl: 1
Both graphs have the same shape,

but the graph of y =% +2is2
units above the graph of y = %

3. E

A,

[—10. 100 sck: 1 by [—10, 10] scl: 1

Both graphs have the same shape,
but the graph of y = ﬁ is b units
to tm% left of the graph of

Y=x

[~10. 101 sel: 1 by [-10, 10] scl: 1
The graph of y = % is farther from

the axes than the graph of y = %

582 | Lesson 95 | Inverse Variation

57. Given a constant force, the acceleration of an

object vares inversely with its mass. Assume
that a constant force is acting on an object with
a mass of b kilogram pesulting in an accelerabion
of 10 mys®. The same force acts on another
object with a mass of 12 kilogram_ What would

58. Houriyva had an average of 56% on her first
seven bests. What would she have o make on

her eighth test bo average 60% on & tests? @

F B2% H 9%
G B3% ] 100

-

58. Hareb takes a picture of a 1-meter snake beside
a brick wall. When he develops the pictures, the
T-meter snake is 2 centimeters long and the wall
is 4.5 centimeters high. What was the actual
height of the brick wall? C

be the resulting acceleration? B AT
. B 225cm

A 4 mjst C 6m/a’ C 225 cmi

B 5 m/s’ D 7m/s’ D 2250 cm

60. SHORT RESPONSE Find the area of the rectangle.
x* +15x + 36 cm?

i3+ = om

12 = xhcm

61. TESTS Determine whether the graph at the right
shows a posilive, negalive, or ne correlation. If there is
a correlation, describe its meaning. 5ee margin.

Suppose y varies direcily as x.
Iy
Iy
I s
My

20, 100
A6, —4.4
1.125. 1.7

12. 1.2

2.5 whenx = 0.5, find y when x

Tast Soores

e ZEEESDEBER

6.6 when x = 9.9, find y when x
26 when x = 0.25, find y when x

6 when x

FE2R

0.6, find x when y

S

15 30 45 60 75 90 1050208
Study Time (min}

. FINANCIAL LITERACY A salesperson is paid AED 32,000 a year plus 5% of the amouint in

sales made. What is the amount of sales needed o have an annual income greater
than AED 45,0007 The amount of sales must be more than AED 260,000.

i

Simplify. Assume thal no denominslor is equal by zero.
12

7 5 L L. i 24P
e " o v Dty 295 e (?:’ 34345 <
o g
1) 4a's? o e B (im %" 1 (%) g
n. {2:3 5 Ty ‘-'.'I"}H.'l" .q} .l" EES i mi x {.er'-*_l,rl}u =;_
BB2 | Lesson 85 | Inverse Varialion
Differentiatedinstruction O O
Extension Write k = 4 on the board. Ask students to write and § | Jr |
graph an inverse variation equation that uses 4 as the constant ' Je :
i [ |
of variation. xy =4 [ g |
H
=3 o [2 [ 4%
# |
f*ﬂ, |
L[]




‘Graphing Technology Lab
Family of Rational Functions

You can use a graphing calculator to analyze how changing the parameters o and b in

y=— i.l_- t c affects the graphs in the family of rational functions.

Graph each sel of equations on Lhe same screen in the standard viewing window.
Describe any similarities and differences among the graphs.
1 1 1
ays_—_yw_—42 ym_——i
Enter the equations in the Y
viewing window.

list and graph in the standard

The graphs have the same shape. Each graph approaches
the y-axis on both sides. However, the graphs have dilferent
vertical positions.

[=10, 10] ge. 1 by [<10, 10] 221 1 (=00, 1) sel: 1 by |18, 10] sck 8

The graphs have the same shape, and all approach
the r-axis from both sides. However, the graphs have
different horizontal positions.

The graphs all approach the r-axiz and the y-axis
from both sides. Howewver, the graphs have different
shapes.

Model and Analyze
1. How do a, b, and ¢ alfect the graph of y

&

-5 T of Give examples. See margin.

Examine each pair of equations and predict the similarities and differences in their
= pgraphs. Use a graphing calculator to confirm your predictions. Write a senlence or lwo
comparing Lthe lwo graphs. 2-4. See margin.

1 1
+5 - Y=

Hjw

| 1 1
Ly=ny=xt2 Ly=%¥

Additional Answer

1. The value of c affects the vertical position of the graph. The value of b affects the horizontal position
of the graph. The value of g affects the shape of the graph. Sample answer: The graph of y = % +5

is 5 units above the x-axis. The graph of y = x_;lh is 5 units to the left of the y-axis. The graph of
1

y= % is farther from the axes than the graph of y = -

'1 Focus

Objective Use graphing technology fo
investigate families of rational
functions.

Materials
= graphing calculator

Teaching Tips

= Remind students to use _ZOOM |6
to show graphs in the standard
viewing window.

= |n parts b and c, students will need to
clear the Y= lists. To do this, they can

use |[CLEAR.
= Use|TRACE and |i|ur Alto
display the equation for a graph.

| 2 Teach

Working in Cooperative Groups
Divide the class into pairs. Work through
the Activity. Then ask students to work
with their partners to complete

Exercise 1.

Practice Have students complete
Exercises 2—4.

| 3 Assess

Formative Assessment

Uze Exercises 2—4 to assess each
student’s ability to predict similarities
and differences in rational functions.

From Concrete to Abstract
Ask students to summarize using
technology to investigate families of
rational functions.
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1 Focus

VerticalAlignment

'v
Before Lesson 3-8 Write inverse
variation equations.

-
Lesson 9-6 |dentify excluded values.
Identify and use asymptotes to graph

rational functions.
-

After Lesson 9-6 Use rational
equations to solve problems.

' 2 Teach

Scaffolding Questions
Have students read the Why? section of
the lesson.

Ask:

= What does the average number of
pages Halima reads each day depend
on? the number of days she reads

= What happens to the value of y as x
increases? |t decreases.

= What values of ¥ are excluded from
consideration? x cannot equal 0 or
any negative number.

584 | Lesson 9-6 | Rational Functions

@ Youwiobe inverse
warialion egualions.

MewVocabulary
ralional Function
exciuded value

asymplole

Mathematical Practices.
Cionsinect viable argements
and criftigee: the imasoning of
alhers.

Lizeolt for and make e of
shruchese.

584 | Lesson 96

L Ideslify excluded

values, The average number of pages she

ads each d B given iy
Mdenlily and use bt Akt
asymploles bo graph y¥="5- wilsere x is B number
talional funtlions. ol days thal she reads.

@ Halma & reading a 300-page book.

Identify Excluded Valuwes The function g
function. This function is nonlimear.

| & KeyConcept Rational Functions

Wards M rational function can be described by
an equation of the form % where
o and q are polynomials and g + 0.

1

Parent function: M =

Type of graph: hyperbola
Dromain: [xlx o O
Range: (¥l # 0}

Since division by zero is undefined, any value of a variable that results in a denominater
of zero in a rational function s excluded from the domain of the lunction. These are

called excluded values for the rational function.

State the excluded value for each function.
2

ay=-3
The densminator cannot equal 0. So, the excluded value is x
b. y=
; g Sel the denuminslor
x+ti1=10
exgual in 0.
; 1

The excluded value is x 1

b GuidedPractice

Wy= — x=0 ®y=—*

_ 5
Cyme=

The excluded value is x

3 Julishoon

OMETRE IIHWESY

I

yregmaun




Depending on the realwordd situation, in addition to excluding r-values that make
a denominator zero from the domain of a rational function, additional values mighl have 1 ml‘]h"‘r Excluded Values

Example 1 shows how to find excluded
values for rational functions. Example 2
shows how to graph real-life rational

to be excluded from the domain as well.

Il.l.L;:)ﬂE If there are x people in the baskel of a hot air balloon, the function functions and determine which values
§ =  represents the number of square meters § per person. Graph this function. should be excluded.
Since the number of people cannot be zero or less, it is reasonable to exclede negative
values and only use positive values for 1. Formative Assessment
2z | 4 5 | W Tk Use the Check Your Progress exercises
B | S 8 | 2 1‘.,[ after each example to determine
Motice that as x increases y approaches . This is h'ﬁ students’ understa nding of concepts.
= reasonable since ag the number of people increases,
Real WorldLink the space per person gets closer o 0. Sl
As the bempesature of the gas =
inside & hol air balloon "
increases, ihe dessity of the P GuidedPractice ~B Fi
decreases. A hol ait
g o dlln 2. GEOMETRY A rectangle has an a@ of - each function.
ensity of the it insides il is 18 zquare centimeters. The funclion £ = — shows 3
Jizss than e density of the air the relationship between the length and width. d. ¥ — x x=0
ulside. Graph the function. 3ee Ch. 9 Answer Appendix. 3
Sources Gotkdard Speace Fight Cnlia \ hf:x-l-l x=-2
g 8 1
identify and Use Asymptotes In Example 2, an excluded value is £ = 0. Notice ol St~ I R |
that the graph approaches the vertical line x = 0, but never louches il. E I " i
ALENT SHOW If x students wi
The grap: almnappﬂu;::;n but never t:uchﬂ the hm:u.m:!a] Tlr:- _-,rIJ; 0. 'I'l'i.:I |i:ﬂ compete in a talent show lasting
x = Dand y = 0 are called asympiofes. An asympiote is a line that the graph o . :
— a unetion Spproaches. 100 T{;g utes, the function
l:'"" » | ¥ = =5 represents the number
ﬂrthﬁ::ulmr 9 ,I" g - ey Canct o :! of minutes available for each act.
L_,“"“'“'“ rﬂ""ﬂz“mhh""" Words A rational function in the formy = —— + ¢.@ 0, hasa Graph this function. graph of
gragh. vertical asymptote at the x-value that makes the denominator .
i = equal zero, ¥ = b It has a horizontal asymptote at = c. positive values fory = ——as
= Mcdel ¥ Examale T T * shown below, through (10, 10)
= ] | )
f = i = r_|ﬂ \ (5, 20), (20, 5), (25, 4)
Al BLruREsLe By
3 [ i E; 5] *i ¥ 38
. =1 1 i<v=1] H \ :
.;";‘ Y=o+ 1 # a4
2 [T 1] | Wil
2 12 k\-.
3 The domain of y = — is all real be = b. The is all real 4 LI .-""
= e domain of y = —— + ¢ is all real numbers except x = b. range is all real To[ |12 | 24 | 36 | X|
',_J numbers except y = ¢ Ralional functions cannol be traced with a pencil thal never I l I
% leaves the paper, 20 choose r-values on both sides of the vertical asymptobe o graph ]
b
o both portions of the function. i >,
585
r - 2 Tips for New Teachers
| Differentiatedinstruction OO I i v G i emacticar
Logical Learners Most students understand that a fraction with a denominator equal to 0 is | used in Real World Example 2 and
undefined, thus the vertical asymptote. To help students understand that a horizontal asymptote Additional Example 2 are discrete,
ym p ymp
: e not continuous.
occurs at y = c in a function in the form y = Tﬂ"E + ¢ (where @ # 0), have students make a table

of values for x and y and a graph using the example shown in the Key Concept, y = -2 -+
Have students extend the table of values and the graph until they all agree that, as x gets greater

and greater, y = approaches 0, and y gets closer and closer to 1, the value for c.

1
x—72

585



2 Identify and Use Asymptotes
: = Identify the asymptotes of each funciion. Then graph the funclion.
Example 3 shows how to identify the 2,
asymptotes of a function and use them ¥EFT
to graph the function. m Identify and graph the asymploles wsing fol Fﬁ
dashed lines. —5tt -+
vertical asymphote: ¥ = 0 | 15.\-
horizontal asymplote: ¥ = —4 - i =
s
3 |[|El'ltlf_‘,' the ﬂSj'TTIl]t{}TES for each m Make a Lable of values and plot the points. : I?._ I«""%‘ "l‘
function. Then graph the Then connect them, [T
functmné » IEIEIEEE
ay=5—4x=0y=—4 jg 5| -6|-2|-3
y o
M Y i T
10 E™T1 o find the vertical asymplote, find the
excluded value.
Ll =1 10 Iy rt1=0 Sed the denominabor equal bo 0
t x=-1  Stblmct1lom each side.
vertical asymplote: ¥ = —1
_j_ E S I S horizontal asymptote: y = 0
2 :
b y=—m X==Ly=10 Math HistoryLink ses 2] . IEYEIENE
¥ T Evelyn Boyd Granville k| 95| 1| 1 o5
a (1924 ) Geanvibe majoredin | 7
| maltematics and physics st
4 ! | . mm“ st | P GuidedPractice 3A-3C. See margin.
b . lanide. She sarned an M_A & Ay - _% E&yrﬁ mﬁ"'ﬁ”
—_ malbemalics aod physics and | | =4
10| | 4 EK & PILD. in mathematics om o
[ Yl Universily. Gramille's
i | dicloral work focused o Four types of nonlinear functions are shown below.
[ Tumetional anakysis
| i ConcepiSummary Families of Functions 1
h ¥ i Ouadratic (s [ Radical [ Rational
Parent function: Parent function: Parent function: Pafaufurftim:
Additional Answers (Guided Practice) pex s F i rox
General form: General form: General form: General form:

A x=0;y=0

— aa? ’ — h® -
¥ yoax" thetc y=ab e
¥
]

-‘J “- I ‘ ﬁk $

ol

LOMEANEE | [HwEEy 3 i b

S8E | Lesson 96 | Rabional Functions

Y1
3B.x=3;y=0
T T8 T 11T 3¢ x=—2y=—1 Teach with Tech
- L_ﬁ_ ¥ Video Recording Have students create video

!'«. { recordings showing how to graph a rational

) N i function. Have students first describe how to
I=I"L"'----..._ | "Hh; ' '1"""|' T find the horizontal and vertical asymptotes, and

\ ;\ ] x then use a table of values to draw the graph.

586 | Lesson 9-6 | Rational Functions
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State the excluded value lor each function.

T
x4+ 3

Example 1

x=—3 3. ¥ E B by

I

h—sx=4

1w %x='ﬂ 2.y 4 y

Exampie 2 5. PARTY PLANNING The cost of decorations for a dinner party is AED 32. This s split

amang a group of friends. The amount each person pays y 15 given by y %
where 1 is the number of people. Graph the function. See margin.

6—11. 5ee Ch. 9 Answer Appendix

Exampie 3 Identily the asymplotes of each function. Then graph the function.

2 3
ELy=73 Ly=3z-1 B y=-—73

—4 3
9 v i Wy=_—7+2

2
hy=zer "

Practice and Problem Salving

Example 1 State the excluded value for each funclion. 14.x=—2 15.x=—6
= =1 y= B z
T.x=—5 12 y=— x=0 B.y=,—5¥~8 My=]"15 By=_ 3
18.x=2
x4+ 1 2r4+ 5 7 I

My==F Wymi-x¥-2 Br=.% Rymw RV min

Example 2 20. ANTELOPES A pronghorn antelope can run 40 kilometers without stopping. The
average speed s given by y %, wheite ¥ i the tme it akes bo fun the distance.
a. Graph y g_ See Ch. 9 Answer Appendix.
b. Drescribe the asymptobes. x = 0andy =0

1. CYCLING A cyclist rides 10 kilometers each moming. Her average speed v is given by

¥ g where x is the time i takes her to ride 10 kilometers. Graph the function.
See margin. 22-33. See Ch. 9 Answer Appendix.

Example 3 Identify the asymplotes of each function. Then graph the function.

5 3 2
2.y 3 .B‘ = M.y=3t3
1 1
25._I;' £ - Zﬁ_y x+3 27._9' r—2
-2 [
®y=zi1 W= Lt S gl
3 2 —1
Ray=z—y=2 Vauwgy—f Rymomtd

D’ 34. READING Reler to the application al the beginning of the lesson.

a. Graph the function. Interpret key features of the graph in ge;mcshnl'gthe situation.
: r
b. Choose a point on the graph, and describe what it means in the context of the

situation. Sample answer: (B, 50); if she reads for & days, she will read

50 pages per day.

35. STRUCTURE The graph shows a translation of z

the graph of ¥ }

#:-:_-,----I-"-

b. Write a possible [unction for the graph.
+2

[
!
a. Describe the asymplotes. x =3andy = 2 |

Q
===
|t

r=:—3

§

Differentiated Homework Options

Level Assignment Two-Day Option
€ Basic 12-33,43-65 13-33 odd, 48-51 12-32 even, 4347,
52-65
O coe 13-33 0dd, 34-37,39, | 12-33,48-51 34-41, 43-47, 5265
41, 43-65
€Y Advanced 34-65

'3 Practice

Formative Assessment

Use Exercises 1-11 to check for
understanding.

Use the chart at the bottom of this page
to customize assignments for your
students.

| 4 Assess

Ticket Out the Door On small pieces of
paper, write one of five different rational
functions similar to those in this lesson.
Give one to each student. Ask them to
tell you the horizontal and vertical

asymptotes.

Teaching the Mathematical
Practices

Structure Mathematically proficient
students look closely to discem a
pattern or structure. In Exercise 35,
remind students that they have
experience with transformations of the
graphs of many types of functions.

Additional Answers

5. r\
N

46

- ' —
Ol 2 4 6 B1012141618x
i S ]




Teaching the Mathematical
Practices

Arguments Mathematically proficient
students are able to analyze situations
by breaking them into cases, and can
recognize and use counterexamples. In
Exercise 45, suggest that students graph
a rational function and visualize moving
the graph to test the conjecture.

588 | Lesson 9-6 | Rational Functions

37a. Sample aNSWET 8¢ oo of the trip, each person is also contributing

36. BIRDS A long-tailed jaeger is a sea bird that can migrate 5000 kilometers or more each
000
T
where | iz the time in hours. Use the function to determine the average rate of the bind
il it spends 250 howrs (lying. 20 km per hour

year. The average rate in kilometers per hour rcan be given by the funclion r

37. CLASSTRIP Students are going 1o a sclence museunm.

Welcome to
The Museum

The total cost of

the trip equals _ :
the.cset of & a. Write a werbal description for the cosi per person.

an equal amount of money to name a star.

ticket plus the  b. Write an equation o represent the lotal cost y per

cost of the person if p people go bo the museum. y=—+8.50 Admission AED 850 |

star-naming c. Use a graphing calculator to graph the equation. Interpret "'“;fml\r_'l:tr” Y

package divided .y features of the graph in terms of the siluation. :tu'fnl AED 95

by the number of H See margin. NAMe & Star TFALLE B2 |
i d. Estimate the number of people needed for the total

ooal of e rip to be aboul AED 15. Sample answer: 15 people

Graph each function. Identify the asymptotes. 38-40. See Ch. 9 Answer Appendix.

i X

-9

dr+ 3
2r— 4 ooy Ao T

264
p . GEOMETRY The equaticn k ﬁ represents the height b of a traperoid with

1
an area of &4 square units. The trapezoid has two opposite sides that are parallel and
h units apart; one is by units bong and another is 8 units long,

E 4. y

a. Describe a reasonable domain and range for the function. #a. D = [all positive
real numbers};
R = [all positive

real numbers)

b. Graph the function in the first quadrant. 5ee mangin.
€. Use the graph by estimate the value of k when by = 10. about 7 units

L 1 i <
43. Thegraphofy = — 2 is the graph of y = + translated 5 units to the left and 2 units down.

1
x+5

H.OT. Problems s Bigher-Order Thinking Skills

42. CHALLENGE Graph y State the domain and the range of the functon.

-4 See margin.
43. REASONING Without graphing, desceibe the tranaformation that lakes place belween

the graph ol y %and the graph ol y 2

: Ko
x4+ 3

44. OPEN ENDED Write a ralional function if the asympiotes of the graph are at x = 3

46. Sample answer:  2nd ¥ = 1. Explain how you found the function. See margin.

The graph of . .
2 45. ARGUMENTS I3 the following stabemeint driee of falze? I false, give a
y=y Hlisthe . inierexample. 1 ;
False; sample answer: The graph of y = — has no x- or y-intercepis.
only one that does - ¥=x 4

ot hawey =0 as The graph of a rational function will have af [east one inlercept.

an asymplofe. 4o WHICH ONE DOESN'T BELONG Identify the function that does not belong with the other
three. Explain your reasoning.

a B
x ¥ =i

¥

] 0
y=7+1 e

a7. @ WRITING IN MATH How are the properlies of a rational funclion rellecled in
ils graph? See margin.

| Lesson 96 | Rational Functions
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MoK Edacition

Eomyignt

48. Simplify %:: - 1:11;2. 50. Khalid and Khalal started a T-shird printing
business. The lotal starl-up costs were AED 450,
A # C _Ga It costs AED 5.50 to print one T-shirl. Write a
rational function Alx) for the average cost

B % o ek of producing x T-shirts. F
Fag=20233 g ap)=4500+55
49, SHORT RESPONSE (ne d.ﬁ.}r Suha ran 100 meters '] A{_.d g | 55 ]' A[r} 450 + 5.5x
in 15 sevonds, 200 meters in 45 seconds, and
300 meters over low hurdles in one and a hall 51. GEOMETRY Which of the following is a

minutes. How many more seconds did it take
her to run 300 meters over low hurdles than the
20-meter dash? 45 seconds

quadrilateral with exactly one pair of
parallel zides? D

A parallelogram C square
B rectangle D trapezoid

Spiral Review

52. TRAVEL Khamis’ family can drive to the beach, which is 352 km away, in
4 hours il they drive 38 kilometers per hour. Sumayya says thal they would save al least a
halfl an hour il they were to drive 105 kilometers per hour. 1 Sumayya correct? Explain.
Le=2sn 05 Yes; sample answer: At 105 kmph, the family can travel 352 kilometers in about 3 howrs and
21 minutes, sawing them about 39 minutes.

53. SIGHT The formula d = §f 31—" represents the distance d in kilometers N v

that a person b melers high can see. Shaima is standing on a clifl R E—
that is 310 meters above sea level. How far can Shaima see from
the cliff? Write a simplified radical expression and a decimal 3om

approximation. [LessonS.Z) /465 or about 21.56 km .

54. (x+3)i=+ 8) 55. (w+ 16){w— 3) 56.[p—THp +5)
57.(3 + o)i24 + o) SE.(c+Tc+5) 59. {d — 2)d— 5)
Skills Resviowr
&0. [g— 15){g —4) 61. {7 + 3){n — §) 62, [5x + Z){x + 5)
T e L 63.(4b—3)(6b+1) 64.(da+5)(3a—7) 65.2x—3)3+2)
B4 x + 1lx+ 24 55. w’ + 13w — 48 56. p° —2p— 35 5. 72+ 27a +a*
58 ¢+ 12: + 35 58, 42 — 7d + 10 60. g% — 19 + 60 6L n + 3n — 54
62. 5:% 4 27x + 10 63. ML — 14b - 3 64. 120 — 132 — 35 65. fx® — 14z — 12

Differentiatedinstruction QO

Extension Ask students to graph the function y = H Then ask students to describe the
graph. The graph is a horizontal line, y = 1, with a hole at (1, 7).

Additional Answers

I Fo
37c. s f :
40

1 |

—a0 I
—25
20 \..
= “b \.
—10 ! o ——

F |

0 T 10 1|5 2|n 25 3|u35 4|u 45p
1

Sample answer: The end behavior
indicates that as the number of
people increases, the cost per
person approaches 0. Since there is
no x-intercept, the cost per person
will never be 0.

T T
aw. I T 1]
— 16 = == et ] i
_'H\ |
12 !
10 \\: L
1§ et
B ! H‘-""“--...___ :
| 14 [l
2 u B
_?_T_'f 6 B 1012141618
EEREERE
42, [ 5 R
St i
! x

BEEEE:

D = all real numbers except
x=—2andx=2:
= 1
R —{yiy} Oory= 2
44. Sample answery = ﬁ +1
use the equation y = ﬁ e

The vertical asymptote is x = b. So,
b= 3. The horizontal asymptote

is y = €. 50, ¢ = 1. Substituting the
values for b and c and letting

a = 1, the equation becomes

|
}"—ﬁ"‘l.

47. Sample answer: Vertical
asymptotes occur at values that
make the denominator 0; horizontal
asymptotes occur at y = c for any
rational function of the form

= o
y—x b+c.
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1 Focus
VerticalAlignment S
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- Then

Rational Equations

' Why?

® You solved L Sohve rational @ Oceanic species of delphins
Before Lesson 9-7 Graph rational properins. equations. B tlhmetf!:ﬁ P;: hf'";ﬂfﬁmﬁ ]
i : % EpECEs 0 6. A0 GCEA
LI.IHI’.'IIGHE- :‘b:;::"“":::”’ wim 4.8 Eanelers in e san
S tiskews,  eoaxlal dofphin Lo swim
Lesson 9-7 Solve rational equations. f— |
Use rational equations to solve [ — | ke |' pr]
pthmS. coaslal | & kel 1 hoisis
i 8 [ T ¥+ Bkniph| [ hows I
:'l:*er l::?: 9-7 Use statistics to ——_ B
P_’VI L tepresents this sibeatsan.
Time an oceanic fime o ol
dulphin swins  eguals  dolphin s
4 B kilometers 3 2 ilomeinm
e —e q':u E‘i—“ﬂ
2 Teach = o -
Scaffolding Questions MewVocabulary Solve Rational Equations A rational equalion conlains one or more rational
7 - rational equation expressions. When a rational equation is a proportion, you can use cross products
Have students read the Why? section of e By
the lesson. waork probilem
rale problem
Ask: Woarkd B
= When a coastal dolphin travels DOLPHINS Refer to the information sbove. Solve —— = % 1o find the speed of a
at x kilometers per hour, at what rate Mathematical Practices “:”"‘]E ":lfm“' Check: fhie suinaine.
e E L} absiacly and . - Sy
does an oceanic dolphin travel? i A T Original equation
',5[' G 5] km/h aded with mathematics. 48y =32+ 25.6 Find the oo products.
c 16x = 25.6 Diesribtive Propest
= When a coastal dolphin travels ’ —t ==
7 kilo ars. how far does an xr=14 Sobiract 2 from ewch side. _g
oceanic dﬂll:;l‘lil'i travel? 3 kilometars 5o, a coastal dolphin can swim 16 kilometers per hour. E
1.8 32 e . E
§ - ~ CHECK —— — — Originsl equation &
= |n the time it takes an oceanic 5 " k4
dolphin to swim & kilometers, what T e e =
do you know about the coastal % % Simpy. B
i ; ; g
dolphin? It can swim 4 kilometers. % ;_ O ——

5890 | Lesson 8T

b GuidedPractice
Solve each equation. Check the solution.

i /i
1A =3

y+1 Tl 7

3 13 2402

—4 1B

4.45

waowsmiy el spn

590 | Lesson 9-7 | Rational Equations



| StudyTip

Solsfiors 1 is importand bo
check the solulices of
ralicnal equations 1o be sure
thal they salisfy the oigina

-
=
b
b
s
L~
&
5
=
LT
[
L
b
i
A

VocabularyLink
exiraneous.

Everyday Use
irnedevant od unimporiamt
extraneous solution

Math e & resoll thal & nol
a solution of the original
egqualion

Ancther method that can be used Lo solve any rational equation is to find the LCD
of all the fractions in the equation. Then multiply each side of the equation by the LCD
to eliminate the lractions.

5y
Solve L 4 —— = 5. Check the solution.
'] v+ 1
E™1 sind the LCD.
1 5y
TMIIfDa[;andmlﬁg{y t1).
E™E Multiply each side of the equation by the LCD.
%i \r% 5 Original eguation
4 Y Mudiiply each side by
!"{5"”;'(5";-+1) ¥y + 1)(5) the LD, iy + T
1 4 vt sy o
( : --'[I_" T 1 +_.U_+1— !,r{_l,' + 1){5) Distributive Propery
v j
fy + 1M + yi5y) = yly + 15 Shmglily
4y + 4 + 5y = Syt + 5y Multigly.
dy + 4+ 5y" — 5y =Sy — 5y’ + 5y Subirect Sy from each
sitfer
iy +4="0y Shmyplly.
dy — 4y + 4 = Sy — dy Subitrart 4y from ewch
sidle.
4=y Simpily.
cHEek L4 25 S p—
v Py Crrigires] equation
& B, SR
MY ¥
1+4L5 Samplity.
E=54  Smphy
P cuidedPractice
Solve each equation. Check your solutions.
-5 3 1 8
u_b_l E-m" u.jl'm :z+'lc“_?
y+2 2 7 2 n n 2
t'y’—l y+Z- 3 L§ 46 SmiW-5 3

Recall that any value of a variable thal makes the denominator of a rational expression
2iro must be excluded from the domain.

Im the same way, when a solution of a rational equation results in a zero in

the denominator, that solution must be excluded. Such solutions are also called

i4+x 1 2 I
1_5+ r=T11 5, 0, and —1 cannol be solulions.

Teach with Tech

Interactive Whiteboard Display the graph of
the radical function on the board. Solve the
equation algebraically, and show students how
this solution relates to the graph. Save your
notes as a PDF and post on your class Web site.

1 Solve Rational Equations
Example 1 shows how to use cross
products to solve rational expressions
when both sides of the equation

are single fractions. Example 2 shows
how to solve rational eguations by
multiplying each side of the equation
by the LCD to eliminate fractions.
Example 3 shows how to determine
which solutions are extraneous
solutions when both sides of a rational
equation are multiplied by the LCD of
the rational expressions that make up
the equation.

Formative Assessment

Use the Guided Practice exercises after
each example to determine students'
understanding of concepts.

|| FRIENDS Saeed canrun
3 kilometers an hour faster than
Sultan. Saeed can run 5 kilometers

in the same time it takes Sultan
to run 3 kilometers. Solve ;-—?—3
= )37 to find how fast Sultan can
run. Check the solution. 4%
kilometers per hour

5 _1__2
2

Check the solution. %

WatchOut!

Preventing Errors Suggest
students make a mental note of
the values for the variable that
make the denominator equal

1o zero.

Suggest that students check their
solutions by substituting them

back into the original equation.
e o




Ix Gx — 9

£j Solve - + =—=8.

State any extraneous solutions.

no solution; 1
b i

+

& N
WatchOut!

Student Misconceptions
Emphasize that the equation
must be solved in order to find
the solution|s) and to determine
whether the solutions are
extraneous. The value of the
variable that would make the
denominator Zero is not
necessarily an extaneous solution
of the rational equation.

L .

Focus on Mathematical Content
Extraneous Roots It is always
important to check a solution to an
equation in the original eguation, but
it is especially important when each
side of an equation has been multiplied
by a variable. If your solution is an
approximation, it is sometimes difficult
to determine whether a discrepancy is
due to rounding or if it is an incorrect
solution.

2 Use Rational Equations to
Solve Problems

Example 4 shows how to use rational
equations to solve real-world work
problems. Example 5 shows how to use
rational eguations to solve real-world
rate problems.

-2 TVINSTALLATION On

Saturdays, Khawla helps her
father install satellite TV systems.
The jobs normally take Khawla's
father about 2-5 hours. But when
Khawla helps, the jobs only take

them 1—;~ hours. If Khawla were

installing a satellite system
herself, how long would the job

take? 3% hours
\ J
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2n im— 30
Solve —— 4+ ———— = 5. Slate any exitraneous solulions.
In in — 30
it e Ovigined equation
im in — 3 Multiply ench =id lhe LCD,
n 5:'{.—5 ¥ :—5}'[" o e
l_s_ ]
FH= In =0 dx—30 )
( 2 _*_,I_s_,}l = ;_I,S,) - {1 — 5)5 Distribative Property
Zyr+ 4n— 30 = 5n — 25 Simypiify.

6n — 30 = hn — 25 Al o= tednrs.

b =58 — 3 = 51 — 58 — 25 Sihtract Sa froin each side
n—30=-25 Simplify.

fn— 30 4 30 = —25 -+ 30 Bald 30 o each side_

a=5 Simplify.

Sinece g = 5 resalts in a zero in the denominator of the original equation, it is an
extranesus solution. 5o, the equation has fo solubion.

StudyTip

] P GuidedPractice

I—3 10 23
Solutions 11 & poassible o gel 3 deey - = 2. State any extraneous solutions. solution: —2
Loth a vl salution and an | =4 wt—d

edranems solulion when e
andving a raional eguation.

Use Rational Equations to Solve Problems You can use rational equations to
solve work problems, or problems involving work rates.

JOBS At his parl-lime job al the zoo, Rasheed can clean the bird area in 2 hours.
Reham can clean the same area in 1 hour and 15 minutes. How long would it take
them if they worked Logethes?

Understand It takes Razsheed 2 hours to complete the job and Reham 1% hururs.

You need to flind the rate that each person works and the total time
! that it will take them il they work together.

Plan Find the fraction of the job that each person can do in an hour.

1 jok
Rasheed's rate —e —

_1.
Ty . Z o pes hoar
1jub 1job
Reham’s rate —w or 5 % job per hour
I-t howrs i hours

Since rate - ime = fraction of job done, multiply each rate by the time
1 o represent the amount of the job done by each person.

592 | Lesson 97 | Rational Equations
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StudyTip L it | iy R

"““k‘"i‘-' “""“m 1 %r i %4 1

mmﬂ;u | 10{%1 1 %,} S0 Mhraadh g D0 ) BUS A bus leaves a station and

rer-u::;r_: :::: I:r o Jr: ! . — travels an average of 80 kilometers

o _ n Ef} : 1“(?’) 0 e Propey per hour towards a city. Another
5t + & = 10 Sirgdily. bus leaves the same station 20

1
13

So, it would lake them 10 hour or about 46 minutes o complete the jobs

Bl Boe levmrs and divide esch side by T3

minutes |ater and travels to the
same city traveling 96 kilometers

il they work together. H per hour. How long will it take the
Check In % hour, Rasheed would complete % * % ar 5—3 of the job and Reham Second.tus i pass the fiest

would complete % - % m‘% of the job. Together, they complete bus? 1hour 40 minutes, or 1§
|5—3 t % or 1 whole job. So, the answer is reasonable. hours

R ) \ P

) GuidedPractice

4. RAKING Alia can rake the leaves in 2 hours. 1t takes her brother Zayed Teaching the
3 hours. How long would it take them if they worked together? ‘Eh“’“' Mathematical Practices

Rational equations can also be used o solve rate problems.

Reasoning Mathematically proficient
students make sense of quantities and
their relationships in problem

& de situations. Encourage students to start
AIRPLANES An airplane takes off and ilies an average of 772 kilometers per hour. problems they work on their own by
Ancther plane leaves 15 minutes later and flies bo the same cily traveling 900 5 d writi il
kilometers per hour. How long will it take Lhe second plane to pass the first plane? p'lﬂ L [I_g - RIL M) S-UINSTERY 5
Record the information that you know in a lable. shown in EIHFI‘II]'E 4.
1 of kilomebers | T2 kiloanelers Ihowrs

oy e 1 Flane 2 took off 15 minuies,

E 2 d 300 -3 !—‘hnuls ﬂ_ur:hmr.uﬁnp 1

E -

E :::::‘:Hum Since bolh planes will have traveled the same distance when Plane 2 pasaes

= mosiog ' 5 i ;

¥ o rcial Night wess 21,500 Plane 1, you can write the following equation.

= kilomeeters from Hong Kong Distance for Plane 1 = Distance for Plane 2

5 Airport in China o London 1 ) )

:E__‘ Hesaitheowr in thee Linited FiZ-¢ =0 - {f I} distance = rube - lime

%, Kingdom. Il ook 72 hours 1 ’

T e 42 mindes T72 = (900 - ) {?ﬂﬂ - I} Disdritndive Propesty

o Seueu o ok ol Mkt 772 = 900 — 225 Sinsplily.

r.:;l‘ .10 225 Subiracl 560! from each gide.

= =175 Divide eech side by —80.

:: So, the second plane passes the first plane alter 1.75 hours.

! P GuidedPractice

=]

I‘-'“ 5. Huda beaves the house walking at 3 kilometers per hour. Aller 10 minutes, her

:‘ mother leaves the house riding a bicycle atl;lll} kilometers per howr. In how many

;.\_ minutes will Heda's mother catch her? “? min

d

Differentiatedinstruction OO

l:’ you think students would benefit by acting out a concept in this lesson,

[::p have students refer to Example 5. Ask students to design a rate problem that two students can
act out, such as walking a certain distance. Have the two students start at different times. The
student who starts later should take more steps per second than the other. Have another
student record the time the one student passes the other. Then work out the problem to see
if the calculations reflect the actual time.



Formative Assessment

Use Exercises 1-8 to check for
understanding.

Use the chart at the bottom of this page
to customize assignments for your
students.

Teaching the Mathematical
Practices

Reasoning Mathematically proficient
students create a coherent
representation of the problem at hand.
In Exercise 28, remind students to
examine their solution in terms of the
situation.

Arguments Mathematically proficient
students can recognize and use
counterexamples. In Exercise 39,
remind students that a counterexample
is a specific case in which the
statement is false. So they need to

write a rational eguation that has a
solution of (.

Additional Answers

25a. line
_ ax 1 5)x— )
25b. fix) = T
=x+5
5¢c. =5
26a. parabola
xix + Z)ix ~ 1)
26b. fix) = S
=x{x—1)
26c. 0,1
27a. parabola

27b. fix) = x% +6x +12
27c. noreal zeros
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Check Your Understanding

Ezamples 1-3 Solve each equation. Slate any extraneous solutions. 6. — ;; extraneows: 1

Example 4

Example 5

2 i - F43 243 a+3 6 _ 1 _4
o =5 bl ¥Tg 5z & 5§
F ] 3t 1 T+3 Ir

1. WEEDING Sultan can weed the garden in 45 minutes. His sister Abeer can weed the
garden in 50 minutes. How long would it take them ko weed the garden if they

15
work fogether? 3g hour or about 0.4 hour

&, LANDSCAPING Amer is [illing a 13.2 liter bucket o water plants al a faucet that Mows al
a rate of 6.6 liters a minute. If he were bo add a hose that flows ai a rate of 5.4 libers per
minute, kow many minubes would it take him to fill the bucket? Round bo the nearest
tenth. 11min

Practice and Problem Solving

Examples 1-3 Solve each equation. Stale any extraneous solutions.

Ezample &

Ezample 5

g+ 2
.‘E _153 ﬂ'Hﬁ-l %q 11_”]—2 %%
R o 4 g2 2w g, g
< +4
TP w3ty 4o
ﬂ_ﬁq% 2 —2.3 ﬂ-%‘azﬁ_g I-E];
B M B0 g nosoltion; 20, F5R=6. 23 mo3 o soluton:
extraneous: 1 E——

21. PAINTING [t takes Saeed 3 hours bo paint one side of a fence. It lajkea Tarek

5 hours. How long would it take them i they worked together? 5 hours or 1; hours

27. DISHWASHING Obaid works as a dishwasher and can wash 500 plates in two hours and
15 minutes, Abdulrahman can finish the 500 plates in 3 howrs. About how long would
it take them to finish all of the plates if they work logether? %hnurs .,,—13 hours

7
23. KE A hotel has wo ice machines in its kitchen. How many . rF
hours would it take both machines to make 60 kg of ice? Round g @8
o the nearest tenth. 26.2 hours FENEER S
Ehkgiday 25 kgiday

24, CYCLING Two cyclists travel in opposite directions around a
5.6-kilometer circular trail. They start at the same time. The first
cyclist completes the trail in 22 minutes and the second in
28 minutes. Al what time do they pass each other? T2.32 min
25-27. S5ee margin.
GRAPHING CALCULATOR For each fumction, s) describe the shape of the geaph,
b} use facloring to simplify the function, and <) find the zeros of the funclion.

P —x—30 S 4 -2 o+ Bt 4 121
B == el s i G =

28. REASONING Abdulkarim can paint a standard-sized house in about 5 days. For his
latest job, Abdulkarim hires bwo assistants. Al what rale must ll'ée-se assizlants work
for Abdulkarim to meet a deadline of two days? They must Fﬂhﬂﬁu{ﬂg house each day for 2 days.

277, s
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Differentiated Homework Options
Level | Assignment Two-Day Option
O Basic | 9-24,37-57 9-23 odd, 41-44 10-24 even, 37-40, 45-57
O core | 9-270dd,28-31 33, 9-24, 41-44 | 25-35,37-40,45-57
35, 37-57
D Advanced | 25-57

LOMEANEE | [HwEEy 3 i b



an

Enmyrignt © MG HI Eda

29. AIRPLANES Headwinds push against a plane and reduce its total speed, while tailwinds
push on a plane and increase its Lotal speed. Lel w equal the speed of the wind, r equal
the speed set by the pilot, and s equal the total speed.

a. Wrile an equation for the total speed with a headwind and an equation for the total
speed with a tailwind. s=r—w,s=r+w

b. Use the rate formula b write an equation for the distance traveled by a plane with a
headwind and another equation for the distance traveled by a plane
with a tailwind. Then solve each equation for lime instead of distance. d d

d=tr— wld=tr+wht=r—g.t=1 4
b 30. MIXTURES A pitcher of fruil juice has 3 liters of pineapple juice and 2 liters of orange
juice. Fatheya wants to add more orange juice 2o that the fruit juice mixture is 60%
orange juice. Let x equal the liters of orange juice that she needs to add.

a. Copy and compleie the lable below.

Mersof | Tolsiilers |  Pescentof
g Oeange Juice | ofjsice | Orange luics
5

ariginal mixlure 2 0.4
il imialisn = FEN 54+ x 0&E
: i ] e 24x _
b. Write and solve an equation to find the liters of orange juice toadd. = 0.625pt

DORMITORIES The number of hours k it kakes to chean a dormitory varies inversely
with the number of peaple cleaning it ¢ and directly with the number of peaple living
there .

a. Write an equation showing how k, ¢, and p are related. (Hint: Include the
constant k) p — -

b. 1t takes B howes for & people bo clean the dormilory when there are 100 people
there. How long will it take to clean the dormitory if there are 10 people cleaning,
and the number of people living in the dorm stays the same? 4 hours

Solve each equation. State any extraneous solutions. —1:|:ﬁ'
+2  b+2  B—1 —x—6& 4t 5
32 PO T T1 H.Ti o 3 extraneous: 0, —2
) 15 " 1
v i5y—6 5 6 a =3y =3y 4u; S50
34. 3_ g0 v V- | - 5. - x— 5 T_ n
¥ ] ¥ —2y" extraneous: 0 x"— G

Ir 4+ 3 2 1 37. The extraneous solution of
36. CHALLENGE Solve = t 2, 3 a rational equation i an

-2 fx+1Hx—-2  + 1M -3

excluded value of one of
37. REASONING How is an excluded value of a rational expression related to an the expressions
exlranesus solution of a corfesponding rational equation? Explain. in the equation.

3a. @*HH‘IH& IN MATH Why should you check solutions of rational equations?  See margin.

39. ARGUMENTS Find a counterexample for the following statement.

The solution of @ retional equation con never be zern.  Sample answer: = —.B =0
40. WRITING IH MATH Describe the steps for solving a rational equation thal is not a
proportion. Sample answer: First, find the LCD of the fractions in the equation. Then multiply
each side of the equation by the LCD. Simplify and use the onder of

operations to solve for the variable.

H.O.T. Problems  Use Higher Order Thinking Skills

Additional Answer

38. Sample answer: Multiplying each
cide of a rational equation by the
LCD can result in extraneous
solutions. Therefore, all solutions
should be checked to make sure
that they satisfy the original
equation.
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Yesterday's News Have students write
how knowing how to simplify mixed
expressions helped them with today’s
lesson.
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41 It takes Ali 4 howrs to build a fence. I he hires

Omar to help him, they can do the job in 3 hours.
If O'mar built the same fence abone, how bong
would it take him? D

43. Twenty liters of lemonade were poured inko bavo

containers of different sizes. Express the amount
of lemonade poured indo the smaller contaimer
in berms of g the amount poured inko Uee lafger

5 container. D
A IF hours C 8 hours

5 A g+ 20 Cg—10
B S;hnum D 12 hours B 20+g D 2-g

44. GRIDDED RESPONSE The gym has 2-kilogram
and 5-kilogram dizks for weight lifting. They
have fourteen disks in all. The tokal weight of the
2-kilogram disks is the same as the total weight
of the 5-kilogram disks. How many 2-kilogram
disks are there? 10

42, In the 100-meter race, Adnan fnished 35 meters
ahead of Mansour and 53 meters ahead of Ayoub.
How far was Mansour ahead of Ayoub? F

F 18 m G 35m H 53 m T B8 m

‘.

45. POPULATION The country of Latvia has been experiencing a 1.1% annual decrease in
population. In 2009, its population was 2,261,294 Il the trend continues, predict
Latwia's population in 2019, abowt 2,172,453

46. TOMATOES There are more than 10,000 varieties of tomatoes. One seed company produces seed
packages for 200 varieties of tomatoes. For how many vareties do they not provide seeds?
Sample answer: Let t = the number of tomato varieties for which they do not produce

seeds, £+ 200 > 10,000; {t | ¢ >9800}

47. DRIVING Tires should be kept within 2 kilograms per square centimeber (psi) of the
manufacturer’s recommended tire pressure. Il the recommendation for a tire is
30 psi, what is the range of acceptable pressures? {pl28 < p < 332}

Express each number in scientific notation.

48. 12,300 1.23 x 104 49, 0.0000375 375 X 10—° 50. 1,255,000 1.255 x 105

51. FINANCIAL LITERACY Mohammad has AED 13 to order pizza The pizza costs AED 750 plus AED 1.25
per topping. He plans to tip 15% of the total cost. Write and solve an inequality to
find out how many toppings he can order.
7150 + 1.25¢ + 0.15(7.50 + 1.258) < 13; 3 or fewer toppings

Solve each inequality. Check your solution.

52.%«:5{hlb£‘jﬂ} 53. 7> L frir>49) =

S4. cy= 15 [yly=—24)

Determine the probability of each event if you randomly select a marble from a
bag containing 9% red marbles, & blue marbles, and 5 yellow marbles.

55, Plblue) 0.3 56. Plred) 0.45 51. Pinot yellow) 0.75

596 | Lesson 97 | Rational Eguations
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Graphing Technology Lab

Solving Rational Equations

You can use a graphing calculator to solve rational Mathematical Pradices

equations by graphing, by using tables, and by using T nppep e ot ey

a computer algebra system [CAS).

To solve by graphing, graph both sides of the equation
and locate the pointjs) of intersection.

e d 1
Activity 1 Solve a Raional Equation by Graphing =
5 3 .
Solve P by graphing.
m Add a new Graphs page. | m Usze the intersection Pointis) tool from the
Points & Lines menu to find the intersection
m Use the Window Settings option from the of the two graphs. Select the graph of fijx)

WindowiZoom menu to adjust the enter and then the graph of {2(x) enter.

window to — 20 to 20 for both x and y.
Sel both scales bo 2.

E=E Enter — into fifx) and 3 into 2{x). _

m Change the thickness of the graph of
fifx) by selecting the graph of fi(x) and

the ctrl menu Attributes oplion.
[ 210, 20 sck 2 by |20, i nck 3

The graphs intersect at (3, 1). This means that

> and 3 both equal 1 when x = 3. Thus, the

T+
5 3 .
solutionof —— = Fisr=3.
L
Exercizes
Use a graphing calculator to solve each equation.
5. 4 g 2 .3 _ 3
L+ H!E I.Tl? E‘E
6 3 5 SR LA
3.;?5 IEE l.;l; 133
41 x—2 3 5 5
E.Tf oz x or2 E-ﬁx—zr; 'I'.Ig
2r4 1 3 2 1 X 5r 4+
ATty TN Lt oo
1 5 3 n ix—3 2r+ 5 5
E.EI; P ﬂﬁ T3 6 no solution

‘1 Focus

Objective Use graphing technology fo
solve rational equations.

Materials
= graphing calculator

Teaching Tips

= For Activity 1step 3, remind students
that to enter PrSY they will need
to put parentheses around the
denominator. Then they will need
to use the tab key to move the
curser to the entry line

to type % into f2(x).
= When changing the windows settings,

use the tab key to move from one
field to another.

= A spreadsheet program can also be
used to complete Activity 2.

= For Activity 3, remind students that
they cannot edit a line once they
press enter. However, they can use
ctrl c and ctrl x to copy and paste a
line, and then make edits.

| 2 Teach

Working in Cooperative Groups
Divide the class into pairs. Work through
Activity 1as a class. Then ask students
to work with their partners to complete
Exercises 1to 10 and Activities 2 and 3.

Practice Have students complete
Exercises 11to 15.



-3 Assess

Tips for New Teachers

Using Tables Point out to students that
the table method only works when their
table includes the x-value(s) of the
solution(s). If a solution is not found with
a table with integer values of x, students
should adjust their x-values or use
another method to find any solutions.

Formative Assessment

Use Exercises 16—19 to assess each
student’s knowledge of solving rational
equations.

From Concrete to Abstract

Ask students to summarize the use of
technology to find the solutions to
rational eguations.

Graphing Technology Lab
Solving Rational Equations costinvea

241 z42
== = using a table.

m Add a new Lists & Spreadsheet page.

m Label column A as x. Enter values from —4 to 4 in
cells AT to AD.

Solve

m In column B i the formula fow, enter the left side of
the rational equation, with parenthesis around the
binomials. In column C in the formula row, enter the
right side of the rational equation, with parenthesis
around the binemials. Specily Variable Reference when
prompled.

Scrodl until you see where the values in Columns B and C are equal. This eccurs at x = 4.
4+l x+32
3 7 B 4.

Therefore the solution of

‘fou can also use a computer algebra system {CAS) 1o solve rational equations.

S i —%uﬁingac.ﬁ.ﬁ.

m Add a new Cabculator page.

m To solve, select the Solve tool from the Algebra menu. Enter
the left side of the equation with parenthesis around the
binomials. Enter = and the right side of the equation. Then
typre a comma, fllowed by x, and then enter.

The solution of 4 is displayed.

Use a table or CAS o solve each equation.

3 244 x43 1 1 et g
o4 5 =t A L S Bt ia=t—g =
1 7 g
I 2 B 3 4 1 1 42 ] £
W oyt =x=01—73 e e R B s = S G -
% x4l 2 3 4 =TiydE . = B
L S r —lor3 B+ 53 7 bl Tl 3
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Study Guide and Review

Study Guide
1 T 5
| KeyConcepts [ | KeyVocabulary
Square Root Functions asymplote radical function
= A square root function contains closed radicand
the square root of a variable.
conjugate rate problem
= The parent function of the
family of square root functions excheded valus rationalize the
denominator

is fix) = Vx.

Simplifying Radical Expressions

= A radical expression is in simplest form when
* no radicands have perfect square factors other than 1,
= no radicals contain fractions,

= and no radicals appear in the denominator of a fraction.
Operations with Radical Expressions and Equations
» Radical expressions with like radicals can be added

or subtracted.

= lise the FOIL method to multiply radical expressions.

Inverse Variation

x ¥3

= You can use ﬁ ¥, '0 solve problems involving inverse
variztion,

Rational Functions (1

= Exrluded values are values of a vanable that resuit
in & denominator of zero.

= |f vertical asymplotes occur, it will be at excluded values.

Solving Rational BEquations
= lse cross products to solve ratienal eqguations with a single
fraction on each side of the equals sign.

| [TIETAE)| StudyOrganizer

Be sure the Key Concepts
are noted in your Foldable.

EEE ] 8

Radica
Fune tioag
and

Feoraitry |

extraneous solution

ratienal function
inverse wariation

prodact e rational equation

radical equations square root function

work problem
radical expression

i VeocabularyCheck i

State whether each sentence is true or folse. If foise, replace
the underlined word, phrase, expression, or number to make
@ true sentence.
1. The expressions I_lﬁ and /2B are eQLENale
false; 12+ 2

2. The expressions 2 + 5 and 2 — /5 are conjugates.
true

3. Inthe expression 542, the radicand is 2. true

4. If the product of two variables is a nonzers constant, the
relationship is an inverse variation. true

5. Ifthe line x = ois a vertical asymptote of a rational
function, then o is an excluded value. true

6. The excluded values for — = are —2apnd —3 true
©+5+6
Ir
1. The equation — < has an exfraneous solution, 2.
r—1 x—2
true
599

Formative Assessment
KeyVocabulary If students have
difficulty answering questions

17, remind them that they can review
the lessons to refresh their memories
about the vocabulary terms.

||E‘L*:L@ StudyOrganizer

Dinah Zike's Foldables”

Have students look through the chapter
to make sure they have included
examples in their Foldables for each
lesson of the chapter. Suggest that
students keep their Foldables handy
while completing the Study Guide and
Review pages. Point out that their
Foldables can serve as a quick review
when studying for the chapter test.

599



Lesson-by-Lesson Review
Intervention If the given examples
are not sufficient to review the topics
covered by the questions, remind
students that the lesson references tell
them where to review that topic in their
textbooks.

Additional Answers

8. translated down 3 units; D = [x |
x=0R={y|y=3)
|
!

ﬁ_.:_._'_'._._ 7/’__

9. translated up 2 units; D ={x|x =
OjR={y|y=—2
. 7| .
|

ﬂ

SIS

8.
9.
0.
1
12.
13.

.

Graph each function. Compare to the parent graph. State
the domain and range.

8-13. S5ee margin.
y=+x—3

y=+x+2

¥ Lk

F=+x—86

y=vr—-1

y=+x+5

GEOMETRY The function s = +/A can be used to find
the length of a side of a square given its area. Use this
function to determine the length of a side of a square

with an area of 90 sguare centimeters. Round to the
nearest tenth if necessary. 9.5 cm.

3+x. Compare to the parent graph. State the
domain and range.

Graphy —

Make a table. Choose nonnegative values for x.

o 1 2 k| 1
D|-3| =42 | =52 | —&

Plot points and draw a smooth curve.

RN
| I .
.:i::cr

The graph of y = +/x is stretched vertically and is reflected

across the x-axis.
The domain is [xlx = O}

The range is {py < OL

18.

21

23.

25.

e

Simiplify.

15. /367y By >y 16, V20a0® 26+/Sab
7. Vi-Ve 32 18. 273 -z 36

-5 2 —8V5 20 fi+ I V243

50 5-'ql'r2 v(l 3 "r'rjf'
g lal 2. 5 V4 W
3 - 5 5/7-320
—5— 3‘J|I5 24. —_—
2-5 Vi+s 28

WEATHER To estimate how long a thunderstorm will

%. where t is the time in hours and

d is the diameter of the storm in kilometers. A storm s

10 kilometers in diameter. How long will it last?
about 2.15 hours or 2 hours and 3 minutes

last, use ¢

) z
Simplify ———.
MWH V3

2

1+y3
2 _A-vh .
143 a—3
M4 — 3
2 - (v3)*
B— 21 3
653 =

B— 23
I

Chapter 8 | Study Guide sl Review

10. stretched vertically and reflected across the n

xaxis;D ={x|x=0LR={y|y=10)

1¥

600 | Chapter 9 | Study Guide and Review

translated down 6 units; D =[x | x = 0},
R={y|y=—6}
¥




Simplify each expression.

26 VE - V5 + Wi+ 53 26+ 13
21. 2v/6 - Vg 2V6 — 43

2B, 4VEx - 3V + 3 8V/3x

29. V50 + V75 5V2 +5V3

30. VI(5 + 13) 5V2 +3VE

. V3 - VEWI + 4 —2V30 + 1342

32, (65 + N2 3 . .
2410 + 8VZ + 615 + 24/3

33. MOTION The velocity of a dropped object when it hits
the ground can be found using v fﬂgd where v is
the velocity in meters per second, g is the acceleration
due to gravity, and d is the distance in meters the object
drops. Find the speed of a penny when it hits the ground,
after being dropped from 984 meters. Use 9.8 meters
per second squared for g. about 76.68 mi's

Simpiify 246 — /24.
2VE — vV = 16 - V1.8
e - /e

a Simplify.

| Ecampled
simptify (3 — VZ)(+/3 + 24/2).
(v3 - v2)(v3 + 2v/2)

(v3)(v3) + (Va)zv2) + (-v2)(v3) +
(V2)2vz2)
3+ A6 -VE+4

7T+

Solve each equation. Check your solution.
34 10 + 2 +x = 0 no solution
B/AE-—-6=7 —#

3. Vord=632

2 ax=23
BWAxiA-x-812

V- Mix=68

40. FREE FALL Assuming no air resistance, the time £ in
seconds that it takes an object to fall b meters can be

2
determined by ¢ TI If a skydiver jumps from an

airplane and free falls for 10 seconds before opening the
parachute, how many meters does she free fall? 480.5 m

Solve Wix +4 — 18 =5

Vikra-1=5 Dirgjinal ssjuation
Vixva=123 At 18 1o each side
(Vi +a) = 3t e £ Sde
Te+ 4 =51 Samplity
Ix = 525 Subdract 4 from each side.
x=T75 Dividde eech side by 7.
CHECK +Txrd4 -1 =5 Origiral exuation

VTS r4 -8B <5 =75

V55 14 -1BZ5 Multipy
V529 —18 <5 Add.

B[S Simplily
E=54 T

Additional Answers

12. ftranslated right 1 unit; D = {x |
x=1,R=y|y=0]
v T

13. franslated up 5 units; D =[x | x =
OLR={y|y=5}
B T
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Additional Answer

49. [T

+—20
(15 \--'_ T
L p =
Le | 1

| O tlr- 101520 25

The vertical asymptote is atx = 0
and the horizontal asymptote is
aty=0.

Additional Answers (Practice Test)

1. reflected across the x-axis;
D={x|x=0L,R=[y|y =<0

2. compressed vertically;
D={x|x=0LR={y|y=0
T 1 T T F' | '!' 1
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3. translatedup S5 units; D ={x|x = 0, R=

Study Guide and Review continued

Sobee. Assume that y varies inversely as x_

a1. ify = Awhenx = 1, find x wheny = 12 %
1
a2 Ify 1when x 3, find y when x 9 —3
43, Ify = Lo whenx = 6, find y when x L. ]
%6

a4, PHYSICS A 61 kilograms person sits 1.5 m from the
center of 2 seesaw. How far from the center showld
a 19 kilograms person sit to balance the seesaw?
18T m

Lesson-by-Lesson Review

Example &

If y waries inversely as x and y — 28 when x — 42,
find y when x — 56.

Latx, = 42, ¥, = 56, and y, = 2B. Sobve for .
B :
‘__;I r_ Proporiion for inves s& variafion
2 _Fr LiE
5E B Subrstitulon

e 55}"2 Cross muliply
N=y,

Thus, ¥ = M when x — 56.

State the excluded value for each function.

1 2 5
-15.}" i

x—3 3 % r=5"%
3 —
% 2 B r=53%

a7, y

49, FIZZA PARTY Hiyam ordered pizza and soda for her
study group for AED 38. The cost per person y is given by

i3
¥ = =, where ¥ is the number of people in the study
group. Graph the function and describe the asymptotes.

State the excluded value for the function y — ﬁ

Lat the denomanator equal 1o zero.

Ax + W6 =0
dx+16—16=0~-16 Subiract 36 from sach side.
Ax L. Simmplily.
¥ 4 Divide each site by 4

See margin.
7 Rational Equations
Solve each equation. State any extranecus solutions.
50. % { ﬁ 3;:,—tt;r] % extranegus: 2
N
s Lt =12
53, —— ——L quﬁ no solution
56— -2 24

55. PAINTING Wafa can paint a room in 6 hours. Hana can
paint a ropm in 4 howrs. How long will it take them to

paint the room working together? 5o IE hours

5'"'";113; P22l
3 g3 1
P43 x+d S
x4 3](51—3|] + xfx 4 3;[(;1‘;'} Xl 3:[}}
It 2)= et 3
T+l e=xt 3
PHx=0
Mx+1=0
x=Dorx 1

The solution is —1, and there is an extraneous solstion of 0.

Chapter 9 | Sludy Guide and Review

ly=5)

MK L

translated left 4 units; D =[x | x = —4},
R={y|y=0]
e

?ff et

OENEd |1k
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Practice Test

Graph each function, and compare to the parent graph.

State the domain and range. 1-4. S5ee margin.
1Ly I

2y %t.-"::

L y=+T+5

4 y Vrid

5. MULTIPLE CHOICE The length of the side of a square
is given by the function s V' A, where A is the
area of the square. What is the perimeter of a square
that has an area of 64 square centimeters? €

A &4 centimebers
B 3 centimeters
C 32 centimebers

D 16 centimeters

Simplify each expression.
6. 5v/36 30

3
A —3—3v2
1—v2

8 23173 93
8. 31WE(EVI) 30W3

10. MULTIPLE CHOICE Find the area of the rectangle. H
4

'L

F ™2

G

H 142
7 92

Solve each equation. Check your solulion.
#. 10z = 20 40 2.Vaxr—3=6-x3
13. PACKAGING A cylindrical container of chocolale

drink mix has a volume of about 25647 m®. The
radius of the container can be found by wsing the

Tormula r \/11—"; where r is the radius and  is the

height. If the Reight iz 21 centimeters, find the
radius of the container. about §.24 cm.

Determine whether each Lable represents an inverse
variation. Explain.

1. Ho; the
= |
¥ W
are not the
sAMe.

4 | 12
"

Solve. Assume that y varies inversely as x.
15. Wy = 3Iwhenx =9, {ind x when y = 1. 27

16. Wy = 2whenx = 0.5, find y whenx = 3. 3

Assume thal § varies inversely as x. Wrile an lnverse
variation equalion that relates x and y.

16
I y=2whenx=8 y=—+

18, v 3 when x Ijl'=—%

19. MULTIPLE CHOICE Humaid can shovel the driveway
in 3 hours, and Hamad can shovel the driveway in
2 howrs. How long will it take them working
togpether? J

F 6 hoors
G 5 hours

3
H Ehuurﬁ

1} % hioirs

20. PAINTING Jassim can paint a 60-square meter wall
in 40 minutes. Working with his friend Jamal,
the two of them can paint the wall in 25 minutes.
Huowe hnaﬁauldiit take Jamal to do the job

603



1 Focus

Objective Use the strategy of drawing
a picture to solve standardized test
problems.

2 Teach

Scaffolding Questions

Bsk:

= Have you ever drawn a picture to
help solve a problem? Answers will
vary.

= What kind of information did you
include in the picture? Answers will
vary.

= Why do you think it is helpful to draw
pictures when solving problems?
Sample answer: It allows you to see
relationships in a different way, which
makes it easier to solve the problem.

Q’reparing for Standardized Tests
o

Draw a Picture

Sormetimes il is easier lo visualize how to solve a problem il you
draw a piclure lirsl. You can skelch your piclure on scrap paper
o in your lest bookled (il allowed). Be careful nol make any marks
on your answer sheel other than your amswers.

Strategies for Drawing a Picture
 Step 1|

Read the problem statement canefully.
Ask yourself:
= What am | being asked o sohe?
= What information is given in the problem?

+ What is the unknown quantity for which | need to sobve?

Sketch and labsel your picture.
= Draw your piclure a5 clearty and accurately as possible.

* Labwl the piclure carefully. Be sure to inchede all of the information given in the
problem stalement.

[ Step 3

Solwe the problem.

= Use: your picture to help you model the problem situation with an equation.
Then solve the equation.

= Check your aiswer lo make sure il i reasonable.

Read the problem. Idealily whal you need bo kiow. Then use the information in the
problem o solve. Show your work.

An 55 meter ladder s leaning against a building. For stability, the base of the
ladder must be 100 centimeters away from the wall. How far up the wall does the
ladder reach?

604 | Chapter 9 | Preparing lor Slandardized Tests

604 | Chapter 9 | Preparing for Standardized Tests
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Read the problem

statement carefully. You
know the height of the
ladder leaning against the
building and you know

that the base of the ladder
must be 100 centimeters away
Feom the wall. You meed bo
fimd how far up the wall

the ladder reaches.

Example of a 2-point response:

Full Credilt: The answer & comestl and & full explanation is 2
ik Chal shows each shep.
Pariial Credit: 1

= The answer & cornec, bl (e explanation & mcomplete.
= The answer & incoried, bul the explanation & cored,

Mo Credit: Gither an amwer & nol provided o the answer o
does nol make seave.

First converl all measurements to mebers.

100 centimeters = 1 meter

Use a right triangle to find how high the ladder reaches.
Diaw and label a triangle bo represent the siluakion

1

You know the measures of a leg and the hypotenuse, and need to know
the length of the other leg. So you can use the Pythagorean Theorem.

552 =124 b2
30025 =1+ ¥
2925 = b
154 ="
Gdrh

100 centimeters = 1 meter

The ladder reaches about 5.4 meters_

Read each problem. Identify what you need to know.
Then use Lhe information in the problem to solve.

Show your work.

1 A building casts a 4.6 meter shadow, while a billboard
casts a 1.4 meter shadow. Il the billboard is 7.9 meters
high, what is the height of the building? Round Lo the
nearest enth il necessary. about 25.95 meters

2. A space shuttle is directed toward the
Moon, but drifts 1.2° from its intended
course. The distance from Earth to the
Maoon is about 386,200 kilometers. 1T the
pilot doesn’t get the shulile back
on course, how [ar will the shultle
have drilted from its intended landing
position? B165.4 kilometers

SHORT RESPONSE Bilal is
standing next to a purple martin
birdhouse that is on the ground. The
bird house casts a shadow that is
68.58 centimeters long. The Sun is
at an elevation of 73°. What is the
height of the purple martin bird
house? Round to the nearest tenth
of a meter.

Sample 2-point response:

Draw and label a right triangle to
represent the situation.

X cm
w
6B.58 cm

Set up and solve an eqguation.
X

tan 13" = Ea.53
6BRBtan 73" =x
224=x

The purple martin bird house is
l\_ahuut 2.2 high.

Use Exercises 1and 2 to assess
students’ understanding.
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Standardized Test Practice

=
. I

éllmllliti‘!e, Chapters 1 through 9

Read each question. Then fill in the correct answer on
the answer document provided by your leacher or on a
sheel of paper.

1. Each year a local country club sponsors a tennis
tournament. Play starts with 256 participants.
Durng each round, hall of the players are
eliminated. How many players remain afler
& rounds? D

A 123
B 64
C 16
D4

58 — 5%

2. Evaluate f

F 5%
& 5

5
Ly

B

. B

3. Which of the following numbers is less
than zer? D

Al03x107™

B 75x10°

C 821543 x 10™
D none of the above

4. Write an equation in slope-intercept form with
&ﬁnp-enf%andy—intﬂmeplnfi L]

606 | Chapter 9 | Standardized Test Practice

5. Bilal is playing pames at a family fun center. 5o far
he has won 38 prize tickets. How many more
tickets would he need to win to place him in the

gold prize calegory? &

Mmiber of Tickeds | Prise Cafegory

120 br e
-0 vt
S gus: -
&1-80 platisnm

F 2=p=22

G322

H1=i=20

I 3<i1<20

6. Which of the following is an equation of the line
perpendicular to 4x — 2y = 6 and passing through
4, —4)2 1

F y= -%r!—ﬂ

Gy:--%x—l

Hy'-—%x—-i
1

J y:—ix--i

LOENEE | R 3 4Bt
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Record your answers on the answer sheet provided by
your leacher or on a sheel of paper.

7. GRIDDED RESPONSE Mr. Abdalla bought a total of

9 tickets o the zoo. He bought children tickets at
the rate of AED 6.50 and adult tickets for AED 9.25
each. If he spent AED 69.50 allogether, how many
adult tickets did Mr. Abdalla purchase? 4

What is the domain of the following relation?
{2, 1), (4. 3), @ &)} 2.87)

Raszhid just added 15 more songs to his digital
media player, making the tobal number of songs
more than 84, Draw a number line that represents
the original number of songs he had on his digital
media player. See mangin.

Khalifa bought a rare painting in 1995 lor

AED 14,200, By 2003, the painting was worth
AED 17120, Assumiing thal a linear relationship
exisls, write an equation in slope-intercept form
that represents the value Vol the painting alter
I years. Wif) = 365¢ + 14,200

Ahmed spent AED 24.50 on peanuts and walnuis
for a dinner party. He bought 1.5 kilograms more
peanils than walnuls. How many kilograms of
peanuts and walnuts did he buy?

Peanls AED 3.80
Cashews € AED E.90
Wairmls w AED 5.60

3.5 kgs of peanuts and 2 kgs of walnuts

GRIDDED RESPONSE Mora purchased a car several
years ago for AED 21 459, The value of the car
depreciated at a rate of 15% annually. What was the
valwe of the car after 5 years? Round your anawer bo
the nearest whole dirham. 9521

13. GRIDDED RESPONSE The amount of momey that
Nasser earns varies directly as the number of hours
thal he works as shown in the graph. How much
money will he earn for working 40 hours next
week? Express your answer in difhams. AED 600

-
m

-

i
0

Wages Eared

o 1 X3 &5 &7

Howrs Worked

Record your answers on a sheet of paper. Show your
work.

4. The fare charged by a taxi drive is a AED 3 fixed
charge plus AED 0.35 per kilometer. Maysoun pays
AED 10 for a ride of m kilomebers.

Part A Write an equation that can be used to find m.
Show your work. 3+ 0.35m =10

PartB Usze the equation in Part A to find how
many kilometers Maysoun rode. Show

vour work. 20 km

Chaples 9 Standandied Test Pradics

Homework Option

Get Ready for Chapter 10 Assign
students the exercises on p. 609 as
homewaork to assess whether they
possess the prerequisite skills needed
for the next chapter.
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Lesson 9-1 (Guided Practice)

2A. stretched vertically and
reflected across the x-axis;

2B. stretched vertically and
reflected across the x-axis;

D={x|x=0), D={x|x=0)
R={r|r=0] R=lelr=0 .
S R T ¥
h 3] X
L
N
3A. translated down 4 units; 3B. translated left 3 units;
D={x|x=0), D={x|x=-=3}
R={y|y=—4 R={y|y=0]
¥ ¥
-
Q X Q X
'_'_....-F
=T |
f
Lesson 9-1
1. vertical stretch of y = +x ;. 2. vertical stretch of y = W&
D={x|x=0], and a reflection across the
R=[y|y=0} x-axis; D ={x | x = 0],
R={y|y=0)
W T T LT 7
o X

/

o X

3. vertical compression of
y=+%D={x|x=0],

y

4, vertical compression of
¥ = +/x and a reflection

R={y|y=0] across the x-axis;
D={x|x=0}
R=[y|y=0]
¥ ¥
i
[#] ¥ 0 C 3

607A | Chapter® | Answer Appendix

5. translated up 3 units;

D={x|x=0)]
R={r|y=3)

¥
~o [ x

7. translated left 2 units;

D={x|x= =32},
R={y|y=0]
| ¥
i =
R
o X

10. vertical compression of +x
and translated up 2 units;

D=ix|x=0],
R={y|ly=2)
Y]
|
| _
- e
|
o[ | X
|

12. translated left 1 unit, vertical
stretch and reflected across
raxis;D={x|x = 1),

R={yly=0
Y]
1
i
*'D X
e
[ 1 Pl

6. translated down 2 units;

D={x|x=0),
R=Fly=-2
¥
—
9] L+~ *
fi'

8. translated right 3 units;

D={x|x=3]
R=1[y|y=0)
¥
[e] X

11. vertical compression of +/x,
and reflected across the
x-axis and translated
down 1unit; D = [x | x = 0},
R={fy|y=-1
. T

13. translated right 2 units and

vertical stretch of +/x:
D={x|x=2)
R={y|ly=0)
¥
[
o X

wbpagoy

WD

o

MBS
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4. vertical stretch of +/x; 15. vertical compression of +/x; 22. translated up 2 units; 23. translated up 4 units;
D={x|x=0], D={x|x=0} D={x|x=0], D={x|x=0}
R=[y|ly=0] R={y|y=0] R={y|y=2) R={y|y=4)
. "’.fH’ . | . A O I IELEEEN =S, .. O
/ i - Lrirrll _ !'"I
‘I"'!"'— | | 2! - | | 1 1§ | 8
(_ ! RN o ’ X M EEEEEEEE] L
! |
. !
4] X 111 [ 1 MG [ x
Ly | Ly [ I
16. vertical compression of /% 17, vertical stretch of /- 24, translated down 1unit; 25. translated down 3 units;
and reflected across the D={x|x=0], D={x|x=0], D={x|x=0]
x-axis: D = {x | x = 0], R={y|y=0] R={yly=-1} R={y|y=-3)
R={y|y=0] | ¥ Ll ¥ [ N R
] EELE 1N |
| | | | 12] L f| | | | | — T T T T = i N i Ol il il
—10{ - = '
_2 . | ! B Dr/ X _a —‘___...--"'"qf‘
S | | | |
[ al L Ly [ |
i 2f 1
0] 2 4 T 8 1012 14 . | o
| ]
. 26. translated up 1.5 units; 27. translated down 2.5 units; g
18. vertical compression of +/x 19, reflected across the x-axis; D={x]|x=0], D={x|x=0] e
and reflected across the D={x|x=0) R={y|y=15) R={y|y=-25] g
x-axis; D =[x | x = 0], R={y|y=0 ¥ - ¥ B
= [T 1T 1 ="T1 ' | =
R {J;.r |y=0] - - e | 5
[ ¢! ! ! ! . | | | | T
— - §
[ | — - -
- ! | 0 0
- - HEEEEE . ' j_..--'""'"" t——+-% a
e e S - 3¢
O] T —— Op LT ] ] ,
i | ""'-l-...__‘__ 1¥ | | L L i
|
i T 28. translated left 4 units; 29, translated right 4 units;
T : 2 D={x|x= -4, D={x|x=4]
20. vertical compression of +/x 21, vertical stretch of +/x and R={y|y=10] R={y|y=0
and reflected across x-axis; reflected across the x-amnis; . | ¥l | ¥| '
D={x|x=0], D={x|x=0), ’ |
R={y|ly=<0) R={y|y<0 ™ et S
e ——— ¥ I _#
| Y] ERHE EEEEEN
—86-4 (0] 2 46 @x 5] X o ¥
] |
£ |
X
| g |
0 — o i
=12 | !
14
BETY B, Y
o\




30. translated left 1 unit; 31. translated right 0.5 unit; 39. vertical compression of 40. vertical compression of
D={x|x= -1}, D={x|x=05] ¥ = +/x and translated up ¥ = +/x and translated up
R={[y|y=0] R=[y|y=0] 2 units and right 1 unit; 1 unit and right 2 units;

EViEE =7 Y] D={x|x=1.R=[|y=2) D=x|x=2R=[y|y=1
i il _;: | | 7 —
_..lll"""—. ! i . "‘;F",..l-l"" | | = | | | |
f—f po- 1 h
o ML | EEEE ERESEEEES
X x| | [ ]
o] | ¥ o X
| [
A
| L {L UL n ] LT |
I
32. translated left 5 units; 33. translated right 1.5 units;
D=fx]|x= -5} D={x|x=15), 41. 42a. AT T 7T
R={|y=0] _ R=[y|y=0
o ; ¥
& ! [
I T
Pt I {11 f',..r!"‘ !
~8 64 |0] 2 4 6 8% ~0 X [0, 28] scl: 1 by [0, 28]
I | - | ! : | | 1 | | S'EI:T i -l-"i"-.-—._.-—_.-.-— A
. foif -
B N I A , ot A
% ' : 43a.
35. vertical stretch of = +/x, 36, vertical stretch of y = +/x,
3 reflected across the x-as, reflected across the x-axs,
5 and translated up 2 units; and translated down 2 units;
= D=[x|x=0], D={x|x=0]
- R=[y|y=2 R={fy|y= -3
. A — . ——
= ] Y .
H o x| [0, 1000] sck: 20 by [0, 1000] scl: 01
=]
VX ifx=0
5 l'%.\ a4a. \ ' m.,u:{ ff” :
O] ™ X I | l ' [ / Vx if x=
i H'""h-. f
| I N
| X g :
37. vertical compression of ¥ = +/x 38, reflected across the x-axis
and translated left 2 units; and translated right 1 unit;
D={x]|x= -2, D={x|x=1),
R={y|ly=0] R=yly=10] 44c. R Y| J 444d.
¥ ¥ [
-
Zi
- 7] o X
=T ™
7] X [¥] X B X
[
] —t r
44e. The combined graphs of the square root functions are the
same size and shape as the parabola. It is a reflection in the
line y = x.

607C | Chapter® | Answer Appendix
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45. False; sample answer: The domain of y = Wx + 3 includes
1, =2, and =3.

46. False; sample answer: —6 and —5 are in the range of

y=+x—6.

47, Sample answer: The domain is limited because sguare roots of
negative numbers are imaginary; therefore the radicand must be
nonnegative. Since the principal square root of a nonnegative
number is a nonnegative number, the range will be nonnegative.

—

[—10, 10] sel: 1 by
[—10, 100 sk 1

(=10, 100 s¢k: 1 by
[—10, 10] scl: 1

T ix|x=2L{y|ly=0}moved 8 fx|x=3L{y|y=2);
right 2 units and reflected moved right 3 units and up
across the y-axis 2 units

el

52. Both functions are translations of the square root function, but i i
fix) = +/x + 2 is a translation 2 units up and gk} = vx + 2 isa

49. y = +/x + 3;itis a translation of y = +/x; the other equations
represent vertical streches or compressions.

51. The value of o is negative. For the function to have negative

I -.-F.d_._'_
y-values, the value of o must be negative.

ducation

L McGraw-HI

Copyright

translation 2 units to the left. [=10, 100 scl: 1 by [—10, 100 scl: 1 by
[—10, 10] scl: 1 [—10, 100 s5l: 1
57a. N Y] §7b. Sample answer: walk:
g 15 min, jog: 15 min;
|_he walk: 10 min, jog: Lesson 9-2
G0 | ! ! ! 20 min; walk: 5 min, 2 ; :
|_bgl e : 56. ox“+ x4+ c=10 Original equation
e jog: 25 min 2 x
EE I [ [ x tgrtg= Divide each side by o. O
=
1
12 X gx - E Subract ; from each side. g
bi R X b ﬁ! c bz ﬁ
0| 5 1015 20 25 30N 40 45 X+ ox 4 - a+ ot Complete the square. g
By  —doc+ b’ _ 3 b b* @
(xl 25} o Factor x* + x| pE E
mdene 1 x4 L |— Ao Take the square root of each -E
1 x|x=1,{r|y =0} 2. {x|x=-3fy|y =0k 2|7 Y 4 L ®
moved right 1 unit moved left 3 units : : E
x1 b _ + . Remove the absolute value -
2a 4g? L x
i (_i,r) symbols and insert .
- b b? — dac
t i x i - = = Quotient Property of Square
4
Roots
2_
[—10, 10 ¢ 1 by [—10, 10] scl: 1 by e 2‘1: + = Ve = 24
[—10, 10] scl; 1 [—10, 10] 56k 1 4a
" z
e e {”FE 2 L xlx=0Liy|y=0} = BENT AR Subtract & from each side.
moved down 2 units reflected over y-axis 2o Za
62. vertical skretch of y = +/x 63, verlical compression of
and translated down 1 unit; ¥y=+x, D=fx|x =0}
I D={x|x=0) R={y|y=0
r i R=y|y=-1
[ ¥ [ ] Y]
[—10, 10] sci: 1 by [—10, 10] sci: 1 by -
[—10, 10] sct: 1 [—10, 10] scl: 1 : |
[ -
5. px|x= 0], {y|y= 0} 6. [x|x=0L{y|y=0 5 ! S
X x

reflected across x-axis vertical stretch of y = +/x

[ TTTTTIN |
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=
g
]
&
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]
=
Q

64. stretched vertically
and translated left 2 units;

65. reflected across the x-axis

and translated left 1 unit;

D={x|x= =2} D={x|x=~-1,
R={y|y=0) R={y|y<0)
¥ ¥
>
= 0
x-i
P 5 - L | ]

66. stretched vertically,
reflected across the x-axis,

and translated right 3 units;

617. stretched vertically,
reflected across the x-axis,
and translated up 1 unit;

D={x|x=3] D={x|x=0)
R={y|y=0) R=fy|y=1)
| §7 pr i
[s] | X 0 X
"‘-..,".|l
Lesson 9-3
50. stretched vertically; 51. stretched vertically,
D=[x|x=0], reflected across the x-axis,
R={[y|y=0} D={x|x=0)],
R={y|y=0]
¥ /( [ TT T ¥
o x EIJ\ x|
52. translated left 1 unit; 53. translated right 4 units;
D={x|x= -1 D={x|x=4)
R={y|y=0] R={y|y=0]
. Ty :
. -
: 0 X N[ ¥

607E | Chapter 9 | Answer Appendix

54. translated up 3 units;

55. translated down 2 units;

D={x|x=0)] D={x|x=0),
R={|y=3) R={ly=-2
KL iy
|
A
|
| O] LT |'X
[
|
| O X
|
Mid-Chapter Quiz
1. stretched vertically; 2. vertical stretch of y = +x
D={x]|x=0], and reflection across the
R={yly=0] x-axis D = {x | x = 0],
R=[yly=0
Ly - y
| P i
| ¥
:
o X
|
[
i i
3. compressed vertically; 4. translation down 3 units;
D={x|x=0], D={x|x=0],
R={yly=10] R={y|ly=-3
T TR T . 3 VT
i
T I - |
T | 5
: [} | ¥ |O _...1;
wis
|
5. translation right 1 unit; 6. stretched vertically and
D={x|x=1] translated right 2 units;
R={y|y=0) D={x|x=2,
R={y|ly=0]
| ¥ ¥ |
| | ?Hfi
| ! I |11
[ __,,.--"'""-"- f/ £
ol X (7] X
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Lesson 9-5 Lesson 9-6 (Guided Practice)

22 . xy =40 23. xy =12 2. _'13. [
1641 i
14
12 \
—10
I8 \
L lg
TSN |
12 |
[ 10| 2 alt B 8 10121415 18w
1 [ 1
24. xy =18 5. xy =12
1 B j‘,; Lesson 9-6
-4
| 1l 4 { 6. x=0y=0 Lx=0y
3 : [ | []
~~—l 6 (O] 3 6 9 12x| —4 (0] [ 4 | gx |
\Ei N\ . ]
L %ﬁ -_1;,""--.. o "_
L1 IN
26. xy - —64 21, xy=—108 — \
¥] ¥| | [T | xi [
. : ' 2
3
/ ] : 8. x=2y= 9 E
4 -
o d ¥ ﬁ -
—16 -8 [O] 4 & 121§x 0 | : E’
|
P | 3
) . + i H ! £ G ! - | E
—16 ——— T >
| 2
51a. ' =
Hours per | Mumber of ! %
Week i Weeks w
1 40 0 x=1y=2 1
2 20 ' «‘1*
= 10 \
5 8 TSNS
8 5 -1::‘-——-— --u---.._!p.f
10 4 =
| ¥
51c. hw=4l‘]urw=4: h—,
Driving i
0 —
35 T 35
30— __..__.._i._._ B —gg
2 : __ap
g 20 i [ 15 \ i
15 — 11 : —1N
[y ‘\"'--I.._ o k“"--...__ N
3 ! [#] '::ll 101|5 2|025 3|IZ‘|'35-1|[]1

ﬂ'!l]#S-ETS‘}h

Hours
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]
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<
-
-
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]
=
Q

22.x=0:y=0 23. x=0:y=0
Jl._l'\ AY
%
R B ;
=] | |@ T & 0 i
"'H'iu..,“IhL f
N\ Y{'
24 x=0;y=3 25 x=0y=—-2
¥ [ [ ]I"%
(4] X
- - PP W
|
S=am Bac i aEn anan
_'. B - L
O X
| %
26.x=—3;y=10 2. x=2;y=10
7 i : 7
\ i
i i
™
- "'6'-=-—_- ,‘_=_0
] X — x|
\ i
!
__#.____ # LI

28 x=-1y=0 29. x=1y=10
r‘ ¥ !'4;,\ [
AY
: ! L i
> o .-"'""'-'F ‘;--.. | |0 x
F.
0. x=2y=1 Mx=ty=-2
! 9 I'
R o
0 X 10 ™
| 1 1 h‘h“\
3 M
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2 x==ty=-—4 IV x=—4y=3
¥ 1 ¥
=] . T
' [5] X ]
! |
|
= p——
I SO I S P : | |
-
N 1l
W  Anmann
34a. [ ] Sample answer: The end
=225 i
a0 behavior indicates that as
L1475 the number of days
—150 increases, the number of
—125 pages per day approaches
_123 \ 0. Since there is no
50 N x-intercept the number of
L_s5 pages per day will never
ol 3 s 6 sz <0
|
38. Lui 39. ' ¥
Bl
SER [ i
: 1 N 714N
= i ! 5t "hlh-
—B—G—4—20% | 4 6 £ X| ALY | x|
A : i £
-4 f k
o} |
- ) . '- |
x=2y=2 x=-lLx=1y=1
¥
mm S|
o X
=—-3y=0
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Diagnostic Assessment
Quick Check

Title ' Geometry Lab:

Extension Lesson:
Points, Lines, and Planes T Linear Measure =i
_ . % Describing What You See Precision and Accuracy
Dhjecﬁves & |dentify and model points, & |se correct mathematical & Measure segments. & Determine precision of
fines, and planes. terminology to describe - 3 measurements.
o - goometric figures. Calculate with measures. )
= |dentify intersecting lines and = Detormine accuracy of
planes. measurements.
Key Vocabulary undefined term ling segment precision
point betweenness of points absolute error
fine between significant digits
plane congruent segments accuracy
collinear construction
coplanar
space

608l | Chapter 10 | Tools of Geometry

wbpagoy

DI

HeMES

I LT



Distance and Midpoints

Proving Theorems about
Line Segments

ducation

raw-HIll

~
g

opyright & Mc

| %

® Find the distance between
two points.

® Find the midpoint of a
segment.

distance
irrational numbser
midpoint
segment bisector

& Write proofs involving
seqment addition.

= Write proofs involving
Congruence.




Reading and Writing in Mathematics

| CRISS
2 & STUDY SKILL

=5 -

The content frame can be used to help students

the right is from Lesson 10-1. Have students continue
the frame for additional terms and geometric figures
defined and used in this chapter.

Creating Independemncae

compare and contrast information. The information at

Geometric .
‘ﬁgureul' Definition Dimension  Picture MHame F
Term:
Undefined; Description: An
point a figure with no size or 0 A
ey
Undefined Description: i
line ; oo 1 7
a set points -
'n-,x- % lane
Undefined. Description: o "H
plane a set of points that . | 'I,I e
Ys X
create a flat surface L1
xyz
through Student-owned Strategies

608K | Chapter 10 | Tools of Geometry
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L. Assessment

SE = Student Edition, TE = Teacher Edition

Diagnosis | Prescription )
= Beginning Chapter 10
E E Get Ready for Chapter 10 SE Response to Intervention TE
E - Beginning Every Lesson
3 Then, Now, Why? SE Chapter 0 SE
During/After Every Lesson

Differentiated Instruction TE

Guided Practice SE, every example
Differentiated Homework Options TE

Check Your Understanding SE
H.OT. Problems SE

Spiral Review SE

Additional Examples TE
Watch Out! TE

Step 4, Assess TE

Mid-Chapter
Mid-Chapter Quiz SE
Before Chapter Test

Chapter Study Guide and Review SE
Practice Test SE
Standardized Test Practice SE

wbpagoy
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Diﬁerentiated Instruction

Logical Give students the following problem, explaining that they
can use any means they need to solve it. (i.e. drowing a diagram,
trial and error, using manipulatives, or any other problem solving
strategy they choose.)

 Option 1 Reaching All Learners

Your classroom will receive 20 new desks. Each desk is 61 centimeters
wide, 84 centimeters deep, and 76 centimeters high. They will be
placed in four rows, spaced one meter apart, and 15 centimeters from

the desk in front of them. How much surface area will the new desks
need?

o
4+
e
?

= &

e

. :'_ tp

,__

1
5
(|
9

t

-

-
L]

MNaturalist Have students use disposable or digital cameras to
take at least 12 pictures of various angles found on school grounds.
Print or develop the pictures and have students measure and
classify the angles in their photographs. You can have students
share their most interesting photos with the class.

i Option 2 Approaching Level @

Use poster board or chart paper to draw several angles of different
measures. Label each point on your drawing and display these
angles in the front of the classroom. Separate students into two
teams, and have them form two single file lines facing the angle
drawings. Explain that each team will take turms sending a member
to the front of the room. Tell them that they will classify and measure
the angle you call out. Call out an angle and have the player
measure and classify the angle. If either the classification or the
measurement is incorrect, the other team can “steal it.” The team
that answers correctly earns a point. Play for as long as desired.

i Option 3 Beyond Level o

Have students work in small groups to create a scale map of their
school. They should plot important points and label them (i.e.,
bathrooms, specific classrooms, office, cafeteria, and so on) using
coordinates. Tell students to provide a map scale so that it is
possible to calculate distances from point to point.

ucatan

Ed

L McGraw-HI
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Focus on Mathematical Content

VerticalAlignment
A 4

Before Chapter 10
Related Topics

= [nterpret situations in terms of given graphs or create
situations that fit given graphs.

= Use symbols to represent unknowns and variables.

h 4

Chapter 10

Topics

= Develop an awareness of the structure of a mathematical
system, connecting definitions, postulates, logical
reasoning, and theorems.

® Use construction to explore attributes of geometric figures
and to make conjectures about geometric relationships.

= lse one- and two-dimensional coordinate systems to
represent points, lines, rays, line segments, and figures.

® Find areas of regular polygons, circles, and compaosite
figures.

A 4

After Chapter 10
Preparation
= Analyze situations modeled by square root functions,

formulate equations and inequalities, select a method,
and solve problems.

608G | Chapter 10 | Tools of Geometry

Lesson-by-LessonPreview

101

10-2

10-3

Points, Lines, and Planes

In geometry, a point is a location without shape or size_ A line
contains points and has no thickness or width. Points on the
came line are collinear, and there is exactly one line through
any two points. The intersection of two lines is a point.

A plane is a flat surface made of points. A plane has no depth
and extends infinitely in all directions. Points on the same plane
are coplanar, and the intersection of two planes is a line.

Linear Measure

A line cannot be measured because it extends infinitely in
each direction. A line segment, however, has two endpoints
and can be measured. Two segments with the same measure
are said to be congruent. The symbol for congruence is =.
An equal number of tic marks also indicates that segments
are congruent.

Ae—" g T

-—— .

Distance and Midpoints

The coordinates of the endpoints of a segment can be used to
find the length of the segment. On a number line, the distance
between the endpoints is the absolute value of their difference.
On a coordinate plane, you can use the Distance Formula or the
Pythagorean Theorem to calculate the distance between two
points.

The midpaint of a segment is the point haliway between its
endpoints. On a number line, the coordinate of the midpoint of
a segment with endpoints @ and b is the sum of @ and b divided
by 2. To find the midpoint of a segment on the coordinate plane,
use the Midpoint Formula.

o

wbnfdon
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10-4 Proving Theorems about Line Segments

ducation

wright & McGraw-HIl

op

G

As you leamed in Chapter 1, a segment can be measured, and
measures can be used in calculations because they are real
numbers. The Ruler Postulate states that the points on any line
or line segment can be paired with real numbers so that, given
any two points A and £ on a line, 4 corresponds to 0, and B
corresponds to a positive real number. That number is the
length of the segment. Another postulate states that if point &
lies between points 4 and C on the same line, AB + BC = AC.
The converse statement holds true as well.

A B c
- g AB+ BC=AC

The Reflexive, Symmetric, and Transitive Properties of Equality
can be used to write proofs about segment congruence. The
theorem resulting from the proofs states that congruence of
segments is reflexive, symmetric, and transitive.




Chapter Project

A A Tools of
:;li:g':gﬁ; they have learned ' U G eo m e‘try

about points, lines, planes, and
polygons to create a map of a fictitious
town and connect the paris of the map
to the geometric figures they represent.

®= Have students create a map grid and
label the horizontal and vertical axes.
Students should also name the town.

= Students place important landmarks
of their town on the grid represented
by a 3-dimensional polygon. Each of
the polygons discussed in this
chapter should be used at least one
time. Landmarks may include the
school, Post Office, library, park,
home, etc. and should be indicated
by a labeled point at its location.

®= Next, students use line segments to _' EA

build the road system of their town | 8 | =

and name the major roadways. -:”"'"‘ :mm-u:':::.:,w”.fm“
= | astly, students should write a short ml’:: o m:um?u—;lﬂﬂuumﬂa; Ginas

paper that describes all of the ——

geometric figures and concepts used T p—

to create the map. You may want to selationshipe.

remind students that the map itself is « [Find perimelers,

aneas, suriace
a plane. R

wolmmes

KeyVocabulary Introduce the key
vocabulary in the chapter using the
method below.

Define: Adjacent angles are angles
that lie in the same plane and have a
commaon veriex and a common side,
but no common interior points.

Example:

&
n g.
-g.
£
g
:
E
5
i
g
g
1
g
£
]
|

Ask: How do the angles relate to one Additional Answer (p. 559)
another? What is their sum? Angles A I 7 T
and 2 are adjacent angles. The sum f I LT

i

of their measures is about 120°
| {

, 2%

___,.;E;.

o]

2-4. See p. 560.
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Get Ready for the Chapter

[1 Texthook Option Take the Quick Check below. Refer to the Ouick Review far help.

an

Enmyrignt © MG HI Eda

QuickCheck
Graph and label each point in the coordinate plane.
1 W5 2 2 X0, )
3 -3 4 74, -7 4. See margin.

abaodefgh

5. GAMES Suhaila is using the
diagram to record her chess
mioves. She moves her knight
2 spaces up and 1space to the
leeft from f3. What is the location
of the knight after Suhaila
completes her un? 5

5 PGS B A @

abednlgh

Find each sum or difference.
2.5 41 1, ,3 28
e A 725143 65
B_5 1 Ay
&% 9 & 8 W 9% 5%

10. FOOD Mazen ate - of a pizza for dinner and took 1 of it

for lunch the next day. How miuch of the pizza does he
have left? —

T

QuickReview

Graph and label the point O3, 4} in the coordinate plane.

Start at the origin. Since the
x-Coordinate is negative, move
3 units to the left. Then move

L
Loes a1

4 units up since the y-coordinate

is positive. Draw a dot and label . :a o

it . 13

Find 31+ 23.

3% } 2% 1?9 1 % Wrile a3 improper fracBons.
%@} i L‘ %} The LED B2
= Mty
%m‘ﬁ% Fimpify.

2
Evaluate each expression.
1 -4-5° 81 12. (6 10)° 16

11 (B-5" +[@- (-3 153

Sobee each equation.
MEx+5+2x—N=90 12
G i-7=9-I6

Evaluate the expression [—2 — (7% + (1 — 8)%.

Fodlow the order of operations.
-2- (-0 +n-8

8+ -
25 + 49
4

Subisact
5 =25, —TF =49
A

@ Essential Question

= Why are geometry and measurement
important in the real-world? Sample
answer: Geometry can be used to
represent and describe objects and
relationships in the real-world.
Measurement, including linear,
square, and cubic measures, provide
a quantifiable way to describe
objects in the real-world.




[T StudyOrganizer

Dinah Zike’s Foldables™

Focus Note-taking is a skill that is
based upon listening or reading for
main ideas and then recording those
ideas for future reference.

Teach Under the tabs of their Foldable,
have students take notes about the
chapter.

610 | Chapter 10 | Tools of Geometry

Get Started on the Chapter

You will learn several new concepts, skills, and vocabulary terms as you study
Chapter 10. To get ready, identily important terms and organize your resources.

[T StudyOrganizer

Toods of Geomelry Make this Foldable 1o help you organize
your Chapter 10 notes about points, lines, and planes; angles
and angle relatorships; and formulas and notes for distance,
midipaint, perimeter, area, and volume. Begin with a sheat
of 1" x 17" paper.

41  Fold the short sides to meet in
the middle.

2 Fold the booklet in thirds
lengthwise.

-
3 Openand cut the boaklet - o
in thirds iengthwise. L =

|

| MewNocabulary

collinear
coplanar
congreent
midipoint
segment bisector
angle

wertex

angle bisector
polygon
penimeter

i ReviewVobulary

ordered pair a set of numbers or coordinates used to locate
any point on & coondinate plane, written in the: form {x, 3

origin the point where the two axes mtersect at their zero
points

guadrants the four regions into which the x-axis

and y-axis ceparate the coordinate plane

x-coondinate the first number in @n ordered pair
y-coondinate the second number in an ordesed pair

P T 11
weimicinile i;
————— T *EI'A': penncinate
£ Label the tabs as shown. L1 lglol 1 1]
quasirant —(:Eﬂj‘——[wrer pai
L.- W I 2
z
2
=
610 | Chapter 10 | Tools of Geomelry
Additional Answers (Get Ready p. 559)
2. [P 3. | 4. R 211
T ' |
X0, & { i
. ! !
- 0 ® L —-E—-i— 1 | x
yi_3 [ I
- { Zl4, =2]
| |
o1 . x| | ; HEME




ol

L[

sJadeSand

ant € MeGww 1 Edcation

iy

& You used basic
geomelic conoepls
and prapelies le
Salve problens.

MewVocabulary
undefined lerm

(point
line

|plamne
wollinear

copkanar
iinferseclion

Mathematical Practices
Model with mathemalics.

Atlend Lo peccision.

L] Idenlify and madel

@ On o subway map, the locations of
slops are represenbed by poieis. The
roule the rain can laie is modeled
by & series of connedcled paths thal
look like Foes. The Nat suface of the
map on which these painls and fines
hie i represendative of & piooe.

poinls, fines, amnd
planes.

Idenlily intersectng
Enes and planes,

Points, Lines, and Planes Unlike the reabworld objects that they moded, shapes,

points, lines, and planes do not have any actual size. In geomelry, point, line, and
plane are considered undefined terms because they are only explained using, examples
and descriptions.

You are already familiar with the terms paint, [T 7 ] FT W1 1

line, and plane from algebra. You graphed on /’

a coordinate plene and found ordered pairs that - "'{'1 — 1
represented pomis on lines. In geometry, these A @—

terms have a similar meaning, o I 1

The phrase exacily one in a statement such as,
“There is exactly one line through any bwo
points,” means that there is one and only one.

| KeyConcept Undefined Terms ]
A point is 3 location. it has neither shape nor size.
Mamed by

Aline is made up of points and has no thickness. or width. P
There is exactly one line through any two points. e o

Mamed by

a capital letter

the letters representing two points on the line
of @ howercase soript letter

line m, line PO or :FH line @F ar 'CTP"

Exampile

A plane is a flat surface made up of points that extends
infinitely in all directions. There &= exactly one plane
through any three paoints not on the same line.

Mamed by & capital script letier or by the lefters naming
three points that are not all on the same line
Example plane K, plane BCD, plane CDB, plane DCE,

plane DBC, plane CBD, plane BOW

Collinear points are points that Lie on the same line. Noucollinear points do nok lie on the
saime line. Coplamar points are poinks that Lie in e same plane. Norcoplater poinls do
not lie in the same plane.

1 Focus
VerticalAlignment

-

Before Lesson 10-1 Use geometric
concepts and properties to solve
problems.

v

Lesson 10-1 Identify and model
points, lines, and planes. |dentify
intersecting lines and planes.

v

After Lesson 10-1 Use numeric and
geometric patterns to make
generalizations about geometric
properties, including properties of
polygons.

' 2 Teach

Scaffolding Questions

Have students read the Why? section
of the lesson.

Ask:

= What are some other objects that
could represent a point, a line, and
a plane? Sample response: Points
can be represented by stars, lines
by the segments that form the
constellations, and a plane by the sky.

= What are some other ways that
combinations of points, lines, and
planes are used? networks and

maps
{continued on next page)

&1



= Describe a point, a line, and a plane.

Can you clearly define these Use the figure to name each of the following,
geometric terms? What is the a. aline containing point W

difference between a description and The line can be named as line x, o any Iwo
a definition? A point is like a dot, a of the four points on the line can be used to
line is like a long, straight road, and a ¥ o T

oW W W W W

plane is like a desktop. There are no & i
clear definitions of these terms: a | StudyTip WX W WY YW X W
description simply describes, miﬁﬂﬁ’“" | b. aplane containing point X
whereas a definition is a detail of there i anolher plane tal One plane that can be named is plane P You can also use the letters of any three
specific criteria required for a figure. By s e soscollingsr poinks bo name this plane.
W, T, amd X are noncollinear,
il X s s i plane WX, plame X7V plane VI plane VZX
4 Points, Lines, and Planes \ . plane VZY plane WZX plane WZY
Elﬂl'l'lllll!! show The letters of each of these names can be reordered to create other acceptable
: md g ] e naiives for this plane. For example, XZY can also be writben as XYZ, ZXY, ZYX, YXZ,
and model points, lines, and planes by and YZX. In all, there are 36 different three-letter names for this plane.
using the key concepts provided in
this lesson. P GuidedPractice
1A a plane containing points T and Z TZX 1B. aline containing point T r
Formative Assessment ;
Use the Guided Practice _e:ten:ises after T T —
each example to determine students’ e
understanding of concepts. lerms modeled by ;:‘ mﬁ in
— " the picture.
" The push pin models point G.
The maroon border on the card
+ | Use the figure to name each of sy s
the fullowmg The edge of the card models line HJ.
= Y The card itsell models plame FGL
‘u\{\m | YN
Real-WorldCareer
B a Drafles Drafters use b GuidedPractice
= i spective b creale o
i . . ::Mnga.bh‘:dmuﬂnirg Name the geometric lerm modeled by each object §
a. aline TPF:E'_@E?{“‘:E W ;":;:T‘:;:J::gw 2R stripes on a sweater lines 28. the corner of a box point ‘:.
line g, JK", JL, KJ', KL, 1T, s it e i [ 5
or LK exbucation al trade schook, g
comiminily colleges, and Intersections of Lines and Planes The intersection of two of more geometric x
b. a plane containing point L same 4 year eofieges. fer figures is the set of points they have in common. Two lines intersect in a point. =
plane B. plane JKM, plane by Exerrcisess 50 and 51 | Lines can intersect pl-aneu., and planes can intersect each other. %
KLM, plane JLM. Reorder the £ " P
letters in these names to .;T’ N :
create 15 other acceptable ;
names. : .
E Name the geometric shape :,m;m; g ::: ET" s i
modeled by each object.
612 | Lesson 901 | Points, Lines, and Planes
a. a10 x 12 patio plane
b. a button on a table point
h _/  Additional Answers (Guided Practice)
3A. 5ample answer: 3B. Sample answer:
1{!IL:"I | 1 p—-t—.—-
B L
] & ] L ,
e |
SR |
—::—{I—fﬂ' 2 4 6 8 10%]
._...__4 e — —t
T84 1

612 | Lesson 10-1 | Points, Lines, and Planes
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Capyrght

" StudyTip

Three Dimensional Drawings
Begese i B impossible 1o
Sheire an ciline plane i &
Tiguee, exdipeed Shapes. wilh
dilferent shades ol colos are
usesd bo represent planes.

[ stutyTip

Precision A poind has no

dimesrtion. A line exist i
TP "TI : "I'd Points f, K, and [ are collinear. o T\ X
irche i b dimesriional, and . 3
& pyraenic i three dimersional ¢ Name the intersection of plane HIMG with plane X Y
Plane HDG intersects phnexinm. l R
d At what point do I3 and EF' intersect? Explain.
It does not appear that these lines intersect. T lies in plane X, n Use the figure for parts a—d

Tips for New Teachers

Dieaw and label a figure for each relationship.
a. ALGEBRA Lines AR and CI) intersect at E for A(~2, 4), B0, ~2),

O3, 0), and D3, ijmammdlnueplml"nlnlrkmphm
with these points, but not collinear with A or C0.

Graph each point and draw AB and CD. A
Label the intersection point as E. . ___,,..-" i
An infinite number of points are coplanar with A, ':I i I

B, C, D and E but not collinear with AB and CD.
In the graph, one such point is F{2, —3).

b. QR intersects plane T at poink 5.
Draw a surface o represent plane T and labed i

Draw a dot for point 5 anywhere on the plane
and a dot that is not on plane T for poink ().

Deaw a lime Ehrough points (3 and 5. Dash the line
to indicate the portion hidden by the plane.
Then deaw anolber dot on e line and Label it R

P GuidedPractice 3A-3B. See margin.
3A. Points [{—4, 2), K(3, 2), and L are collinear.
38. Line p lies in plane N and contains point 1.

LY

Definitions or defined terms are explained using undefined terms and,/or other defined
terms. Space i defined as a boundless, three-dimensional set of all points. Space can
comtain lines and planes.

a. How many planes appear in this figure?
Six: plane X, plane [DH, plane JI}E,
plane EDF, plane FDG, and plane HDG.

b. MName three points that are collinear.

Ties i X
4A. Points E, F, and & lie in plane X, but point D does not lie in

but only point L of

‘, GuidedPractice plane X. Thus, they are not coplanar.
48. Point @ is the only point the planes hawve in common.
Explain your reasoning.

Ak, Are poinis E, I3, F, and G coplanar?
4B. At what point or in what line do planes [DH, [DE, and EDF intersect?

Teach with Tech

2 Intersection of Lines and
Planes

Examples 3 and 4 show how to draw,
label, and identify points, lines, and
planes in space.

= 1| Draw and label a figure for each
relationship.

a. ALGEBRA Plane R contains
[ty ey
lines AB and DE ., which
intersect at point P. Add point
Con plane.f:‘sc: that |Er_.qnnt
collinear with AB or DE .
Sample answer:

fe B

b. OR on a coordinate plane
contains G{—2, 4) and
R(4, —4). Add point T so that
I'is collinear with these
p-nmls Sample answer:

y I

a. How many planes appear in
this figure? two

b. Name three points that are

Using Notation Chapter 10 includes many new
vocabulary terms and geometric notations. Be
sure to stress the importance of understanding
and using the new vocabulary and notation.
Students will be expected to proficiently read,
understand, and use these terms and notations.

Interactive Whiteboard Draw a plane on the
board. Select students and give them specific
points and lines to draw that are either in the
plane or not in the plane.

collinear. A, B, and )
c. Are points A, B, C, and D
coplanar? Explain. Points 4,
B, C, and [ all lie in plane
ABC, so they are coplanar.
. dm b o
d. Atwhat point do DB and CA
intersect? 4




' 3 Practice

Exampde 1 Use the figure to name each of the following.
= 1. aline containi int ¥ Sample answer: m
Formative Assessment "8 po
Use Exercises 1-12 to check for 2. aline containing point Z Sample answer: £
understanding. 3. a plane containing points Wand B B
- ExB e 2 It
Then use the chart at the bottom of this xampled  Name the geametric term modeled by each object.
page to customize ESEigH!’I’IEHE for your . abeam (rom a laser line 5. a foor plane
students. Exampde 3 Diraw and label a figure for each relationship.
6. Alineina nmﬂn.a'.e plane contains A(D, —5) and B(3, 1) and a point C that is not
= collinear with AR See margin.
Additional Answers
7. Plane Z contains lines x, y, and w. Lines r and y intersect at poind V and lines x and w
6. Sample answer: intersect at point P. See margin.
¥
' Exampde & Refer to the figure. g
10. No; points 8. How many planes are shown in the ligure? 5 ':"
CE A, H, and J lie : A %
v 9. Name three points that are collinear. Sample answer: A, H, and B
in plane ABF, (u] F
1 [ but point D 10. Are points A, H, |, and [ coplanar? Explain.
doesnotlie g Ape points B, D, and T coplanar? Explain. See margin. c E
in plane ABF.
1 12. ASTROMOMY Ursa Minor, of the Little Duppef s raa Minor
A | a constellation made up of seven stars in the Map
northern sky including the star Polaris.
B Polaris
1. Sample answer: 12b. No; a. What geometric figures are modeled by s
= v there is not a the stars? points
W straight line b. Are Star 1, Star 2, and Star 3 collinear on
P through all the constellation map? Explain.
th ints.
v Sumtﬁeppu::?nh ¢ Are Polaris, Star 2, and Star 6 coplanar on
¥ ik the map? Yes; it appears that all three points lie
colfinear in the same plane. However they are probably

11. Yes; points B, D, and F lie in

not coplamar in reality.

plane BDF. Practice and Problem Soalving
Example 1 Refer to the figure.
13. Name the lines that are only in plane (). Sample answer: nand g
. How many planes are labeled in the figure? 2
18. Mo; point 15. Name the plane containing the lines m and ¢ R
Fliesin 6. Name the intersection of lines mand 1. C o
piane &, : ; 2
while points 0 :a;m ar:g.nlslahal :Iﬁ sk mp]anath:-;:h points a
& and P liein . B, and C. Sample answer: pol i 0
plane @and 1B. Are poinis I, M, G, and P coplanar? Explain. G B
i 19. Name the points nob contained in a line shown. JR— q :
between . ) — Aand P =
planes R 20. What is another name lor line i? CE
and Q. 2. Does line # inbersect line §? Explain. E
Yes; line n intersects line g when the lines are extended.

614 | Lesson 101 | Points, Lines, and Planos

Differentiated Homework Options

Level Assignmenmnt Two-Day Option
O Basic 13-48, 57, 58, 60-87 1347 odd, 62-65 14-48 even, 57, 58, 60, 61,
6687
O core 13-47 odd, 49-58, 13-48, 62-65 49-58, 60, 61, 66-87

G Advanced

614 | Lesson 10-1 | Points, Lines, and Planes

6087
4579, (optional: 80-87) |
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Capy

Example 2

Ezampie 3

Exampie 4

Mame the geometric lermis) modeled by each object.

point

plane;

26. ablankei plane

29, the edpe of a desk line  30.

intersecting lines

27, aknot in a rope point

bwo connected walls

intersecting planes
Draw and label a figure for each relalionship. 32-39. See Ch. 10 Answer Appendix.

32. Line m intersects plane B at a single point.

33. Two planes do not intersect.
34. Points X and ¥ Tie on 0O

intersecting lines

two planes
intersecting in a
line

28. a telephone pole fine
3L a partially opened folder

intersecting planes

35. Three lines intersect at point [ bul do not all lie in the same plane.
36. Points A2, 3), B2, —3), Cand D are collinear, but A, B, C, [0, and I are not.

7. Lines IM and NI are coplanar but do nol inkersect.

38. TG and JK intersect at P{4, 3), where point I is at (2, 5} and point | is at (7, 9).

9. Lines 5 and § intersect, and line v does not intersect either one.

MODELING When packing breakable
objects such as glasses, movers frequently
use boxes with inserted dividers like the

onie shiwn.

40. How many planes are modeled in

the piciure? 15

41. What parts of the box model lines? edges

42, What parts of the box model points? vertices

Refer bo the Agure at the rght

43. Name two collimear points. Sample answer: M and N
4. How many planes appear in the figure? 7
. Do glane A and ﬁlamﬁ MNP intersect? Explain.

Ve Bl'lfll nes in commaon.

L e

46, ]n wha line d-.r planes A'and RV intersect? OF
q7. Are poanta T, 5, B, (), and 'I.-’mp]anar"‘ Explain.

Mo V does not lie in the same p

48. Are poants T, 5, K, (0, and W mpl.anar? Explain.

Yes; all of the pnlnls lie in plane T5R.




D @) FINITEPLANES A finite plane is a plane that has

Additional Answers boundaries, or does not extend indefinitsly_
50b. | II' /// 3 The street signs shown are finite planes.
., ;\\"a I'. | K;/ a. If the pole n‘u:.d\.elﬁ a line, name I].IE pecanetric
P termn that describes the intersection belween
i A the signs and the pole. point

b. What geomelric termis) describes the

’ an o intersection between the bwo finite planes?
| Explain your answer with a diagram if
nevessary. line

&
M

5%a. Sample answer:
4 = 4 4

50. ONE-POINT PERSPECTIVE One-point perspective drawings use lines lo convey depth.
Lines representing hortoontal lines in the real object can be extended to mest at
a single point called the panishing poinl. Suppose you want o draw a tiled ceiling
in the room belbow with nine tiles across,

cedling
< i
51b. o [3 =
|
o
o Muscr
a. What point represents the vanishing point in the drawing? Point £
54a. b. Trace the figure. Then draw lines from the vanishing point through each
of the eight points between A and B, Extend these lines to the top edge
of the drawing,. See mangin.
. How could you change the drawing bo make the back wall of the room
appear farther away? Sample answer: Draw points A, B, C, and D doser to the
wanishing point.
51. TWO-POINT PERSPECTIVE Two-point perspective
drawings use two vanishing points to convey depth.
a. Trace the drawing of the castle shown. Draw
five of the vertical lines used to create the
drawing. a-b. See margin.
34b. | ] .4 b. Draw and extend the horizontal Tines o
fA . Incate the vanishing points and label them.
L]
et © What do you noice aboul the vertical lines
2 as they get closer to the vanishing point? Sample answer: They get closer together.
—H=t=d-J0| 2 4 &6 Bx d. Draw a two-point perspective of a home o & room in a home. See students” work.
I
i
B 52 ARGUMENTS Mame two points on the same A
se=di= B Bl lire in the figure. How can you support your \
| l-_ JEge e assertion? Sample answer: A and C;
use a ruler to figure cut which point would -~ B
be the end of the line if it continued. % .
o

G618 | Lesson 101 | Points, Lines, and Planos

UnaErEa fiNweE s 3 wlsido

LEL - TTRT [T e A s L AT T

Differentiatedinstruction €% C»

Extension Challenge students to develop three-dimensional models to demonstrate difficult
geometric concepts related to points, lines, and planes. Some examples include;

= Develop a model to show that three points can be noncollinear.
= Deyelop a demonstration to show that three points are coplanar, but four points can be noncoplanar.

= Develop a three-dimensional mode! of lines that are not parallel and do not intersect.

616 | Lesson 10-1 | Points, Lines, and Planes
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b 53. TRANSPORTATION When bwo cars

53.

Sample answer:
The airplanes
are in different
horizontal
planes.

{@8) PROBABILITY Three of the labeled points

enler an intersection at the same time
on opposing paths, one of the cars
must adjust its speed or direction Lo
avoid a collision. Two airplanes,
however, can cross paths while
traveding in different directions withowt
colliding. Explain how this is possible.

5 5‘ MULTIPLE REPRESENTATIONS Another way o describe a group of points is called a

locus. A locus is a set of points that satisly a particular condition. In this problem,
you will explore the locus of points that salisfy an equatbon.

a. Tabular Represent the locus of poinks satisfying the equation 2 + x = y using a table
of at least live values. See margin.

b. Graphical Represent this same locus of points using a graph. See margin.
€. Verbal Describe the geometric figure that the points supgest. a line

are chosen at random_
a. What is the probability that the points
chosen are collinear? L

b. What is the probability that the poinks
chosen are coplanar? 1

56. # MULTIPLE REPRESENTATIONS In this problem, yvou will explore the locus of points that

sabisfy an inequality.

a. Tabular Represent the locus of points satisfying the inequality y < —3x — 1 using
a table of at keast ten values. See margin.

b. Graphical Represent this same locus of points using a graph. See margin.

c. Werbal Describe the geometric ligure that the poinis suggest.
the part of the coordinate plane below the line y = —3x—1

H.O.T. Problems s Higiher Order Thinking Skills

60. No.
57. OPEM ENDED Sketch three planes that intersect in a line. See margin. Sample
58. ERROR ANALYSIS Yasmin and Wala are trying bo determine the most number of nes 5 ik
that can be drawn using any bao of four random points. s either correct? Explain. ﬁﬁm e
58. Sample answer: o zmughnt
5 E amy two poi
bbb Yoo b o ety
=i there £ i o 4
the first point to the Mok Ehene ame Sour ponts, s cam dhaaw 3 - 2 Fom one plane
other three, one of the #-3 or |2 limes com oe & finst Bafipnse Dhe padeal. “'"J“!Ih:!"!r
lines from the second dretan between Hae point three points
point is already drawn. o un_lhe
same line.
59. ARGUMENTS What is the greatest number of planes determined using any Therefore, any
three of the points A, B, C, and D if no three points are collinear? 4 two points on
the prism
60. REASONING 1= it possible for bwvo poinks on the surface of a prism bo be neilthes miist be
collinear nor coplanar? Justify your answer. collinear and
coplanar.
61. WRITING IN MATH Refer o Exercise 49, Give a reaHife example of a linite plane.
1= it possible o have a real-life object thal ks an infinite plane? Explain your reasoning.
Sample answer: A table is a finite plane. it is not possible to have a real-life
object that is an infinite plane because all real-life objects have boundaries. 617

Differentiatedinstruction OO

Maturalist Learners Explain how points, lines, and planes exist in nature. For example, planes can
model leaves, lily pads, and the surface of a pond; lines can model spider webs, sunbeams, tree
trunks, the edge of a riverbed, and the veins of a leaf.

&5 Multiple Representations

In Exercises 54 and 56, students use a
table and a graph to investigate a locus
of points.

WatchOut!

Error Analysis In Exercise 58,
students should see that a line
drawn between two points
counts only one time. Camille
counted each line twice, once
from each point.

Additional Answers

56a. Sample answer:

—1 —4
—3 =]
—2 2
= =
—3 —7
—4 =
—4 —
-5 —8
—5 g
—7 0




| 4 Assess

Name the Math Discuss how points,
lines, and planes are modeled by the
objects students see and use every day.

Standardized Test Practice

62. Which statemenl about the Ggure below is
mat true? D

A 3

63. ALGEBRA Whal is the value olxif3x + 2= 8 H
F =2 GO0 H?2 J6

64. GRIDDED RESPONSE An oo chest contains 3 types
o of drinks: 10 apple juices, 15 grape juices, and
15 bottles of water. What is the probability that
a drink selected randomly from the ice chest
does mof contain fruit juice? 3/8 or 0.375

H
G '\(_& EHES -E -

F o

A Point H Tes in plane.-'p AGE and GED. 65. SATIACT A certain school’s enrollment increased

2 6% this year over last year’s enrollment. I the
B Planes GAE, GIN and BED inbersect + b
al i:I E Gz 5 achool now has 1378 students enrolled, how

many students were enrolled last year? B
C Poants I, E, and B are coplanar. K

T A ey 3 A 1295 C 1350 E 1500
nts A, H, and I? are collinear. B 1300 D 1460

Use elimination to solve each system of equations.
66. x + y=5 [2.1) 67 4xr -y =12 (6, 4)
r—2y=4 42y =14

68 x—3y=2
hr+ 4y = 18 (4, 2)
69. HEALTH Abcait 0% of the Lime you sleep i spent in rapid eye movement (REM), which is associated

with dreaming,. Il an adult sleeps 7 to § hours, how much time is spent in REM sleep?
between 1.4 and 16 hours, inclusive

. Assume that no denominator is equal bo Zero.
e
4

n. 5 o n. ::: 16 2 f:' %
i %" sg % e o3
1'3-( Exs] ! . 1og3 4 E 7. Blim )b T

Solve each open senlence.
Te |vy—2|>7 (vly>9ory<—5} T [z+5| <3 [zl -B<z< -2}

7. 13- 2y|=8 80. |9 ia
¥ly=550ry < —2.5)

)BT =68

g | o BL |5c-2| <13 [cl22=c=3)

Replace each © with >, <, or = to make a troe stalement.

Bl:c|1| ;vm-:‘: ﬂ.zrm znm} ll.:cm ]':'ﬁu.'m=
85. 18 mm o 2em < B6. 32 mum 2 3.2 cm = 8 08moBem >

G1B | Lesson 101 | Points, Lines, and Planos
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m Follow-up

Students have explored points, lines, and planes.

Ask:

= What are the undefined terms in geometry, and how do we use them to represent and describe
real-world objects or situations? Sample answer: Points, lines, and planes: points can describe
locations on a map; a line can represent the path along which an object can travel; a plane can
represent a tabletop.

618 | Lesson 10-1 | Points, Lines, and Planes



Geometry Lab

Describing What You See

When you are learning geometric concepis, it s ontical to have
accurate drawings to represent the information. it is helpful to
know what words and phrases can be used to describe figures.
Likewise, it is important 1o know how to read a geometric
description and be able to draw the figure it describes.

The figures and descriptions below help you visualize and write about
paints, lines, and planes.

Point (J is of £
Line £ conlains (0.
Line £ passes through (.

Line £ and point K are n N.

Point R leésin N.

Planme N containg B and £

Lirwe i ifibersecta N at £

Point R i= e intersestion of m with N.
Lines £ and m do not interses].

Exercizes

"\-\.Hr
Lines rand | inbersecd at 4.

Poind W is he infersection of r and 1.
Point W is an r. Point W is on @

AR il P and Q.

Points A and B BE8 both P and 0.
Planes ' and () both BSREIR AF .
Planes [ and (0 [FSEEE0iA A .
AR is BREHESEE of P and (.

Write a description for each figure. 1-4. See margin.
i |j|".“ f’m 2.

N

N
X

4. Draw and label a ligure foe the statement Planes N and P contain line .

Additional Answers

1. Lines g and m intersect at A. Point A is the
intersection of m and q. Point A is on m.

2. Linej lies in planes F, G, and K.
3. Planes A, B, and C do not intersect.

'1 Focus

Objective Use correct mathematical
terminology to describe geometric
figures.

Materials for Each Group
= sfraightedge

Tips for New Teachers

Stress the importance of learning
definitions and using the proper
notation. A clear understanding of
terms and the comect use of standard
gecmetric notation is necessary for

a strong start in geometry.

2 Teach

Working in Cooperative Groups
Organize students in groups of 2,
mixing abilities. Then have students
read and verify each of the descriptions.
MNext, have students draw and label a
geometric figure that includes points,
lines, and planes. Next, have students
exchange figures and write
descriptions, using proper terminology
and notation.

Practice Have students complete
Exercises 1-4.

' 3 Assess

Formative Assessment

Use Exercises 1-3 to assess whether
students correctly use definitions and
proper notations to describe geometric
figures containing points, lines, and
planes.

From Concrete to Abstract
Have students draw a figure that is
described by the following statement.

Line p intersects line m and plane K at
point L/,

Next, compare the drawings and
discuss whether different drawings
accurately depict the same description.

619



1 Focus

VenrticalAlignment
'v
Before Lesson 10-2 Identify and
model points, lines, and planes.
v
Lesson 10-2 Measure segments.

Calculate with measures.
-

After Lesson 10-2 Develop an
awareness of the structure of a
mathematical system, connecting
definitions, postulates, logical
reasoning, and theorems.

2 Teach

Scaffolding Questions
Have students read the Why? section
of the lesson.

Ask:

= What is another part of the human
body that is used as a unit of
measure? meter

= |5 a meter a customary unit or metric
unit? customary unit

= Which system of measure uses
fractions and whole numbers?
customary

= Which system of measure uses
decimals? metric

620 | Lesson 10-2 | Lincar Measure

@ Youidentifiedand @ 1 Mezsie segments.
modeled points,
lines, and planes.

NewVocabulary
line segment
betwernness ol points

620 | Lesson 10-2

MERETEs.

Measure Line Segments Unlike a line, a line segment, or sepment, can be measured
berause it has two endpoints. A segment with end points A and B can be named as AR
or BA. The megsure of AB is written as AB. The length or measure of a segment always

includes a unit of measure, such as melber or cenlimeber.

All measurements are approximations dependent upon the smallest unit of
mezxsure available on the measuring instrument.

@ When the anoent Egyptians found a need for 8 measurement system, they used the
human body &= a guide. The cubit was the length of an arm from the elbow to the
s fingertips. Eventuglly the Egyptians standardized the length of a cubit, with ten royol
cobiits equivalent to one rod.

8

Find the length of AR using each ruler.
a A & b. A
T s
cm 1 2 3 4 C

The ruler is marked in centimeters.

mark than to 3 centimelers.

1

centimeter.

Thus, AB i about 4 centimeters long.

Thus, AR is aboul 3.7 centimeters long,.

1B. 5ample answer: 1770 mm
P GuidedPractice
1A Measure the length of a S-disham Bl in
centimeters. 15.6 om
1B. Measure the length of a pencil in millimelers.
L. Find the length of CO. 2 cm or 20 mm

IIIIILIIII'IIIIIIII |IIII|'III|II'I|I-||||IIII|I!I|

The long, marks are centimebers, and
Paint B is closer to the 4-centimeter the shorter marks are millimeters.
There are 10 millimebers for each

gl
oo sealiy 597 - wonhl

aen
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' StudyTip

Using a Ruler The 2evo poinl
an & ruler may nob b chesarnly
marked. Fos some iulers, 2oro
B e el edge ol he naler.
O oldhers, @ may be & fie
firee Farthes i the scale. I
15 not dlear whese the pero
&, align one endpoint on T
andl Sublyact 1 Foen the
measurement b te other
endpoinl.

" StudyTip

Becaarse measuns ane real
nirmbers, you can compant
thesm. I points X, ¥, and 7 ane
colinear in thal cedies, then
ane of these stalements &
True X¥ = ¥Z XY > Y2, o
XV ¥

Frght & MeGraweHll Edtatian

Find the length of CI using sach ruler.

a o b < o
— &
I I | [ | I I I I I|||||||!r|l||||||||||||||:|||||||
o 1 2 0 1 2
|em cm

Each centimeter & divided into fourths.
. g I ’
Punlﬂnﬂdmermﬂ'uai-iﬂrhmehern'mk_ pﬁmngdmmm-j%_ﬁmum.&,
Chis abm.lﬂl-' centimeters long, k.
I i about 1 :;5 or 11 centimeters long,

Each centimeter is divided inlo sixbeanths.

b GuidedPractice

2A. Measure the length of a 5 dirham bill in centimeters. E%cm

2B. Measure the length of a pencil in centimeters. Sarﬂeamﬁ%nn

LS

Calculate Measures Recall that for any two real numbers

aand b, there is a real number # that is befween g and b such
that @ <2 r < b. This relationship aleo applies o poinds on a line
and i3 called belweenness of points. [n the figure, poant N iz
between points A and B, bul points R and P are not.

Measures are real numbsers, so all anthmetic operations can be
used with them. You know that the whole usually equals the sum

of its parts. That is also true of line segments in geomedry.

#m Betweenness of Points ]

Words Model [

hmﬂshﬁpmnﬁ?arﬂﬂﬁmduﬂyﬁﬂ I PO - _|

@, and M are collinear and PM + MO = PO i . -
e

Find EG. Assume that the figure is not drawn o scale.
EC ks the measure of EG. Point F is between Eand G.
Find G by adding, EF and FG.

EF + Fiz = EG Betweenness of poisls

3 3
2;;2; = EG
E-E-cm.'.E'G Add_

Subsfitution

uidedPractice
be K £
3. Find Ji.. Assume that the figure is :I.———-—'—"_"Tﬁn:’
naok drawn bo scale. 1223 cm B4em

Differentiatedinstruction O O O

Extension What do you think would happen if the divisions on a ruler were not evenly spaced?
Could you be sure that measures are congruent? Explain. Sample answer: The measured length
of a segment would be different, depending on which part of the ruler is used.

1 Measure Line Segments
Examples 1and 2 show how to use a
ruler to measure a line segment.

Formative Assessment

Use the Guided Practice exercises after
each example to determine students'
understanding of concepts.

. | Find the length of AB using each
ruler.

a A g

B LLLELLLY LCUTRURE) (HRRTLURE IR R ALATRR
mm 10 20 30 40

42 mm

b. A a
1|-I|I|I|III|I|'I|I|I1|-II
em 1 2 3 4 -]

4.5cm

E Use a customary ruler to draw
each segment.

a. DE, 3 centimeters long
See students’ work.

b. FG, 2%— centimeters long
See students’ work.
E Find XZ. Assume that the figure is

not drawn to scale. Ir'% cm
¥ 4%cm ¥ Eé—cm Z




2 Calculate Measures
Examples 3—6 show how to calculate
measures by using arithmetic and
algebraic operations

EA.].EEBRA Find the value of x
and 5T if T'is between S and
U, 5T = 1x, 5U =45, and
U=58—3 x=4 5T=23
U 5x—3T Tx S

b v,

Focus on Mathematical Content
Congruence Provide examples of
segments with one, two, or three tick
marks indicating congruence. Involve
students by having them use the =
symbol to categorize the congruent
segments for the class. This exercise
reviews writing correct names and
symbaols.

Teach with Tech

Interactive Whiteboard Give
students several exercises where
the measurements of sections of
segments are given in terms of a
variable. Choose several students
to explain to the class how they
found the value of the variable
and each of the measurements.

622 | Lesson 10-2 | Linear Measure

WatchOui!
Equal v=. Comgrisent Lengths
ane equal and segments are
comysenl. il E owred lo say
thal AF — CIF and AF = CD.
Hosweser, 7l is sof cored to
sy thal AF = CD of thal
AR = CD.

Find AB. Assume that the figure is nol deawn bo scale. A 8 58m
Foint B is between A and . I 13.2m {
AB + BC = AC Beltweenness of points
AB +58=132 Substitution
AB+58-58=132—-58  Subireci58 lom eachside

AB=74m Simply.
b GuidedPraciice
4. Find (R, Asaume that the figure
is not drawn to a:a]e.]lim

—

_—y
135m—
i
—

5
B m
L [

ALGEERA Find the value of 2 and XY il ¥ is between X and Z, XY = 3g, XZ = 5a — 4, and
YZ= 14

Dieaw a figure lo represent this information. |- = - 5a—4 = -|
Sa—4=3a+ 1 Subeiviion
Se—4—3a=3%+1 —3a  Sublmcl 3afrem each side.
29— 4 =14 —
-A+4=14+4 Add 4 lo each side.
2a =18 —
"-';- - Divide astchs s by 2
=9 Shmplily.
MNow find XY,
Xr=3a Ghven

= 3% or 27 a=19

b GuidedPractice

5. Find x and BC if B is between A and C, AC = 4x
"'.

¥=15.8BC=33
12, AB = x, and BC = 2x + 3.

Segments that have the same measure are called congroent segments.

| & KeyConcept Congruent Segments
Words Congruent sagments have the same measure. A 17em P
Symbaots = s read is congrieni fo. Red slashes on \\E:.//
e Mjuve oy dic compiency: 1.7em
Example AB=CD -]
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Kinesthetic Learners Students can physically participate in technigues of measuring, accuracy,
and the betweenness of points by grouping in threes, standing in designated spots, and using

a yardstick or meterstick to measure distances between them, add distances together, and find
unknown distances. They can model examples in the book or create new scenarios. If the floors
or walls are tiled, they can also measure distances with one tile representing one unit increment.



SKATE PARKS In the graph, suppose a segmenl was drawn along the bop of each bar.
Which emirales would have segments that are congruent? Explain.
Skate Parks in Various Emiratas
Abu Dhats
Duba
a Shari
E jzh
E Ajman
Real-WorlkdLink T
T firsl commes cial :
skabiboand wes introduced in Fejulrahy : |
FARL SN M Mt ] :45:101;|¢|5|azuuumnmn
han SO0 skale parks in e
Ui Shales. Mumber of Parks
e Saryip Sl Satiiea: ST Dérig e Grsaii, 1o
The segments on the bars for Dubai and Ajman would be congruent
because they both represent the same number of skate parks.
b GuidedPractice
GA. Suppose Abu Dhabi added another skate park. The segment drawn along the bar
representing Abu Dhabi would be congruent to which other segment? Ras Al
Khaimah B B ¢
6B. Name the congruent segpments B i
0 | ) - . 1 7 v
in the sign shown. A Sdl'ﬂﬂll&rmliﬂjs_m
AB = AG, BC = GF, CD= FE - i =k
Drzwings of geomelric figures are created using measuring tools sech as a ruler and
protractor. Constructions are methods of creating these ligures without the benefit of
measuring tools. Generally, only a pencil, straightedge, and compass are used in
constructions. Skelchies are created without the use of any of these toals.
You can constrisct a segrment that is congruent to a given segment.
3 ? '\] Comstruction Copy a Segment I
3 Draw a segment JK. Elsewhere PMace the compass at point J and m Using that setting, place the
E o your paper, draw a line and adjust the compass setting so compass point at $and draw an arc
. a point on the line. Label the that the pencil is at point K. that intersects the line. Label the
£ pairt 0. paint of intersection B JK = OR
T et
3 J
5 — : _
= Q J aQ A

Capy

Differentiatedinstruction O O O

Extension Tap into students’ creativity by having them create a game that reguires measurement to
determine a winner. Many real-life games and sports are decided by measurement. Examples include
bocce ball and javelin throw.

3 FONTS The Arial font is often

used because it is easy to read.
Study the word time shown in
Arial type. Each letter can be
broken into individual segments.
The letter T has two segments, a
short horizontal segment, and a
longer vertical segment. Assume
that all segments overlap where
they meet. Which segments are
congruent?

TIME

The five vertical segments in
the letters T, I, M, and E are
congruent. The four horizontal
segments in T and E are
congruent. The two diagonal
segments in the letter M are
congruent.




Formative Assessment

Use Exercises 1-9 to check for
understanding.

Then use the chart at the bottom of this
page to customize assignments for your
students.
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Exampie 1 Find the length of cach line segment or object. 1. 5.7 cm or 57 mm
£ =l H 2 € 2] 3.5 cm or 35 mm

; : O A TR

R — omE . 2 A

i '

1 I

] ]

]
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em 1 2 3 4 L L]

Example 2 £ 8 1%:[11
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Examples 34 Find the measurement of each segment. Assume that each figure is not deawn to scale.
5 CD 38cm 6 RS 24cm
ot —licm A

?"‘h—z?m I dem |

-\_"\-\_\_\_\_\_\-\-\1

o

S 1fiem T

Exampie 5 ALGEERA Find the value of x and BC if B is between C and 2.

.{'.'B %y, BD = 4, and BD = 12 x=3; BC =6
B CE=—dr— 9. BD=3x+5 andCD =17 x=3;BC=13

8. STRUCTURE The Indiana State Flag was adopted in 1917,
The measures of the segments between the stars and the Mame
are shown on the dizgram in centimeters. List all of the congruent
segments in the Migure.
AG = FG, BG = EG, C6 = D6

Exampile &

Practice and Problem Solving

Examples 1-2 Find the length of each line segment.
'Il:m n X ¥

Julyfgien

W RLEW

sallew) ALen st macig o] WOREInEa | HeWRIBWI BWoT mnmerhl  uoiRnDg

0. E F % X ! 3.8 mm
3 |||||1:||||]r]r]r|1|l[1||i|||||||||' (R LLLLTLL ARLELLANE LR VARY IR RRLUR il
0 1 2 |rl'u'n 1 2 3 4
cm |
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Differentiated Homework Options
Level Assignment Two-Day Option
O Basic | 10-32, 37, 38, 40-60 11-31 odd, 42-45 10-32 even, 37, 38, 40, /1,
4660

119 odd, 20, 21-33 33-38, 40, #1, 46-60

| odd, 34-38, 40-60

C core
a Advanced

10-32, 42-45

| 34-55, (optional: 56-60)
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Examples 34 Find the measurement of each segment. Assume that each figure is not drawn o scale.

M. Ef 53cm 15 I 11cm 16. PR 21 mm
20. 2008: 20 - 0.75 em (.55 em
28em e
cans, 2009 35 /_,r’//lF o I P
cans, 2010: 30 25¢cm G P"-H_\"""-_._\_\_ "‘--\_._._I'.
R B AT
E 3.7 mm g
the number of
ansthegils . 57 1.5cm 8. WY 4.4 mm 9. G 42cm
brought in ] | _
from the total L A" - &8 mm | f 168 tm i
—t—a——% S TP W N S———
numberofcans |, =i Pt
brought in by g vV
the girls and

theboys. 20 SENSEMAKING The stacked bar graph
shows the number of canned food items
donated by the girls and the boys ina
homeroom class over three years. Use the
concept of betweenness of points ko find
the number of cans donated by the boys
for each year. Explain your method.

M c=18;¥Z=T72 22.b =125 YZ=100

Bo=4K¥I=M0 MId=XZ¥YI=1%

'15."=4%r1=1% 26.0=6;¥Z=138

Homeroom Canned Faod Denations

i

¥ 81 n 30 a0 -] &l M L]
Mumber of Cans
= Girls = Boys

Exampis § ALGEBRA Find the value of the variable and Y2 il Y is between X and 2.

XY=, YZ=de XZ =83

D XY=6bhYZ=8b XZ=175

23, XY= Ta, YE = 5u, XX = 6a+24 M. XY=NMdV¥2Z=9% -2 XZ=5d+23
B XY=+ YE=n—T7 XE=12 26 X¥Y=3a- 4, YZ=6e+ 2L XX =5a + 22
Example & Determine whether each pair of segments is congruent.
. E]. HL. yes 28. AC, ED yes 9. FH, FG no
K deom J
. A 2Zm B - E
im am Q45 em |
dem um o o o b 05cm
_\_‘f"“—\_ G
H 4cm L
30. VW LZ 3. MN, D yes 32 S0 VT yes
30. cannot be ¥ Z M N s
determined 2y Sfﬂ
from the X u 3 # S T
information ¥ % |, =
given W Vv A 4 Q U

v
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Exercise Alert
Ruler Exercises 34 and 35 require the
use of a ruler.

&5 Multiple Representations

In Exercise 36 students investigate the
concept of betweenness. They should
see that between any two points on a
line another point exists.

Additional Answers

34a.

Xy l, Xy 'I

-

A

34b.

| B
AB = 2(XY)

Sample answer: | measured XY
with my compass and used this
measurement to construct X¥
two times. Since | used the same
arc measure to construct XY two
times, the segment is 2{XY).

B{WZ)

—l—

Al =EWZ - XY

Sample answer: | measured
WZ with my compass and
constructed 6 segments equal
to WZ. | measured XY and
subtracted this measurement
from the segment just
constructed. Since | used the
same arc measure to construct
six WZ segments, the segment
is B{WZ). | then used the arc
measure of X¥ to subtract from
my previous segment. 5o, the
resulting segment is 6{W.Z) — XY.
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HO.T. Problems e Sigher Order Thinking Skills

37. i point B
is between
points 4 and
C, and you
know A8 and
BC, add AE

and BC to find 39. CHALLENGE Puint K is between points [and L. If JK = x*

AC. I you
know AB and
AC, subtract
AR from AC to
find BC.

. TRUSSES A truss is a structure wsed o support a load
over 4 span, such as a bridge or the rool of a house.
List all of the congruent segments in the figure.
AB = BC = CD = DE = DG = BG = UG, AN = HG =
GF = FE, BH = DF, AC = EC, A6 = HF = GE

34. CONSTRUCTION For each expression: X

* construct a segment with the given measuse,
* explain the process you used b construct the segment, and
* verily that the segment you constructed has the given measure.
z

a. XXY) See margin. b. &6(WZF) — X¥ See margin.

L]
35. BLUEPRINTS Use a ruler o determine at beast five
pairs of congreent segments with labeled
endpoints in the blueprint al the right. o s — DFFICE
Sample answer: BD = CE; BD = PO; iE| £ B g
YZ= IK;PO=RS:GK= KL i = =
G g
o £ g
=t g g S
2 ]
@ K] [ ]

36. 'E'mi.TI'LE REPRESENTATIONS Betweenmess of points ensures that a line segment may be
divided into an infinite number of line segments. a-b. See marngin.

a. Geometric Ulse a ruler to draw a line segment 3 centimeters long. Label the endpoints A
and [. Draw two more points along the segment and label them B and O Draw a second
line segment & centimeters long, Label the endpoints K and P Add four more points
along the line and label them L, M, N, anad (0.

b. Tabalar Llse a ruler bo measire the length of the line sepment between each of the
points you have drawn. Organize the lengths of the segments in AD and KF into a table.
Include a column in your table 1o record the sum of Heese measues.

c Algebraic Give an equation that could be used to find the lengihs of AD and KT
Comypare the lengths determined by your equation to the actual lengths.
AD=MAB+ BC + CD; KP= KL + LM + MN + NO + OF; the lengths
of each segment add up to the length of the whole segment.

37. WRITING iN MATH If point B is between points A and C, explain how you can find AC i
you know AB and BC. Explain how you can find BC if you know AB and AC.

38. OPEM ENDED Drraw a segment AR that measures between 2 and 3 centimeters long,. Then
sketch a segment CD congruent to AR, draw a segment EF congruent to AE, and
construct a segment GH congruent o AB. Compare your methods. See margin.

4, KL = 3x — 2, and JI. = 28,
wrile and solve an equation 1o find the lengths of K and KL, JK =12, KL =16

40. REASOMING Determine whether the statement I poiat M iz between points C ond [, then CI
i greater Hhan either CM or MDD is sometinies, dever, of aludys true. Explain.  5ee margin.

. @ WRITING IN MATH Why is it important to have a standard of measure? 5ee margin.

B26 | Lesson #0-2 | Linear Measure

BLkdan

=41,

KT}

W

anpa |

UDgE

36a. Sample answer:

A

K

L

=]

cD
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42. SHORT RESPOMSE A 36-meterlong ribbon is cut 44. SAT/ACT 11 fix) Fr® — dx, what is the value
into three pieces. The first pasce of ribbon is hall of 127 K
as long as the second piece of ribbon. The third F_a 17
piece is 1 meter longer than twice the length of the !
second piece of ribbon. How long is the longest G2 K
piece of Abbon? 21m H &
43 ::I Jl':l:e I"Eu;s, pah';lls A, B." A 45. ALGEBRA
- [, and E are collinear. Lt 2 Y
Simplify (3x e+ 4) -2+ 6x+ 7. D
AE = 38, BD = 15, and S
BC = (D = D, what is & A drt 4 M- 1
the length of AD? D o B dx® — 14xr + 15
ATH C 225 o Car+ 12 +2x—1
B 15 D 30.5 £ D et o+ 10"+ 2 -1
.
Spiral Review
Refer bo I.I'h!'f_ly.l.l'é. [Lizan 101 it
46. What are two other names for AB? BA or line m c D
47. Give another name for plane . Sample answer: plane CDF P ] 5
48, Name the intersection of plane P and AE. point & ’A
48. MNamwe three collinear points. points C, B, and F
50. MName bwo points that are not coplanar. Sample answer: points A and D
51 GEOMETRY Supplementary angles afe bwo angles with measuses thal have a sum b
of 180", For the supplementary angles in the figure, the measure of the larger '.I
angle is 24° greater than the measure of the smaller angle. Wirile and solve a I
system of equations o find these measures. | »
X+ y= 180; x = y + 24; 107", 78" ¥
Wrile an equation in point-slope form for the line that passes through each point
with the given shope.
52 (2.5 m=3 y—5=3Ux—2) ST (-%Ehm=-T7 54. (~1, -2, m= —

2

¥y—6=—Tx+3) y+z=—%{:+u

Skills Review

Evaluale each expression ifa = -7, b =4, c= =3, andd = 5.
5 b—c7T 56. e —df 12 S ld-cl 8

b—a 60. iz B2+ a2 Vi8S

s 2-* 55 58, (a —o)* 16

R

40. Always; if point M is between points C and

1. Units of measure are used to differentiate

| 4 Assess

Ticket Out the Door Have students
draw and label lines, planes, simple
geometric shapes. Have students turn
in their drawings before they leave the
classroom.

Additional Answers

36b. Sample answer:

KL 05

] 13

MN 16

NO 19

oP 07

Total 6.0
38. 4 B
c D
E F
|

G H

Both AB and EF were created using
a ruler, while GH was created using
a straightedge and compass and
CD was created without any of
these tools. E E_F and GH have
the same measure, but CD not only
does not have the same length, it
isn't even a straight line.

0, then CM + MD = CD. 5ince measures
cannot be negative, CD, which represents
the whole, must always be greater than

either of the lengths of its parts, CM or MD.

between size and distance, as well as for
precision. An advantage is that the standard
of measure of a cubit is always available.

A disadvantage is that a cubit would vary

in length depending on whose arm was
measured.



‘1 Focus

Materials for Each Group
= rulers

Teaching Tip

This lesson includes topics that most
students find confusing. Be diligent
when discussing the definitions of
absolute and relative emror. Also, tell
students that these concepts as well
as significant digits are heavily used
in science courses.

' 2 Teach

Working in Cooperative Groups
Allow students to work individually as
the lesson content and examples are
discussed. Organize students in groups
of 3, mixing abilities, and have them
complete the Guided Practice Examples
provided in the lesson. Facilitate the
group work as you monitor students’
progress and understanding.

Practice Have students complete
Exercises 1-23.
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StudyTip

Predision The absolule e
of & muessurement in
custormany unils &
dictermined before reducing
e lradlion. Foi examgle, il
YLD e Uqu: lengih of an
sl oo b 1;!’.uﬁ'.inu.'lu|=.
then the absolube emos
messuremenl is precse o
wﬂlliu.ﬁu.-!limu{u.-:.

ﬂ%umheftmzen
1 3
'Iicmand'lil:m
1B. 0.5 cm; between

35and 4.5 cm
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Extension Lesson
Precision and Accuracy

As stated in Lesson 10-2, all measurements are approximations. Two main factors are
considered when determining the quality of such an approximation.

= How precise is the measure?
= How accurale is the measure?

Precision Precision refers to the clustering of a group of measurements. It depends only
on the smallest unit of measure available on a measuring beol. Suppose you ane told that a
segment measures § centimeters. The lenglh, to the nearest centimeter, of each segment

slwnan below is § centimeters.
L] L]

I
cm 1 2 3 4 5 6 7 8 g 1 N

MNotice that the exact length of each segment above is between 7.5 and 8.5 cenlimeters,
or within (L5 centimeter of 8 cenlimelers. The absolule error of 2 measurement is equal
ko one halll the unit of measure. The smaller the unit of measure, the more precise the
measuremeant.

Find the absolute error of each measurement. Then explain its meaning.
a. 6.4 centimetlers

The measune is given o the nearest (L1 centimeter, so the absolube effor of this
measuremeant s ;_{ﬂ.t} or 0,05 centimeter. Therefore, the exact measurement

could be between 635 and 645 centimeters. The two segments below measure

6.4 & 005 centimeters.
- =

|'IIIII'II[IIIZiIIIIilrll|II!r|IIII"III|IIiIIIII'|IIIII"II|III.'|IIII|rIIIII1'I|IIII[II
cm 1 2 3 4 5 ] T 8

b. 2% centimeters
The measune s given b the neanest : centimeters, so the absoliube erfor of this

. 1f1 1 <
measurement is 1{_‘} or  centimeters. Therefore, the exact measurement could be

1 3 1 1
Between I and 20 centimeters. The two segments below measure 15 4 o centimeters,

R % L L IR 7 1 1
nun'l 1 2 4

b GuidedPractice

1A, 1; centimeters 1B. 4 centimeters




Precision in a measurement is usually expressed . * £
by the number of significant digits reported. | WAL W R (L
Reporting that the measure of AE is 4 centimeters ] 1 2 3 4

i5 leas previce than reporting that e measure of AR cm

1% 4.1 centimeters.

To determine whether digits are considered significant, use the following rules.

* Nonzero digits are always significant.

+ In whole numbers, zeros are significant if they fall between nonzero digits.

# In decimal numbers greater than or equal to 1, every digit is significant.

+ In decimal numbers less than 1, the first nonzero digit and every digit to the right
are significant.

Determine the number of significant digits in each measuremend.

a 430.008 meters
Preciien in measunement [ Simee this iz a decimal number gl‘minl':r thamn 1, avery digil i :i:iw:i.l—u."a.lll. So, this

Real-WorkdLink

in thes real work] ususlly

i measurement has & significant digits.
ones al a price.

b. 0.00750 centimeter

® Pradisian if 8 process a3

significant dagits, commercial This is a decimal number less than 1. The first nonzero digit is 7, and there are two
Guality, can cosl AFD 100. digits to the right of 7, 5 and 0. 50, this measurement has 3 significant digits.

& Prescision in & process o4
sgnificant digile, imustriad | ¢ GuidedPractice

guality, can oosl AED 500
& Pradisian if 8 process a5

significant digits, scientilic

qually, can oosl AED 2,500,
SoerceS il Tee kakn
Cullegg:

20 77000 km 3 28. 50,008 m 5 2C. 005 m D

Accuracy Accuracy refers o how close a measured value comes to the actual or
desired value. Consider the target practice results shown below.

ONCHNONC,

pime it mam

E accurate and accurase but prexise hut not accurate and
= frecise ik precie not accurzs nit preciae
= The relative error of a measure is the rabio of the absolute error bo the expected measure.
£ A measurement with a smaller relative error is said 1o be more accurate.
3
Z  StudyTip |
Accummcy The accuracy of | MANUFACTURING A manufaclurer measures each part for a plece of equipment lo be
= relalive enorola 23 centimeters in length. Find the relative error of this measurement.
= measuremenl depends on abxohste srror 05 cm _
Bl e kit ey At relative error o e o e L0222 or 2.7%
the sime af the objed being

P GuidedPractice
Find Lthe relalive error of each measurement.

measured.

3A. 32km about16% 38. 1m 50% 3C. 26 m about 1.9%

WatchOut!

Accuracy vs. Precision
Students have trouble
determining the difference
between the accuracy and the
precision of 8 measurement.
Be sure to stress the definitions
of these terms as well as the
differences between the terms.
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' 3 Assess

Formative Assessment

Use Exercises 1-21 to assess whether
students understand the concepts of
absolute error, relative ermor, precision,
and the proper use of significant digits.

From Concrete to Abstract

It is important that students understand
that a solution to a problem or a
measurement cannot be more accurate
than the level of accuracy of the given
values, measurements, or the
measurement tools used. Ask students
how this applies to reporting the
solution of a basic algebraic equation
like:

4 2% = 36.

The highest number of significant digits
given in the problems is 2; therefore,
the value of x reported should not have
more than 2 significant digits.

Additional Answers

1. 0.5 m; The exact measurement
could be between 1.5 and 12.5 m.

1
2. 37 om; The exact measurement

! 9
could be between 5{}-33 and EDE'

3. 0.005 m; The exact measurement
could be between 3.275 and
3.285 m.

4. 0.0005 cm; The exact measurement
could be between 2.7585 and
2.7595 cm.

5. Neither is correct; sample answer:
Since the ruler is marked in

1 . N
E{E ntimeter increments, the

measurement can only be precise

i i
to V] of an centimeter.

23. Sample answer: An absolute ermor
of 0.5 kilometer in measuring the
driving distance from one city to
another would likely not cause a
problem. An absolute error of 0.5
kilometer in measuring the length
of a bridge or overpass would
likely cause a problem.
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Extension Lesson
Precision and Accuracy costinues

Find the absolute error of each measurement. Then explain its meaning. 1-5. See margin.

1L 12m Fa 5(!11 cm 3 328 m 4 2759 cm

5. ERROR ANALYSIS In biokogy class, Ayoub &
and Saeed measure a beetle as shown.
Ayoub says that the beetle measures

between 1 : anad 1 i centimeters. Saeed says
that it measures between 1 !1 amd '.Ii centimeters.

Is either of their statements about the beetle’s
measure correct? Explain your reasoning.

6. PYRAMIDS Research suppests that the design dimensions of 0 1
thee Grreal Pyramid of Giza in Egypt were 440 by 440 royal
cubils. The sides of the pyramid are precise within
0.05%. What are the greatest and least possible lengths of
the sides? 43978 cubits and 440.22 cubits

Determine the number of significant digils in each measurement.

11. 990 shows L 405cm 3 & 53,000 km 2 8. 0.0005 mm 1 10. 750,000 m &
the least M. VOLUME When multiplying or dividing measires,

number of the product or quotient should have only as many

signficant significant digits as the multiplied or divided

digits—three. measurement showing the least number of significant

The product is digits. To how many significant digits should the voleme
17.455 87025, of the rectangle prism shown be reported? Report the

It showes 10 volume bo this number of significant digits.
significant Find the relative error of each messuremenl
S S e 12. 48 13 20k . 1114 15. 0.6
Cm s = i e i [11]
must round o i 05 about 2.5% about 0.04% about 8.3%

the hundreds Determine which measurement is more precise and which is more accurate. Explain your
place in order reasoning. 16-19. See Ch. 10 Answer Appendix for explanations.

bshow ooly 4 2 4m582m B 25kmi3km B 92cm42mm 1. 18} em; 125 m
three 582m;5.82m  Same precision; 25 km  Same precision; 9.2 cm i
SE S m. 133 c; 125 m
significant For each situalion, determine the level of accuracy needed. Explain.
digits. The final . )
AT I L You are estimating the Im?\hl of a person. Which unil of measure should you use:
17,500 cm?. 1 meeber, 1 centimeter, or v centimeter? 1cm; See Ch.10 Answer Appendix for explanation.

2. You are estimating the height of a mountain. Which unit of measure should you use:

1 meber, 1 centimeter, or 16

20 PERIMETER The perimeter of a geonmetric fgure is the sum of the lengihs of its sides.
Hiyam uses a ruber divided into centimeters and measures the sides of a rectangle o be

2; centimeters and 4: centimeters. What are the least and greatest possible perimeters of

the rectangle? Explain. 13.5 om; 14.5 om; See Ch. 10 Answer Appendix for explanation.
23, W WRITING IN MATH How precise is precise enough? See margin.

B30 | Extend 10-2 | Extension Lesson: Preciion and Acouracy
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L centimeter? 1m; See Choid Answer Appendix for explanation.

WatchOut!

Error Analysis In Exercise 5, students should
look at the increments on the ruler carefully.

The ruler is marked in %-centimete;

increments, so the absolute ermor is %

The beetle’s measure is between ‘I'%

and l%, 50 neither is correct.



® Yougraphed points @
on the coordinate

plane.

NewVocabulary
distance

irrationsl number
midpaint

segment biseclor

dacanan

= MoGrrwH

g

Cepy

Find the distance @ The locationof a diyonamap s

between two paints. given in degrees of latitude and

: longitude. For short distances, the
Sl i of Pythagorean Theorem can be
HED used 1o approdimate the distance

BAHAMAS

1 Focus

VerticalAlignment
w
Before Lesson 10-3 Use graphed
points on the coordinate plane.
v

Lesson 10-3 Find the distance
between two points. Find the midpoint

of a segment.
w

After Lesson 10-3 Use distances and
midpoints to solve problems and
write geometric proofs.

Distance Between Two Points The distance between two points is the length of
the segment with those points as its endpoints. The coordinates of the points can be
used Lo find thiz length. Because PU) is the same as (P, the order in which you name the

endpoints is nol important when calculating distance.

| & KeyConcept Distance Formula jon Number Line)

Words The distance between two points is the
abanlute value of the difference between
their coordinates.

Symbols If P has coordinate x, and @ has coordinate
Xz PO = | x5 — x| of | 1y — x3)-

i |

The coordinates of B and E are —6 and 2.

BE [¥2 — Xq| Diisisnce Formula

EZ { 'Eb! .r,-—-E--:n:::Jr-_.TE
# Simplify.

b GuidedPractice
Use the number line above to find each measure.
1A. AC 3 iB. Cr 9

i.FE N

2 Teach

Scaffolding Questions
Have students read the Why? section of
the lesson.

Ask:

= There are 60"in 1° longitude and 60
in 1° latitude. What are the
coordinates, in degrees, for Orlando?
Miami? Orlando: 23.55°N, 81.38°W;
Miami: 25 8°N, B0 2™W

= What is the length, in degrees, of
each leg of the right triangle shown
onthe map? long leg: 2.25%; short
leg: 1117

= Use the Pythagorean Theorem to find
the distance, in degrees, between
Orando and Miami. =257

fcontinwed on next page)



= Why must it be specified that the
triangle side lengths and the distance
between Orlando and Miami are
measured in degrees? It must be
specified that the lengths and
distance are measured in degrees
because the coordinates used to find
the lengths are given in degrees. Itis
necessary to indicate that the small
area of the map of Florida is
transposed onto a coordinate plane
so that 2-dimensional, plane figure
calculations using the Pythagorean
Theorem can be applied to locations
(indicated by degrees latitude and
longitude) that actually lie on a
sphere (the Earth).

1 Distance Between Two Points
Example 1 shows how to find the
distance between two points on a
number line. Example 2 shows how fo
use the Pythagorean Theorem or the
Distance Formula to find the distance
between two points on a coordinate
plane.

Formative Assessment

Use the Guided Practice exercises after
each example to determine students’
understanding of concepts.

=ttt
0 T8, A e e B o Wl
E Find the distance between
E{—4, 1) and F(3, —1).
¥
|E
[Tt 1 .
[ x
jDJI----- "-'T-‘"HbFI
V53 =728
K J

To find the distance between two points ¥ Alry, )
A and B in the coordinate plane, you can T
form a right triangle with AB as its bz =¥y |1
hypotenuse and point C as ils verlex as N i-l
shown. Then use the Pythagorean Theorem o "]_ mmemem Tl g )
bo find AB. g sl oty = 2y 1=
of ¥

(CB) + (AC)E = (AB)?

{'Il 11”1 E] {I'ﬁ - .!‘.I.ﬂz {AB}l

(ry — 2 1 (g — " = (AB)?
‘|||'r‘rz iy, — ) =AB

This gives us a Distance Formiula for poinks in thee coordinate plane. Because this
formula involves taking the square rook of a real number, distances can be irrational.
Revall that an irational number i a number Uhal cannol be expressed as a berminating
or repeating decimal.

Pythagoresn Theorem
CB= a0 —x L AC=[r;— 1|
The: square of a number i shvarys posilive.

Take U posilive squase ool of each side.

KeyConcept Distance Formula {in Coordinate Plane)

If Phas coondinates {x,. ;) and O has coordinates ¥
3. ¥ then ?_i*;zf %)
PO = b — xf + lry— mi- Pl
o} [

The oider of the &- and p-roordinates in each sel of parenthese: & ol impariant

Find the distance between C{—4, —6) and {5, —1).
CD = \lxz — 57 + (52— yo)?

Distance Formuls

=4fI5 = (=42t [=1 = (=6}  (mp) =14 —Badir, y)=[5—1
V92 + 52 or /106 Subilzml

The distance between C and D is /106 units. Use a caleulator to find that /106 units
is approximately 10.3 units.

CHECK Graph the ordered pairs and check by using [ T 1 ¥
the Pythagonsan Theorem.

| [2]
(CDR L (EC)? + (ED) T qunies_|_LA"|D
(CDy*=5% + 92 & uinis| 7]
(CD2Z 106 -

CD =106 v [l

b GuidedPractice
Find the distance between each

269 or
2A. E(—5, 6) and {3, —4
k: : B about 16.4 units

of points.
28. Ji4, 3)and K(—3, -7

Vias or

632 | Lesson 10-3 | Distance and Midpoints

Tips for New Teachers

Finding Distance Encourage students to use
the Pythagorean Theorem to find the distance
between two points several times before
introducing the Distance Formula. Students tend

Teach with Tech

Blog On your secure class blog, have students
write a blog entry explaining how the distance
formula and Pythagorean Theorem are similar
to each other.

to have difficulty remembering the Distance
Formula, and this affords them an alternative to
find the distance between two points.

632 | Lesson 10-3 | Distance and Midpoints

about 12.2 units

WS 3 el e

uogEnpa |




| StudyTip

dasation

E

£ MeGraweti

Capyright

Aieinalive Metbod

In Exampde 3, the coonfinale
of the midpoint couid abko
hiwe besen locabed by fist
Tirndireg U Jenglh of AR,
which i 375 — 5o 725
cenlimelers. Hall of this
messure is The distance from
oz eidaoiinl 1o the poinl
midway between A and 8, 222
of 125 Add this distanoes o
poind &' dislance from e
lefl wiall. 5o the midpoint
between 4 and B is

5+ N250f 2635
wostilinebiers froem Une e wal.

Midpoint of a Segment The midpelnl of a segment is the point hallway between the
endpaints of the segment. If X is the midpoint of AR, then AX = XB and AX = XB. You

can find the midpoint of a segment on a number line by finding the sean, or the average, of
the coordinates of its endpoinis.

| KeyConcept Midpoint Formula fon Number Line) |
I AB has endpoints at x; and X, on a number line, A M a
then the midpaint M of AB has coordinats ¥ iy Ey ¥z
Kt TE
5

|

DECORATING Hama hangs a picture 15 centimeters
from the lefl side of 2 wall. How far from Lhe
edge of the wall should she mark the location

for Lhe nail the pletice will hang on if the rdght
edge is 375 centimeters from the wall's left side?
The coordinates of the endpoints of the top of

the picture frame are 15 centimeters u:r.!_?r?'E
centimeters. Let M be the midpoint of AB.

TN II‘I‘II-IIII'II-II HEN IIIH'_

II+1-2
2
15 + 375
: T

M = Midpoint Formula
Ky =15-.J|:3, =375
525

The midpoint is located at 2625 or 2&5- centimeters from the left edge of the wall.

P} GuidedPractice

3. TEMPERATURE The temperature on a thermometer dropped from a reading of
25" by — 8. Find the midpoint of these lemperatures. B.5"

You can find the midpoint of a segment on the coordinate plane by finding the average
of the rcoordinates and of the ycoondinates of the endpoints.

I[_xqcmpt Midpoint Formula (in Coordinate Plane)

If PO hiax endpaints at Plxy, py and O, ) in ¥
the coordinate plane, then the midpoint M of PO
has coordinates

.{M"‘U:ﬁ"‘h}
I

Wheen Hnding e midpoint of & segment, the order of (e
cooedinales of the endpainis is nol imporiant

Differentiatedinstruction QO

Extension Hawve students sketch three different segments that each have (0, 0) as a midpoint. Write
the coordinates of the endpoints of each segment. What do you notice about the coordinates? Sample

answers: In each pair, the x-coordinates and the y-coordinates are opposites.

2 Midpoint of a Segment

The midpoint of a segment is the point
halfway between the endpoints of the
segment. Examples 3—6 show how to
find the midpoint of a segment
arithmetically and algebraically on a
number line and on a coordinate plane.

1 DECORATING Rashid places
a couch so that its end is
perpendicular and 76.2 centimeters
away from the wall. The couch is
228 centimeters wide. How far is

the midpoint of the couch back
from the wall in meter?

1.91m
/. A

Tips for New Teachers

Midpoint Formula You may want
students to develop their own midpoint
tormulas by testing several examples.

Fia ™y
WatchOut!

Unlocking Misconceptions

A commaon mistake is that
students subtract the coordinates
in the Midpoint Formula because
subtraction is used in the distance
and the slope formulas. Remind
students that the midpoint is the
mean of each coordinate and to
find the mean or average, the
sum is divided by the number

of terms.




Tips for New Teachers

Using Symbols Explain and
demonstrate that a segment with
points, A, B, and C, and tick marks
on AB and BC indicates that B is
the midpoint and bisector of AC.

_J Find the coordinates of M, the
midpoint of GH, for G(8, —6)
and H(—14,12). (—3,3)

Find the coordinates of D if
E(—B6, 4) is the midpoint of
DF and F has coordinates
(-5, —3). (-7.1)

A

Focus on Mathematical Content
Segment Addition Traditionally,
segment addition is shown in order

of the points, as in AB + BC = AC.
However, because addition is
commutative, BC + AB = ACis

also comect.

Find the coordinates of M, the midpoint of 5T, for 5(- 6, 3) and 71, 0).

x, +x, g+ W
M= { 1.2 i '1 .’] Miidpint Formula
—6+1 3+0
[- i z] ol =515, 3. frppd = TLO)

) (—25' ;) - M{ 2-]2,1;} Simpiify.

CHECK Graph 5, T and M. The distance from $ to M ] PPl
does appear ko be the same as the distance : L.]

from M to T, s0 our answer is reasonalble. -.{-5—2%.!%3 —

b GuidedPractice TS o

Find the coordinates of the midpoint of a B

segmmenl with the given coordinales.
A A(5, 12, B(—4, 8) [%.m]
1

|48 C(-8, -2, D5, 1) —13.—%)

You can also find the coordinates of the endpoint of a segment if you know the coordinates of

its other endpoint and its midpoint.

Find the coordinates of ] if K{ 1, 2) is the midpoint of [ and L has coordinates
@, —5).

E=T1 et fbe (x,, vy) and L be {x,, y3) in the Midpoint Formula.
+3 w+(—3)
‘{:""z “T} Hoid g%

E=H1 Weite two equations to find the coordinates of |

n+3 vy + (-5
5= -1 Midpoi Formuils T‘E Midipoir Formods
X +3=-2  Mulliply cach side by 2 ¥~ 5=4  Mulipy each sde by 2
r=- 5 Subrlrmc 3 from esch side_ W= 9 Add 5 bo each side
i ™
StudyTip L The coordinates of [ are (~5, 9).
Chedk for Resconahienecs
N S CHECK Graph | K, and [. The distance from | o K Wi=5 5
infmmation and e does appear Lo be the same as the distance
calelaled conndinales of from K to L, 50 our answer is reasonable.

e D poind 1o chedk
L rsasonabieness of
YOLT ANSwAe.

P GuidedPractice

Find the coordinates of the missing endpoint
if I" is the midpoint of EG.

SA. E(—8, &), M-5 10) 6{—2.14)
s8. P{-1,3), G(5, 6) E—7,0)

%

624 | Lesson 10-3 | Distance and Medpoinks
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Differentiatedinstruction €» C»

Visual/Spatial Learners Hold a meterstick up for students to see so that the marked side is facing
away from them. Ask a volunteer to mark on the back of the stick about where they visualize the
middle of the meterstick to be. Have a second volunteer verify the first student’s mark or add another
mark. Place a pen upright on the 50-cm mark so that it shows exactly where the midpoint of the
meterstick is and compare to the students’ marks. Explain how people can use spatial skills to very

closely identify the exact middle of many objects.

634 | Lesson 10-3 | Distance and Midpaints
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StudyTip
Sense-Making and
Perseverance The low-step
prablim solving plan & a Lool
Tor making serse of any
problem. Whes making amd
emsting ot plan,
conlinually ask yoursell, “Doe
his make seme?™ Moniloi
and evaluate your progress
anil dhwnge oourse il inecessan.

&

StudyTip
Segment Bissdors Theie
wan be an infinie number of
biserbors s each fusd
wonbain Hhe midpoind of e

{

You can use algebra to find a missing measure or value in a figure that invelves the midpoint
of a sepvent.

Example 6
ALGEBRA Find the measure of P if  is the midpeint of PR. P

Understand You know that (7 is the midpoint of PR. gy—2
Wou are asked to find the measure of PQ.

Plan Because () is the midpoint, you know that 14+ 5y
PQ = QF. Use this equation to find a value for y.

Solve M) =R
Sy —~2=TH+5y PO =19y —2 (R =MW1+ 5
-!y -2=14 Sushbract Sy from each side

Dhefinilion of midpoint

4y =16 Aald 2 bo each side.
y=4 Divvide each sidie by 4.
Mow substitube 4 for i in e expression for PO.

PO =9y 2 Oviginad messiae
= 9{4) — 2 =1
=36— 20634 Simplly.

The measure of P{}is 34.

Check Since PQ) = (R, when the expression for QR is evaluated for 4, it should

also be 34,
QR =14 + 5y Original measure
14 + 5(4) y=4
=My Sirmpfy.

P GuidedPractice

&A. Find the measure of Y2 if Y is the midpoint of X7 and XY = 2r — 3 and
YZ=27—de T

6B. Find the value of x if C is the midpoint of AB, AC = 4x + 5, and AB = 78. BS

S

segmvent at s midpoint is called a segment

Any segment, line, or plane that intersects a \f P
bisector. In the fgure at the right, M is the I

M are all bisectors of PL). We say that they
bisect PQJ.

The construction on the following page shows how to construct a line that bisects
a segrment o lnd the midpoint of a given segment.




' 3 Practice

Formative Assessment

Use Exercises 1-12 to check for
understanding.

Then use the chart at the bottom of this
page to customize assignments for your
students.

Additional Answers

22. 5 units

23. +/208 or about 14.4 units
24. 1/200 or about 14.1 units
25. /65 or about 8.1 units
26. /20 or about 4.5 units
27. V/53 or about 7.3 units
28. /37 or about 6.1 units
29. /18 or about 4.2 units
30. /29 or about 5.4 units

Construction Bisect a Segment
|
m Draw a sagment and name it AB. | m Using the same compass setting, mtiseamigrledgemdmwﬂb.
Place the compass at point A place the compass at point & and Labed the point where it
M]us‘tﬂ\ec-nrrpasssqﬁatim draw arcs above and below A8 intersects AS as M. Point M =
mhisgremerman?l'lﬂ. s0 that they intersect the two the midpoint of AB, and (D' i a
Diraw arcs above and below A5, ancs previously drawn. Label the bizector of AS.
points of the intersection of the
arcs as O and D,
j X
cX
A B A M g
A 8 D u O
Check Your Understanding
Example 1 Use the number line to find each measure.
W X £ i
—t +———— —— —t
= = =] =] =2 -1 0 1 2 ¥ 4 5 & T 4
1 XY B 2 WZ9
Example 2 TIME CAPSULE Craduating classes have buried time capsules ¥ + |
o the campus of East Side High School for over twenly - 1A
years, The points on the diagram show the position of 1
thres tinne capsules. Find the distance betweeneachpaie ™ |77 777171
of time capaules. EEEEEE
..-1[4,‘1‘].3{2. 3) v ¥48 or about 12_2 units J,
4. A4, 9, ©, 0) 106 or about 10.3 units | =
5. B2, —3), (9, 0} +/58 or about 7.6 units n .
|
6. REASONING Which bwo Lime capsiles are the dosest o
each other? Which are farthest apart? closest: F and C; farthest A and B
Example 3 Use the number line to find the coordinate of the midpoint of each segment.
A ] o o g
—s—| e e +— } k.
-12 -6 0 § 12 14 24 ;—'
1 AC —3 8 ED 9 z
=
Example 4 Find the coordinates of the midpoint of a segment with the given endpoints. E
9 5 —3). K3, —8) (4,—55) 0. M7 1), N4, —1) (5.5.0) g
636 | Lesson 10-3 | Dlance and Midpoinls
Differentiated Homework Options
Level Assignmenmnt Two-Day Option
O Basic 13-56, 68, 69, 71-86 13-55 odd, 73-76 14-56 even, 64-69, 71, 72,
7186
O core 13-55 odd, 57-60, 13-56, 73-76 57-69, 71,72, 77-86
61-65 odd, 6669,
M-86
O Advanced 57-81, {optional: 82-86)

636 | Lesson 10-3 | Distance and Midpaoints




dasation

E

Capyrght £ MeGrawH

Exampie 5 (@} Find the coordinates of G if [{1, 3.5) is the midpoint of G and | has coordinates
(6 -2). (—4.9)

Example 6 12. ALGEBRA Point M is the midpoint of CD. What is the value Cla, 24

¥
of 2 in the figure? 3 \E{Q].
Djg, 2)

aj C

Practice and Problem Solving

Example 1 Use the number line bo find each measure.
o K L M N P

e JO T . Y I T

12 JL 5 . JK 3 15 EP 9

6. NP 2 mriz 1B.IN5

Example 2 Find the distance between each pair of points. 22-30. See margin.

w[ T TTTHIT] 20. [ ¥ Il n | ¥
18. /89 orabout [+ {1 | |
3. 41 1 (| [ | R
9.4 units 11 1 4 | S -l L4 Lo m—
20. 45 or about M. a)—
6.7 units . e = o i 1:--_‘_ 11—
20 v/S8orabout [ ||| ; S
7.6 units T KjZ —2 T o :
| + 4.1 | M o T —Li=2, _3I .
| | | 1
2. ¥ 1 3 afr 7T I]Jl' .
L | . EI:‘-".E? !
- V5. 7) — 4t—— Y15 5] 4 . L]
[ | |
1 —&§ |—4 [0 4| &k —0 -4 [& 4 | B
¥ R =
W, 3 -3 -6 - T-# —FP" ]
[ T 11 'IB__ | e il
[:] | 1 1|
25 X(1,2), Y(5,9) 26. M3, 4). QF, 2) 2. M(-3, 8), N{-5, 1)
28. Y{—4.9), 25 3) 28. A2, 4), B(5, 7) 30. O, 1), I3, 6)

31. REASONING Huda i planning to hike Lo e top of
Humphreys Peak on her family vacation. The coordinates
of the peak of the mountain and of the baze of the trail are
showen. I the trail can be approximated by a straight line,
estimate the length of the trail. (Hirt: 1 km = 5380 m) 7.24 km




32. MODELING “Yousif and Nasser live in the locations shown on the map below.

a. Il each square on the grid represents one block and the bottom left corner of the grid is
the location of the origin, what is the straight-line distance from Yousil's house to
Masser's? 5.8 blocks

b I Y ousil moves three blocks to the north and Nasser moves 5 Blocks ko the west, how far
apart will they be? B.2 blocks

Example 3 Use the number line to find the coordinate of the midpoint of each segment.
E . cF. & R S KL

§-4-1 0 % 4 & 8 1

33 HE 6 34, [l 85 35 B —4.5
36. I'cC —15 K3 38 FL 25
Exnmple & Find the conrdinates of the midpoint of a segment with the given endpoints.
@ c2. 4, 215, 7) (18.5,55) &0. W12, 2), X[7, 9) (9.5, 5.5)
a1 D{-15, 4), B2, —10) (—6.5, —3) 42 W2, 5), 73, —17) (0.5, —6)
43, X(-2.4, —14), Y[-6, —6.8) (—4.2,—10.4) 44 J{- 112, —3.4), K{-56, -78 (—B.4, —5.6)
11 T |
= —HH 2’2 e A ( . z}
RN . .
|
o | L1z |1 o 111 ]x
| BiE -1 |
HH T
T * | I

Exampie 5§ Hni!lnmudlnﬂﬂnflhmhaingenipnimﬂ'ﬂhﬂumﬂpuhiﬂm

&1, O[5 4), B(—2,5) A, 6) 48 A{1,7),B-3.1) 9. A(—4.2), B, —1) C(16,—4)

50. (6, ~2), B{-3, ~5) :{1_1'1:5-'.-& ), 84,65 52 o3, ) 8(5.4) A(E ‘H}

40, —8) 12, 13.25) . Sl Wk
Example &  ALGESRA Suppose M is the midpoint of FG. Use the given information to find the missing

measure of value.

§3. M = 3x 4, MG =5r—26,FG =7 58 54 IM =5y +13, MG=5 - 3y, TG =7 16

BE MG=T:r—15,FG=33,x=7 45 6. FM = 8a + 1. FG = 42,a =7 25

638 | Lesson 90-3 | Distance and Midpeints
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Differentiatedinstruction ¢ O

Extension Have students investigate the difference between driving distances and "as the crow flies”
distances. Which are found using the Distance Formula? Which are found by technologies such as

mapping programs?

G638 | Lesson 10-3 | Distance and Midpaints



[> @ asKETBALL The dimensions of a basketball court are shawn below. Suppase a player
throws the ball froin a cofver bo a beanmale danding at the center of the cour. @ Fﬂlluw-up

| 5B | Students have explored linear measure,

distance, and midpoints.
) O

: = How are segments measured and

classified? Sample answer:
a. I center court is located at the origin, find the ordered pair that represents the location

— Segments can be measured using a

uler in linear units such as centimeters ,

of the player in the bottom right corner. (14.3, 7.8) or using the Distance Formula if they
b. Find the distance that the ball travels. =16.2m are on the coordinate plane.
Segments that have the same
TOOLS Spreadshests can be used bo perform calculations quickly. The spreadahest measure are f_‘ongruent_
below can be used to calculate the distance between two points. Values are used in formulas
by wsing a specific cell name. The value of 1 is used in a formula using its cell name, A2, = When do we use the Distance and
P f 7 > "
et = Hldpn_mt Formulas? 5._3 mple answer:
ol Midpoint = LX) The Distance Formula is used to find

lanbveess for

eath

culkamn,
Skl

the distance between two points. The
Midpoint Formula is used to find the
point that is halfway between the two

o
Row 2

o i
ot : ] endpoints of a segment.
fats. Ereer a forra (o _
e Teach with Tech
Spreadsheets Tell students that
Wirite & formula for the indicated cell that could be used to calculate the indicated value using spreadsheets often use speufat
the coardinates [x,, i) and (v, y,) as the endpoint of a segment. commands to perform operation. For
58. E2; the r-value of the midpaint of the segment —AVERAGE(A2,C2) example, /x; — X, would be written
as SORT(AZ-C2). To find the average of
S0, E2; the g wallis of the pilapator of ¥he segmcns. =RUERMCER2/) the numbers in a range of cells, use

AVERAGE (range of cells). Use the

60. G2: the length of the segment =SQRT((C2—A2)"2+{D2—B2)*2) ;
symbol * to raise a number to a power.

MName the point{s) that satislfy the given condition.
61 two points on the r-axis that are 10 units from (1, 8) (—5, 0). (7,0)

62. two points on the yaxis that are 25 units from (24, 3} (0, —4), (0, 10)

b 63. COORDINATE GEOMETRY Find the coordinates of B if B is Dig, 1)

the midpoint of AC and C is the midpoint of ALD. (—15. —1}

MzGraweHIL Edozatian

ALGEBRA Delermine the value(s) of n. i
64 fin, a2, Kdna—1),K=5 12

-

= A{-4, -5)
3 65. P{3u, n— 7), Qidn, m + 5), PO = 13 15




66. PERSEVERANCE Wilmington, North Carolina, is located at (34.37, 77.97), which represents
north latitude and west longitude. Winston-Salem is in e northern parl
of the state at (36.17, 80.27).

Exercise Alerts
Internet or Atlas Exercise 66 requires
the use of the Internet or an atlas.

Ruler Exercise 67 reqguires the use of

a ruler. 72. Sample
- answer: Divide

Enm|_:~ass and S_tralghtedge T

Exercise M requires the use of a of the endpoint

compass and a straightedge. that is not
located at the

- : ariginby 2 For  a. Find the latitude and longitude of the midpoint of the segment belween Wilmington

&' Multiple Representations example,ifthe  and Winston-Salem. (35.2°, 79.1)

In Exercise 67, students use geometric o b. Use an atlas or the Internet to find a city near the location of the midpoing
coordinates Sample answer: Fa 1

: Eflﬂllh
figures, a table, and algebraic {0, 0) and . If Winston-Salem is the midpoint of the segment with ene endpoint at Wilmington,

E‘IPI'E'ESi.ﬂH‘S, to i“uegﬁgate and {—10, §), the fimd thee Latitude and longitude of the other endpoint. (37.9°7, B2.5%)
conj re a e relationship of the idpoint is e an atlas or the Internet to find a city near the location of ¢ er e inl.
jecture about the relationship of th nt d. U tlas or the | find a city the 1 of the other endpo

: : located at Sample answer: Prestonbung, Kentucky
m!dpu!nt B fow: Segiestt i (e -0 & . o MULTIPLE REPRESENTATIONS In this profolem, you will explore the relationship
midpoint of the segment between the (—1 ' i) L between a midpoint of a segment and the midpoint between the endpoint and the
endpoint and the midpoint. —5. 3. iy B on M.

Using the a. G::m‘i: Eﬁeﬂ; .-:.mighledge to draw three different line segmenis. Label the

T 2 int endpoinis A a ¢
Tips for New Teachers S

P formiula, if b. Geometric (i each line segment, (ind the midpoint of AR and label it C. Then lnd
Challenge You may want to use a the endpoints the midpaint of AC and label it D.
CHALLENGE problem, like Exercise 70, ofthe segment . rohular Measure and record AB, AC, and ADD for each line segment. Organize your
as a beginning-of-class exercise the :"“’b{;"t:':’ - resulis into a table. : .

- - ni '+ e

day after the lesson is taught. This midpoint is d. Algebraic If AB = x, write an expression for the measures AC and AL, AC = 5x, AD = gx

allows for an opener to homework {a =0 b= o) e. Verbal Make a conjecture about the relationship belween AB and each segment if
discussion or a transition into the next Iu ; 2 you were to continue o find the midpoints of a segment and a midpoint you
o= =i
2 z}

eviously found.  Sample answer: If n midpoints are found, then the
lesson, and keeps students on task o ’
H.O.T. Problems (e shigher Dreier Thinking Skills

? 5 2 smallest segment will havea measureul'?.
while daily “classroom maintenance”
6E. WRITIMG IN MATH Explain how the Pythagorean Theorem and the Distance Formula

is performed.
are related. Sea margin.
Additional Answers

67a. Sample answer:

69. REASONING Ls the point one third of the way from (xq, v,) o (£, v,) sometimes, always,

+ + " !
or weper the poink (z' 11‘ 4] 3 "'r?)? Excplain. Sample answer: Sometimes; when the

Aoy

W I

uogEnpa |

A B 3 point (x,, ;) has coordinates (0, 0)
0. CHALLEMGE Point I is located on the segment between point A, 4) and point D{7, 13).
= The distance from A o P is twice the distance from P o 0. What are the coordinates of
A B point P75, 10)
. OPEN ENDED Drraw a segment and name it AR Using only a conpass and a straightedgpe,
A B8 construct a segment 0 such that D E:AE. Explain and then justify your constrsclion.
See margin.
67b. Sample answer: 72. WRITING INMATH Describe a method of finding the midpoint of a segment that has
A one endpoint at (0, 0). Give an example using your method, and explain why your
A D G B method works.
e
A D c B B40 | Lesson #0-3 | DiEtance and Midpoinls
*® @ * 2
A D C B

67c. Sample answer:

AB | AC | AD
i ‘ (=] ‘ fcm) | fcm)

1 4 2 1
2 L 3 15
3 3 15 075

640 | Lesson 10-3 | Distance and Midpoints

68. Sample answer: The Pythagorean Theorem

relates the lengths of the legs of a right
triangle to the length of the hypotenuse
using the formula c=a’+b 1t you take
the square root of the formula, you get

¢ =Va? + b2 Think of the hypotenuse of
the triangle as the distance between the two

points, the a value as the horizontal distance
¥y — Xy, and the b value as the vertical
distance y; — y,. If you substitute, the
Pythagorean Theorem becomes the
Distance Formula,

£= 't/[’fz- _-"1:;2 + {l'.’z ._J".'Jz-
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T3, Which of the following best 4. ALGEBRA. Hidaya paid AED 74.88 for 3 pairs of

describes the fiest step in G-:) =i jeans. All 3 pairs of jeans were the same price.
bisecting AE? C How much did each pair of jeans cost? F
A From point A, draw equal F AED 2496 H AFED 7483
arcs on O using the same G AED 3744 J AED 22464
compass width. A M a
B From point A, draw equal 75, SATIACT II5% 5= 1 thenr= C
arcs above and below AB D>{ A 04 D16
using a compass width 7 B 06 E?2
1 57 7
2 C15

C From point A, draw equal ancs above and
below AR using a compass width greater
than J AB.

76. GRIDDED RESPOMSE One endpoint of AR has
coordinates {—3, 5). I the coordinates of the
midpoint of AE are {2, —6), what is the

D From point A, draw equal arcs above and approximate length of AB? 242

below A using a compass width less
than  AB.

Find the length of each object. jLeson 03]

T 38 mm or

3.8cm

i
i
[
i
i
[
L]

LU LA A FARRRY T

||||||||||||'_|I|||||||| |l||||[I|I|I|III
1 # em 1 2 3 4 5

]
]
L]
1]

cm

Diraw and label a figure for each relationship. [L=son 309 79-80. See margin.
79. TG lies in plane M and contains point H.

80. Limes rand s intersect al poink W,

Solve each equation.
BLBx—15=5« 5 82. 5y — 3+ y =20 155
1

B4 %-7=M E’H:Zi 85 11z - 13 32‘1‘[?3%

83, 16a+ 21 =20 — % 75
B6. 15+ 6n—4n +23 4

. Sample answer:
c D

———————————————————%
ABy ABy AB; AB; AB: 025AB

e

A B

length, perform a segment bisector two
times to create a %AB length. Label the
endpoint 0.

Draw AB. Mext, draw a construction line and
place point C on it. From C, strike 6 arcs in
succession of length AB. On the sixth AB

| 4 Assess

Yesterday’s News Have students write
a paragraph that explains how the
l=sson about linear measures helped
them in the lesson about the Distance

Formula, the Pythagorean Theorem,
and the Midpoint Formula.

Additional Answers
19.

-



Chapter %0 Mid-Chapter Ouiz

Formative Assessment

Use the Mid-Chapter Quiz to assess
students’ progress in the first half of
the chapter.

Have students review the lesson
indicated for the problems that they
answered incormectly.

‘ | ZuMMLY StudyOrganizer

Dinah Zike's Foldables®

Before students complete the
Mid-Chapter Quiz, encourage them to
review the information from Lessons
10-1 through 10-4 in their Foldables.

A 'Y Mid-Chapter Quiz

| Lessons 10-1 through 10-4
o -

Use the figure to complete each of the following. [Lewson 107)

1 Mame another point that is collinear with points U and ¥. P

2. ‘What is another name for plane ¥7 plane RST
]

3. Mame a line that is coplanar with points P, 0, and W. RS

Find the value of x and AC if B Is between points A and C.

[Liesson 10-T)

A AR =12 BC =By — 1L AC = 1lx x= 5 AC =50

5 A= B9~ 2LAC=Tx+ 76
r=32,AC=428

6. Find {10 and the coordinate of the midpoint of £0.  14; —2
c

TR Y TN TR A TN N
L S T

L Il L L il
et R O R P
=10-B-ETf-5-d=]=2=10 12 3 4

(LR =]

L L
=t
B 7

Find the coordinates of the midpoint of each segment. Then find
the length of each segment. [Lewsos 10.3)

L [T TP jh—tk2via=7z
! | [P,
[ Io 1
I ki
| .// '
HER G RN
-2 _I:E!,
T 5 1
iy _5 1)
s [T =z, [ { *2}’5"5#11

B42 | Lesson 10-3 | Distance and Midpoinis

Find the cocrdinates of the midpoint of 2 segment with the
giwen endpoints. Then find the distance between each pair
of points. [Lecen 103
8. P26, 12) and 8. 42} (17, 27); 1224 or
{—6, —34)kvTT2or 21.83
10. M5, 47 and N[ 18, -27)

. MAPS Amap of a town is drawm on a coordinate gnid. The
high school is found at point {3, 1) and town hall is found
at|—5 7. [Leson -3
a. f the high school is at the midpoant between the town hall
and the town ibrary, at which ordered pair should you find
the library? (11, —5)

b. if one unit on the grid = equivalent to 50 meters, how far
Is the high school from town hall? 500 m

12. MULTIPLE CHOICE The vertex of #ABC is located at the
origin. Point A is located at (5, ) and Point C is located at
(0. 2). How can £ ABC be dassified? C

C right
D scalene

A acute
B obtuse

in the figure, XA and XE are opposite rays, and SAXC s
bisacted by XB. flesson 104)

fe
N,

13, FmLAXC = Bx — 7 and mZAXE = 3x -+ 10, find m2AXC.

. FmA0KD = 4y + 6, mADXE = 3x -+ 1, and
mLCKE = Bx — 2, find m2DXE. 28

Classify each angle as ocute, rght, or obiuse. [Lewon 109

Aoy

k4

WP 3 U

uogEnpa
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Proving Theorems about Line Segments

1 Focus

VenrticalAlignment

-
@ Youwrnie alpebrac @ Winite proofs imvolving @  Majla works at a fabrc store
Before Lesson 10-4 Identify and and two-column segment addition. after school. She measures a
proofs. length of fabric by holding the
4&!’]’“? polygons. Wirite proofs imolving joht edge of the £
Segment congruence. againet 2 ¥
Lesson 10-4 Write proofs involving IEWEMET;T?
L which ks longer than
segment addition and segment e e
congruence. of 36 inches. From the end of
- thatt mari, she measures an
5 additional length of 3 inches.
After Lesson 10-4 Use deductive L
reasoning to prove a statement. length of fabric is 36 + 3 inches
or 39 inches.
R abstracly arad Ruler Postulate In Lesson 10-2, you measured sepments with a ruler by matching the
2 uantilithely. mark for sero with one endpoint and then linding the number on the ruler that
TEHCh Corstrucd wisbhe syt corresponded to the other endpoint. This illustrates the Ruler Postulate.
antl criligue the reasoning of
L E iotiwers.
Scaffolding Questions l Postulate 10.1 Ruler Postulate J
Have students read the Why? section Words The points on any line of line segment can be put into one-to-one comespondence
of the lesson. with real numbsers.
Symbols Civen any two points A and B on a line, if 4 corresponds to zero, then B comesponds
Ask: to @ positive real number.
= Why did Emma need to measure the - L
fabric in this way? Sample: The fabric ' '
: |||||||||||||||||||||||||||| i
was longer than the yardstick. | | I | g
. : 0 1 2 3 E
= Describe how measuring 36 and o
then 3 centimeters gives a length &
: 5
of 39 centimeters. . In Lesson 10-2, you also learned about what it means for a point to be befween bwo other =
The two lengths added together give poinis. This relationship can be expressed as the Segment Addition Postulate. g
the total length. 5
3 Postulats 10.2 ment Addition Postulate
= How many times would Emma mark f = | =
the fabric if she wanted to measure Words If A, B, and C are colliness, then point 8 is between A and Cif and only if A8 + BC= AC. | 5
120 centimeters? 3 Symbols I am L g z
A & c =
: AC | g
The Segment Addition Postulate is used as a justification in many geometric proofs. -3
644 | Lesson 10-4
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" ReadingMath
Suhstitufion Property The
Subssfitutia Property af
Expaslity is often just whithen
a5 Subrlitulion.

Vocabularyl ink
Symmetric

Everyday Use balanced o
proportianal

Math Use I o = b, ten

' b=a

Exampla 1

Prove: CD = G
Prood:

Statements

1 CE=FE:ED =EG
2. CE=FEED = EG
3 CE+ED=CD

N ATE+EG=CD
( 5 IE+EG=TG

Prove that if CE = FE and ED =

FiZ then CD = TG, c a

Reasons

1. Given

2. Definibion of congruence

3. Segment Addition Postulate
4. Substitution (Steps 2 & 3)
5. Segment Addition Postulate

6 CD=IG 6. Substitution (Steps 4 & 5)
1 CD=1G T. Definition of congruence
P Guidedpraciic
M
and the A '3
Copy complete the proof. o [—
1. Given: JL= KM d e
Prove: JK = [M
Frood:
Statements Reasons
a H." EM a. Given
b JL = KM b. ? Def. of =
! “ KM
£ JK+KL= 7 ;KL+LM= 17 € Sepment Addition Postulate
d JK+ KL= KL+ LM d. ? Subs.
e K+ KL— KL=KL+ILM— KL e. Subtraction Property of Equality
L 7 JK=LM f Substiution
g JK=IM g. Delinition of congruence
Segment Congruence Segments with the same measure are congruent.
Congruence of segments is alzo reflexive, symmetric, and transitive.
{ Theorem 101 Properties of Segment Congruence
Reflexive Property of Congruence AF=78
. Symmetric Froperty of Congruence I A = T, then O = AR
|
Transitive Property of Congrusnce If AB = CDV and CD = ET, then AF = -
You will prove lhe Sy ic mnd Reflesive Properies in Exercises 6 amd 7, respeciively.
645

Differentiatedinstruction OO

Wi students have difficulty identifying the given information and information implicit in
a given figure,

m encourage students to use their spatial skills to locate obvious and hidden congruent
segments. Have students mark the figures so they can easily refer to the relationships
in the figures while they are writing their proofs.

1 Segment Addition
Example 1 shows how to use

properties and postulates to prove
segment addition.

Formative Assessment

Use the Guided Practice exercises after
each example to determine students'
understanding of concepts.

L} Prove that if AB = CD, then

AC = BD.
A
B
c
o
Proof:
Statements (Reasons)

1. AB = CD (Given)

2. AB = CD |Def. of = segs.)
3. BC = BC (Refl. Prop. of =)
4. AB + BC = AC (5eq. Add.

Post)

5. €0 + BC = AC (Substi. Prop.
of =)

6. CD + BC = BD (Seq. Add.
Post)

1. AC = BO (Trans. Prop. of =}
8. AC = BD (Def. of = segs.)

WatchOut!

End it Right In Example 1, the
guestion asks to prove that two
segments are congruent. Explain
to students that the last line of
the proof is needed to accurately
describe the relationship of the
segments as the question asks.




Tips for New Teachers
Knowledge Building Foint out that
with each new lesson, students are
accumulating knowledge of mare
postulates and theorems that they can
use for writing proofs. Encourage
students to practice using these
concepts as much as possible before
moving on to the next lesson to
strengthen their ability to recall
important facts for proof-writing.

2 Segment Congruence
Example 2 shows how to use
properties and postulates to prove
Segment congruence.

-4 BADGE Maha is designing a
badge for her club. The length of
the top edge of the badge is
equal to the length of the left
edge of the badge. The top edge
of the badge is congruent to the
right edge of the badge, and the
right edge of the badge is
congruent to the bottom edge of
the badge. Prove that the bottom
edge of the badge is congruent
to the left edge of the badge.

Given: WY =Y/
YZ=X7
X7 = Wx
Prove: WX = WY
dem
¥ 1 i
Jcm <+
W f X
Proof:

Statements (Reasons)

1. WY = ¥Z (Given)

2. WY = YZ [Def. of = segs)
3. ¥Z = XZ XZ = WX (Given)
4
D

. ¥Z = WX (Trans. Prop)
. WX = WY (Substitution)

Real-WaorldLink
Acording o & recend poll,
% ol besens wihd vokinbess
Isggan daing so before age
12. Oihess said they would
valunbeer il given mone

the Transitive Property
ufﬂungru_m, KL= PQ.

by the Transitive Property
niﬂungrumﬂ_'SE’E
by the Symmetric
Property of Congruence
and RS = KL by the
definition of congruence.
50, the first board cut has
the same measure as the
last board cut.

Focus on Mathematical Content

Line Segments [t is important to know that the
art and diagrams that go along with problems
may not always be to scale. Two segments may
be assumed to be congruent in a question, but if

| Proof Transitive Property of Congruence

4

Glven: AB = CID; €D = EF
Prave: AB = EF
Paragraph Proof:

SAnLEM“CDardE'ﬂ?EF.A&_ I'L‘Dand{'ﬂ .E.i':_lg!rll'ledeﬁrlunnofmngmentsegmerls.ﬂyme
Transitive Property of Equality, AR = EF. Thus, AB = EF by the definition of congruence.

B
E

,q'/./‘_" F

c Da_“

B46 | Lesson #0-4 | Proving Theorems aboul Line Segmenils

VOLUNTEERING The roule for a charily fitness run is shown. Checkpoinis X and Z
are Lhe midpoinis between the starling line and ¥ and Checkpoint ¥
and the finish line F, respectively. If Checkpoint ¥ is the same distance from
Checkpaoints X and Z, prove that the route from Checkpoinl Z o the finish line is

congruent to the roule from the slarting line o Checkpoint X.

¥ Checkpoinl

Given: X is the midpoint of 57 Z is the midpoint of Y. XY = YZ

Prove: 7 = 5X

Twao-Cinlumn Proof:

Statements. Reasons
1 X ks the midpoint of 5¥. Z is the 1. Given

midpoint of ¥T. XY = ¥Z

2 SX=XVYE=TF 2. Dedfinition of midpoint

3 XY=YZ 3. Definition of congruenoe

4. 5X=YZ 4. Transitive Property of Congreence
5 SX=ZF 5. Transitive Property of Congruence
6. FF=5X 6. Symmelric Property of Congruence

HPO= RS, then KL = RS [ GuidedPractice

2. CARPENTRY A carpenter culsa2” ¥ 4" board toa
desired lemgth. He then uses this board as a pattern
o cut a second board congruent o the first. Similarly,
e wses thee second board bo cut a third board and the
third board to cut a fourth board . Prove that the last
basard cut has the same measure as the firsk

Teach with Tech

Interactive Whiteboard Work through several
proofs on the board and save your work. Post
your notes on a class Web page so students will
have an additional reference outside of class.

measured with a ruler they could be different.
On the other hand, certain combinations of lines
can create an optical illusion and lines that are
the same length may not appear so.

646 | Lesson 10-4 | Proving Theorems about Line Segments
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Check Your Understanding

Example 1 1. Copy and complete the proof. c o
Given: AF = IE, BC = ED
Prove: AC = FD} ;} 3
A F
Proof:
Shatemenis | Reosors
I.A_.E=F_F.E_C=E ?._Gi\q:_ln
b AF = FE,BC = ED 'h. Definition of congruenl segments
€ AR+ FE=8C+ D | e. Addition Property of Equality
4 AB +BC—=AC | o Segment Addition Postulate
FE+EBE=FD |
e AC=FD | e Substitution
A= :'L Definition of Congruence
Example 2 2. PROOF Prove the following. See margin.
Given: [K = LM
Prove T=fd Y X LM
3. PLIERS Refer to the diagram shown. = oz
W is congruent ko YF, 71 is congruent Wae m g
1o XF. Prove that WP + ZP = YP + XP ‘_%3(:
See margin. re” B S 5
-y
Practice and Problem Solving
Example 1 4. Copy and complete the proof. W
Given: K is the midpoint of HW i M
A s the midpoint of ME \A\\\
HW = ME H E
Prove: HE = MA
LT — | [—
a_ K is the midpoint of HW | 8. Gwen
A is the midpoint of ME
HW = ME
b B = KW, MA = AF b. Definition of Midpoint
€. HW=ME e Definition of Congruence
= 4 HE + KW= HW d. Segment Addilion Pestulabe
g MA + AE= ME
€. HIE+ KW = MA + AF e. Substitution
g £ MK+ = WA+ MA £ Subetitution
E g 2HK = 2MA g- Simpiity.
B h HK = MA h. Division Propery of Equality
d i HE=MA i Definition of Congruence
847
Differentiated Homework Options
Level Assignment Two-Day Option
€ Basic 4-13,17,19-29 5-13 odd, 23-26 4-12 even, 17,19-22,
21-29
O core 5-13 odd, 15-17,19-29 | 4-13,23-26 14-17,19-22, 27-29

14-29

D Advanced

' 3 Practice

Formative Assessment

Use Exercises 1-3 to check for
understanding.

Use the chart at the bottom of this page
to customize assignments for your
students.

Additional Answers

2. Given: JK =M
Prove: JL = KM
Proof:

Statements (Reasons}

1.

2.

JK = LM (Given)
JK=1IM

(Definition of Congruence)

3.
4.

KL = K1 (Reflexive Property)

JK+KL=KIL + M
(Addition Property of Equality)

K+ KL=

KL+ LM = KM
(Segment Addition Postulate)

. JL = KM (Substitution)

7 L=KM

(Definition of Congruence)

3. Given: WP=YP. 7P = XP
Prove: WP+ ZP=YP + XP
Proof:

Statements (Reasons)

1

2.

3.

WP = YP. ZP = XP (Given)
WP = YP, 7P = XF (Definition of
Congruence)

WP+ ZP = YP + XP (Addition
Property of Equality)



Frove each theorem. 5, 6. See Ch. 10 Answer Appendic
5. Symmetric Property of Congruence Theorem 10.1

6. Reflexive Property of Congruence Theorem 10.1

T. TRAVEL Kadoka, Rapid City, Sioux Falls, Alexandria, South Dakota ane all connected by
Interstate W), a, b. See Ch. 10 Answer Appendix.

+ Sioux Falls is 256 kilometers from Kadoka and 352 kilometers from Rapid City
# Rapid City is % kilometers from Kadoka and 292 kilometers from Alexandria

a. Draw a diagram o represent the locations of the cities in relation to each other and the
distances between each city. Assume that Interstate W) is straight.

b. Write a paragraph proof Lo support your conclusion.

PROOF Prove the following. B-12. 5ee Ch. 10 Answer Appendix.
& If XW = ¥Z and YZ = 7X, 8. IfAC = AD and ED = BC,
then XW = ZX. then AE = AB.
A
A
fok

/\

0. If R is the midpoint of 5 and M. 17 is the midpoint of PR,
P = ST, then PA = RT. § is the midpoint of RT,
and QR = RS, then T = 40R.

P a4 Am & T

Example1 12 A\ /F G\
B E H

/ LT g

C o K =

Given: AE = FE, ED = HK and AB + BE + ED = EF + EH + HK o
=

Prove: BE = EH o
:

&

UDgE

648 | Lesson 04 | Proving Theorems aboul Line Segrments
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13. CONSTRUCTION Construct asegment that is twice as long as PQ. 2 o
Explain how the Sepment Addition Postulate can be wsed o

justify your construction. See Ch. 10 Answer Appendix.

B uw ¥ MULTIPLE REPRESENTATIONS A i the midpoint of PQ. B is the midpoint of A,

and C s the midpoint of PB.  a—e. See Ch. 10 Answer Appendix.
a. Geometric Make a sketch bo represent this situation.
b. Algebraic Make a conjecture as o the algebraic relationship between PCand F().

c. Geometric Copy segment F{J from your sketch. Then construct points B and ©C
on PO Explain how you can use your construction bo support your conjecture.

d. Concrete Llsea ruler to draw a segment congruent to PF{? from your sketch and
o draw points B and Con M. Use your drawing ko support your conjecture.

e. Logical Prove your conjecture.

HO.T. Problems  se Higher-Drder Thinking Skils

15. ERROR AMALYSIS In the diagram, A = BC and BC = DG.
Examine the conclusions made by Najat and Mabila.
Iz either of them correct? Explain your reasoning. 5ee margin.

Neajat Nakils
Simce AB = BC amd Sincs AD= BE and BE= D,
BE = DG, then AB = TE Ghaw AL = 05 by e Exlacicn
by Hae Troptiive Pungeml o Coypsnnce
Properiy of Congruence.

16. CHALLENGE ABCD is a reclangle. Prove that AC = ED. See Ch. 10 Answer Appendix.
7. WRITING IN MATH Does there exist a Subtraction Property of Congruence? Explain. See margin.

18. REASONING Classify the following statement as true or false. If false, provide a
counterexample. See Ch. 10 Answer Appendix.

If A, B, C, D, and E are collisear with B beirg the stdpoint bebween A and C, C being the
midpaint between B and D, and [ being the midpoint between Cand E, then AR = BC = DE

19. OPEM EMDED Draw a representation of the Segment Addition Postulate in which the
segment is 1 ! centimeters long, conlaing four collinear points, and containg no congruent
segmments. See Ch. 10 Answer Appendix.

20. WRITING IN MATH Compare and contrast paragraph proofs and two-column proofs.
See Ch. 10 Answer Appendix.

Exercise Alert

Compass and Straightedge Exercise
14 requires students to use a compass

and straightedge.

Compass and Ruler Exercise 16
requires students to use a compass
and a ruler.

' Multiple Representations

In Exercise 16, students use geometric
sketches, algebraic conjecture, and
direct measurement to investigate
midpoints of a line.

7= N
WatchOut!

Error Analysis Leslie applied the
property correctly but incorrectly
stated that AB = AF. Shantice

also applied the property correctly
but mistakenly cited the Reflexive
Property.

N ot

Additional Answers

15. Neither are correct. Mary stated
the comrect property but incorrecthy
stated that AB = DE, when it
should have been AB = DG. Susan
stated the correct congruence but
gave the wrong reason.

17. Student answers will vary, but
should convey their understanding
that there is no Subtraction
Property of Congruence.

Differentiatedinstruction QO

Extension A Proof:
Given: BD = EC Statement (reason
B = AE 1. BD = EC; DA = AE (Given)
Prove: BA =AC o E 2. BD+ DA = EC + AE {Add. Prop. of =)

3. BD +DA=BAEC+ AE=AC
{Seq. Add. Post)

4. BA = AC (Substitution)




4 Assess

MName the Math Give each student a
ruler to measure a finger from the tip to
the first knuckle. Next, have each
student measure from the first knuckle
to the second knuckle. Have students
find the length from the tip of the finger
to second knuckle and determine
whether the measurements taken on
the corresponding finger of the other
hand are congruent. Have them write
the postulates or theorems that they
used.

Additional Answer

Z1. Given: AC = DF AB = DE
Prove: BC — EF
Proof:
Statements (Reasons)
1. AC = DF, AB = DE (Given)
2. AC=AB + BC;DF = DF + EF
(Seg. Add. Post))

3. AB + BC = DE + EF(Subs.)
4. BC = EF{5ubt Prop.)

Standardized Test Practice

M. ALGEBRA The chart below shows annual 22, ALGEBRA Which expression is equivalent ko

recycling by material in the United States. 12:74, G
Aboul how many kilograms of aluminum are 4 e
yched each year? D i
recycled each yea F |. H 8
Annual Recycling 5 .
! G ut ] :3

Z3. SHORT RESPONSE The measures of two
complementary angles are in the ratio 4:1. What is
the measure of the smaller angle? 18

24. SATIACT Maysoun can word process 40 words per
minute. How many minutes will it lake Maysoun
o word process 200 words? C

A D5 D 10
A 75 C 7,500,000 . B
B 15,000 D 15,000,000,000 C5
Spiral Review

25, GEOMETRY I the side length of a cube s s, the volume is represented by 5%,
and the surface area is represented by 6s”.
a. Are the expressions for volunme and surfece apes monomials? Explain.

Yes; each is product of variables andlor a real number.
b. If the side of a cube measures 3 meters, find the volume and surface area. 27 m?; 54 m?

€. Find a side length s swch that the volume and surface area have the same measure. & units

d. The volume of a cylinder can be found by multiplying the radius squared times the
helght times m, or V wrh. Suppose you have two cylinders. Each measure of the
second is twice the measure of the first, so V = m(2r)%(2k). What is the ratio of the
vollume of the first cylinder to the second cylinder? 1.8

26. PATTERN BLOCKS Pattern blocks can be arranged to it in a circular pattern without
leaving spaces. Remember that the measurenvent around a full circle is 360°.
Determine the degree measure of the numbered angles shown below. 60, 30, 90, 60, 120, 60

Skills Review
ALGEBRA Find x.
z. Jor-2 28. d 8 15
i a ll
Lo M Sl
H“x. . e
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Formative Assessment
KeyVocabulary If students have
difficulty completing Exercises 1-4,
remind them that they can review the
lessons to refresh their memories about
the vocabulary terms.

‘ maﬁ StudyOrganizer

Dinah Zike's Foldables”

Have students look through the chapter
to make sure they have included
exampies in their Foldables for each
lesson of the chapter. Suggest that
students keep their Foldables handy
while completing the Study Guide and
Review pages. Point out that their
Foldables can serve as a quick review
when studying for the chapter test.

Study Guide and Review

Study Guide
KeyConcepts KeyVocabulary
Points, Lines, and Planes [Lesson 10-1 acute angle line
# There is exacily one line through any two points. amgle line segment
# There is exactly one plane through any three noncollinear angle bisector midpaint
points. area n-gon
Dictance and Midpoints (Lessc e ”““‘:“9"!
circumference ra
« On a number line, the measure of a segment with endpoint i, 3 =
coordinates gand bis o — bL i Pl
« In the coordinate plane, the distance between two points g phae
3 congruent Int
brrdand ey isgventyd = Vi i 0w R s
= 0n a number line, the coordinate of the midpoint of a segment ik
COnvex
wnnenapmrnsuamam"}"'. i muhr i
« In the coordinate plane, the coordinates of the midpoint of a o re-g i
segment with endpoints that are (x,, ) and fx,, y.) are degres right angle
{x1 +x; yi+ y,) distance segment bisector
2 - 2 F equiangular polygon side
T ee LA el lateral potygon Sparce
Angles [Lessons 10-3, 10-4, and 10 e
exter noefined te
« An angle is formed by two noncollinear rays that have a common o . cip
endpoint, calied its vertex. Angles can be dassified interior vertex
intersection vertex of 3 polygon

by their measures.

L3

Adjacent angles are twa coplanar angles that lie in the zame
plane and have a common vertex and & common side but no
comman interior points.

* Vartical angles are two nonadjacent angles farmed by two
intersecting lines.

= A lnear pair is a pair of adjacent angles with noncommon sides
that are opposite rays

» Complementary angles are two angles with measures that have
& sum of 90.

« Supplementary angles are two angles with measures that have a
sum of 180,

E™3X] List the given information and draw a diagram,
if presible.

m State what is to be proved.

m Create a deductive argument.
m Justify each statement with a reason.

m State what you have proved.

652 | Chapler 90 | Siludy Guide and Review
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Be sure the Key Concepts
are noted in your Foldable.

EI3 StudyOrganizer
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Lesson-by-Lesson Review

1 Mame the intersection of lines o and . point P

2 Give another name for line b. F

3. Mame a point that is not contained in any of the three lines
a, b, orc. point W

4. Give another name for plane WPX. plane R

Mame the geometric term that is kest modeled by each item.

Plane X contains line g, line b intersects ine o at point @,
bust fine b is not in plane X

Draw a surface to represent plane X and labed it.
Draw a line in plane X and label it line 0.

Draw a line b intersecting both the plane and line o and labed
the point of intersection .

Find the walue of the variable and XP, if X is between P and 0.

1 =B XP=S%-3P0=4) x=6XP=27
B X0—=3kXP=-Tk—-2PO=6k+16

Determime whether each pair of segments is congruent.

8. AB.CD  yes 0. XY, ¥Z no
d ¥ _3_“15_’?_
" & A
'\‘ a=4
h*
o X

1. DISTANCE The distance from Faris's job to his house is 3
times greater than the distance from his house to schoal.
If his house & between his job and sthool and the distance

house to school? 1.5 km

k=45 XP=295

from his job to school is 6 kilometers, how far is it from Faris's

10 w7
- =

£ ¥ Zz

—_—— i — -
X2 —K¥Y+ ¥YZ
2=10+3k+7
MW=3+ 17
12=3x
4=x
¥=3+7 Given

)+ Tor 19 Subes ity ar

Sox = dand ¥Z = 1.

Lesson-by-Lesson Review
Intervention If the given examples are
not sufficient to review the topics
covered by the guestions, remind
students that the page references tell
them where to review that topic in their
textbooks.

653




Additional Answer

28. Statements (Reasons)

1. Xis the midpoint of WY and
VZ_ (Given)

2. WX = ¥X, VX = ZX (Def. of
midpoint)

3. WX = ¥X, VX = ZX (Def. of =)

4 VX=VW+ WX X=7¥V+T¥X
(Seq. Add. Post)

5. VW + WX =2ZY + ¥X(Subs))
6. VW = ZY (Subt. Prop.)
29. Statements (Reasons)
1. AB = DC (Given)
2. BC = BC (Refl. Prop.)

3. AB + BC = DC + BC (Add.
Prop.)

4 AB+BC=AC,DC+BC=D8
{Seq. Add. Post )

5. AC= DB (Subs.)

Find the distance between each pair of points.

7 oA-LER V288 =156

13. A2 100, -7 10

Find the coordinates of the midpoint of 2 segment with the

ghwen endpoints.

M. L-3,16), M7, 4) (7,10)

5. O35 -0, 00, 1 (16, —6.5)

Find the coordinates of the missing endpoint if M is the

midpoint of X¥.

16. X1, —6), M{15, 4] (41, 14)

7. M{—4, B). ¥{19. 0} (—27, 16)

8. HEIMG Moza and Maha are hiking in 2 state park and decide
to take separate tralls. The map of the park s sstupon a

coordirate grid. Moza's location & at the point {7, 13) and
Mahasat(3, 5L

a. Find the distance between them. ==8.9 units

b. Find the coordinates of the point midway betwean their
locations. (5, 9)

Find the distance between X{5, 7) and ¥{—17, 2}

Let {xy. ) = (5. 7) and {x;. )
VT -stre-m
V168 or 13

The distance from X to ¥is 13 units.

Find the coordinates of the midpoint between P{ 4. 13)
and Q{&, 5)-

Let fxy. g = (4. 13) and fe,. ) = (6. 5
XE4+x, ¥ty 2
n{12 z 12 ?] .H{ 12+EI13;-5]|
M1 9)

The coordinates of the midpodnt are (1, 9).

(-1

Write a two-column proof. 28, 29. See margin.
28. Given: X is the midpoint of WY and V2.

Prove: VW = 2¥
VoW X ¥
29, Given: AR — OC E
Prowve: AC = DB _/ﬂq\\
L)

30. GEOGRAPHY Eissa is planning to drive from Kansas
City to Minneapaolis along Interstate 35. The map he is
using gives the distance from Kansas City to Des Moines
as 194 kilometers and from Des Moines to Minneapolis as
2473 kilometers. What allows him 1o conclude that the
distance he will be driving is 437 kilometers from Kansas
City to Minneapolis? Assume that Interstate 35 forms a
straight line. Seg. Add. Post

i

Wiite a two-column proof.
! A0
Given: B is the midpoint of AC. /-'
Cis the midpodnt of B /I:.-'

Prove: AR = CD /
a

A
Proof:
Statements | Heasons
L 8 is Hwe midpoint of AT 1 Given

2 AF=08C 2. Dwfinitice of midpoint

3. Cis the midpoint of B 3 Gwen
A FEC=0D

5 AW=0m

A Deliniliod of madpoinl

B Transilve Property of
Exuslity
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‘Practice Test

Use the fgure o mame each of the following.

R
Il L
/z :x"/
5

1 the line that contains points (} and Z line b

2 two points that are coplanar with points WV, X,
and Y points @ and Z

3. the intersection of lines @ and b point @

Find the valise of the variable if P is between | and K.
& JP=2x, PK=Tx,[K=27 3

5 JP=3y+1,PK=12y—4, JK=75 52

B JP=8z— 1, PE=5z+ 37, JK=172— 4 6

Find the coordinates of the midpoinl of 2 segment with
the given endpoints.

7. {16, 5) and (28, —13) (22, —4)

B. (—11,34) and {47, 0) (18,17)

8 (4, —14)and (—22,9) (—13, —2.5)

Find the distance belween each pair of poinis.

0. (43, —15) and {29, —3) +/340 or 18.4 units

. (21, 5) and (28, —1) V85 or 9.2 units

12 (0, 5} and (18, 10} /349 or 18.7 units

13, ALGEBRA The measure of £X is 18 more than three
times the measure of ik complement. Find the
measure of £X. T2

. Find the value of x that will make lines @ and b

perpendicular in the Ogure below. 12
x4 4)°

-

For Exercises 15-18, use the figure below.

AT 4

tj2 3 8
H & FE

15. MName the vertex of Z3. point ©
sy ]
16. MName the sides of £1. GH and GB
. Write another name for £6. ZEBFC or 2CFE

18. Name a pair of angles that share exactly one point.
L7 and £4
19. MULTIPLE CHOICE If m.1 = 22, which of the

following statements is Lrue? D

=

A £2=.4

B £2isa right angle.
CeElm

D All of the above

Find the perimeter of each polygon.

20. triangle XYZ with vertices X(3, 7), ¥[—1, —5), and
Zib, —4) 311 units

2 rectangle PORS with vertices PO, 03, Q0. 7).
R{12, 7}, and 5(12, 0) 38 units

22 SAFETY A severe weather sirem in a local city can be
hezrd within a radius of 1.3 kilometers. Il the mayor
of the city wants a new siren that will cover double
the area of the old siren, what should the radius
of the new siren be? Round to the nearest bemth

of a kilometer. 1.8 km

23. PROOF Wrile a paragraph prood. See margin.
Given: JK = CB, KL = AR

Prowe: [I. = AC
A B [
L2 . -
J K L




1 Focus

Objective Understand and use key
strategies to solve problems.

' 2 Teach

Scaffolding Questions
Ask:

= How can you organize the information

given in a problem? You can
underline the important given

information, cross out any extransous

information, or even make a table or
chart.

= What are some different ways that
information can be givenin a
problem? Information can be given
directly in the problem, in a chart or
graph, or in a diagram.

= What are some key words to look for
to determine what a question is
asking? Look for any arithmetic
terms like sum, difference, product,
or quotient, and for words like least,
greatest, ail, or none. Be sure to
answer the question that is being
asked as many problems require

mare than one step and the solutions

to those intermediate steps are
frequently answer choices.

= Why is it important to check your
answer? It is important that your
answer makes sense and is
reasonable; very minor arithmetic
errors can result in solutions that are
completely unreasonable.

10Preparing for Standardized Tests

Solving Math Problems
Strategies for Solving Math Problems

The: firsl slep Wo solving any math problem i Lo read the problem.
When reading a math problem to get the information you need Lo
solve, il is helplul o use special reading stralegies.

Read the problem to determine what information s given.
= Analyze: Determine what exactly the problem is asking you to sobve.

* Underline: If you are abde to write in your test book, undedine any
important information.

Reread the problem to determine what information is needed 1o solve
the problem.
* Think: How does the information fit together?

= Key Words: Me there any key words, variables or mathematical terms
in the problem?

* Diagrams: Do you need to use a diagram, list or =ble?
= Formulas: Do you need a formula or an equation 1o sobve the problem?

Dewise a plan and solve the problem. Use the information you found in Steps 1and 2.
* Question: What problem are you sokdng?
* Estimate: Estimate an answer.

= Eliminate: Eiminate all answers that do not make sense and/or vary greatly from
your estimate.

Chieck your arswer.
= Reread: Quickly reread the problem to make sure you sohved the whole problem.
* Reasonableness: ls your answer reasonable?
* Units: Make sure your answer has the comect units of measurement.

656 | Chapter 10 | Preparing for Slandardized Tesis
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Coemyrighl & Mclraw-HIL Edcatian

Read the problem. Identify what you need to know. Then use the information in
the problem to solve.

Muna ks using a coordinate grid to make a map of her backyard. She plots the

swing set at point 52, 5) and the big oak tree ak point (-3, —6). Il each unit on the
grid represents 5 meters, what is the distance between the swing sel and the oak tree?
Round your answer to the nearest whole meter.

A 12m B 25m C &0 m D Mm

Determine what exactly the problem is asking you to solve. Underine any
important information.

Muna is using a coordinate grid to make a map of her backyard. She plots the
mm@m.mﬂlﬁlandtmhgmkmumﬂ_l_ﬁ] lfeachﬂnht_nn_l.he_

Round your answer tnlheneareql M'n:;le meler

The problem is asking for the distance between the swing sel and the oak tree. The
key word iz distance, so you know you will need to use the Distance Formula.

d=4lz;— 22+ (y; — y;)?  Distance Formuls

=3 =224 (-6~ 5 = @5 mdinyd = (-3 -6
=3y(-52 + (—11)* Subliact
=35 ¥ 1H or v146 Simplify.

Mdmbﬁwmmngmamimemkfmeﬂf 6 units. Use a caleulator bo
find that v 146 uniis is approximately 12.08 units.

Since each unit on the grid represents 5 meter, the distance is (12208} - {5) or 60.4 m.
Therefore, the correct answer is C

Cheeck your answer b make siure it & reasonable, and that you have used the
correct units.

¥

Standardized Test Beample

Omar uses a coordinate grid to
make a map of his classroom. He
plots the teacher's desk at point
Al1, 4) and the globe at point

B(—2, —3). I each unit of the grid
represents 3 meter, what is the
distance between the desk and the
globe? Round your answer to the
nearest whole meter. D

A B
B 12
cC 2
D 23
\

3 Assess

Use Exercises 1and 2 to assess
students’ understanding.

Exercizes
Eead each question. Then fill in the correct answer Z What is the value
on the answer document provided by your Leacher of x in the figure
or on a sheet of paper. at the right? G

F 10 B T+ 2

1 A regular pentagon has a perimeter of 24 centinvelers.

What is the measure of each side? D G 12

A 3 centimelers C 4 centimeters H 14

B 3.8 centimebers T 4.8 centimeters J 15




Chapter #0 Standardired Test Practice

Cumulative, Chapters 1 through 10

1 IStandardized Test Practice

I | ¢ ™ gt

GBI m 2
Read each question. Then fll in the correct answer on
the answer document provided by your leacher or on 121 m G
a sheet of paper.

1 Omar Rentals rented 12 more bicycles than &
seoobers last weekend for a lotal revenue of
AED 2,125, How many scoobers were rented? B

Bicyche AED 20
In thee figure below, what is the measure of
Sewales AED 45 angle CDN? B

A 2 C 37

M o
B 29 D 41
2. Find the distance between M{—3, 1) and N{2, B) on a L 0
coordinate plane. J £
F &1 unils 0% P
M

G 6.9 units

F 174 m H 188 m
G 183 m J 191 m

H 7.3 units A 58" C 68
J B.6 units B & o 7

3. Which of the following terms best describes points .
F.G,and H? C Find the perimeter of the figure below. H

10 em 10 e
1

1Zem
F 20 cm H 32 cm
G 2% em J lcm

A collinear
What is the relationship of £1 and 277 A

~

Test-TakingTip A complementary angles

Question 3 Undesstanding Bie terms of geomelry can belp you B linear pair

sohe probla. The term congeenl refers b geomelic Rigures,

st shuew refers Lo fines, e efore bolh answess an be eliminabed, €. supplementary smgles
L D vertical angles

B comgruent

L= 1H

PG |[H

uog
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Record your answers on the answer sheel provided
by your leacher or on a sheel of paper.

8. Find the distance between points R and 5 on the

coordinate grid bedow. Round to the nearest tenth.
9.9 units

RS

[ ]

sia -2k

5. SHORT RESPONSE Find the value of r and AE il B is
between A and C, AB = 2x AC—6x — 5, and BC = 7.
=3 AB=6

10. Suppose bwo lines intersect in a plane.

2. What do you know aboil e bvo pairs of verlical
angles formed?

b. What do you know about the pairs of adjscent
angles formed? They are supplementary.
10a. They have the same measure.

1L GRIDDED RESPONSE How many planes are shown in
the figure below? 6

12 Omar received a AED 50 gift certificate for his

graduation. He wants to buy a DV and a poster from
a meedia store. [Assume that sales tax is included in
the prices.) Wiite and solve a linear inequality bo show
how musch he waould have left o spend aller

making these purchases.

x+14.95 1 10.99 < 50; x < 24.06

* All DVDs only AED 14.95
* All GDs only AED 11.25

Weekend Blowout Sle

« All pasters only AED 10,98,

13. GRIDDED RESPOMSE
What is the value of x
in the figure? 41

Record your answers on a sheel of paper. Show

your work.

. Maysoun’s room has the

dimvensions shown
in the figure. 135m

55m
a. Find the perimeter of her room. 58 m
b. Find the area of her room. 198 m®

. If the length and width doubled, what effect
would it have on the perimeter? 1he perimeter
would double.
d. What effect would it have on the area?

a.T7Im
b. 18.425 m2

Chapter 10 Standardized Test Practics

Homework Option

Get Ready for Chapter 11 Assign
students the exercises on p. 641 as
homewaork to assess whether they
possess the prerequisite skills needed
for the next chapter.
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Lesson 10-1

32. Sample answer:
m

33. Sample answer:

!

34. Sample answer:
CX Y o

35. Sample answer:

36. Sample answer:

N E
| 8
16
-4 poi
]
Fo-eprr
~8-6-4-20] 2 4 6 8X
L ]
— Iig
—6

37. Sample answer:
L A

e e o e

N i
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33.

39.

¥
L/
R
i
—Ea—a—fo ;If 4 68 T;EIJ'

A
AT

Sample answer:

Extend Lesson 10-2

16.

18.

19.

20.

224 mis precise to within nearest 0.05 m and 5.82 m is precise
to within 0.005, so0 5.82 is the more precise measurement.

0.05m .
228 O about 0.2%, while the

or about 0.09%, s0 5.82 is

The relative errorof 224 m is

0.005
5.82

relative error of 5.82 is
also more accurate.

. Each measure is precise to within 0.5, so one measure is not

more precise than the other. The relative error of 13

. 05 : , 05
is 5g O 2%, while the relative ermor of 83 is g of
about 6.3%, so0 8 is more accurate.

9.2 cm is precise to within 0.05% cm or 0.5 mm and 42 mm is
precise to within 0.5 mm, so one measure is not more precise
0.05 cm

9.2 cm
0.5 mm
42 mm

than the other. The relative error of 9.2 cmm s

or about 0.5%, while the relative error of 42 mm is
about 1.2%, s0 9.2 cm is more accurate.

or

1 o . : o
184 cm is precise to within g cm and 125 m is precise to within

0.5, s0 13:r

relative error of ‘rBl [

is the more precise measurement. The

0125 .
825 about 0.7%, while the

05
125
Suppose a person is 5.5 m tall. If this height is measured to

relative error of 125 = or 0.4%, s0 125 is more accurate.

05
the nearest meter, the relative ermor would be £t i or about 9%.

If measured to the nearest centimeter, the relative error would be
05cm _ 05cm
EEm  65cm

or about 0.8%. If measured to the nearest "T; cm,

the relative error would be % or about 0.05%. While
measuring to the nearest —- cm & a more accurate measure,

16
this level of accuracy is not necessary, about a 1% level of
accuracy is sufficient, so measuring to the nearest centimeter is
sufficient.

wbpagoy

RINET [JH-MRIDIY

104}



21. 1m; Suppose a mountain is 4000 m tall. If this height is

measured to the nearest meter, the relative error would be

05 A
Wﬂn or about 0.01%. If measured to the nearest centimeter,

05cm _ _05cm
4000 m ~ 48,000 cm

the relative error would be or about

0.001%. If measured to the nearest L cm, the relative error

0.03125 cm b

would be 48.000cm about 0.0007%. While measuring to the

1 2 :
nearest 35 0N is @ more accurate measure, this level of

accuracy is not necessary; about a 1% level of accuracy is
sufficient, so measuring to the nearest meter is sufficient.

. 13.5 cm; each measurement is accurate within L of an centimeter,

;]”” ' 2[43)5"1; 14.5 cm; Each

measurement is accurate within < of an centimeter , so the

=0 the least perimeter s 2(2

greatest perimeter is 2(2 :) cm 4 2[4;) cm.

Lesson 10-4

ducation
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5. Given: AB = CD

Prove: C0 = AB

Proof:

Statements (Reasons

1. AB = CD (Given)

2. AB = CD (Def. of = segs.)
3. CD = AB (Symm. Prop.)

4. CD = AB (Def. of = segs)
. Given: AB

Prove: AB = AB

Proof:

Statements (Reasons)

1. AB (Given)

2. AB = AE (Refl. Prop.)

3. AB = AB (Def. of = segs)

%6 196 &l

Rapid Kadoka filexandria  Sioux
City Falls

. We are given that all of the points are collinear. Since Kadoka is
96 kilometers from Rapid City and Sioux Falls is 352 kilometers
from Rapid City, Kadoka is between Rapid City and Sioux Falls.
Since Alexandria is 292 kilometers from Rapid City, and Kadoka
is 96 kilometers from Rapid City, Kadoka is between Alexandnia
and Rapid City. Since Sioux Falls is 352 kilometers from Rapid
City and Alexandria is 292 kilometers from Rapid City, Alexandria
is between Kadoka and Sioux Falls. Therefore, from west to east,
the cities are Rapid City, Kadoka, Alexandria, and Sioux Falls.

. Given: XW = ¥Zand YZ = ZX

Prove: XW = ZX

Proof:

Statements (Reasons,

1. XW = ¥Z and ¥Z = ZX (Given)

2. XW=Y7Zand ¥Z = ZX (Definition of Congruence)

3. XW = ZX (Substitution)
4 XW= fkq’[leﬁnitinn of Congruence)

. Given: AC = AD and £D = BC

Prove: AE = AB

Proof:

Statements {Reasons]

1. AC = AD and ED = BC (Given)

2. AC = AD, ED = BC (Definition of Congruence)

3. AE + ED = AD, AB + BC = AC (Segment Addition Postulate)
4. AE + ED = AB + BC (Substitution)

5. AE = AB (Subtraction Property of Equality)

6. AE = AR (Definition of Congruence)

. Given: R is the midpoint of 05 and PO = ST.

Prove: PR = RT

Proof:

Statements (Reasons)

1. Ris the midpoint of 05, PO = ST. (Given)

2. OF = RS [Definition of Midpoint)

3. PQ = 5T (Definition of Congruence)

4. PO + OR = RS + ST [Addition Property of Equality)

5 PR=PQ + QR RT = RS + 5T (Segment Addition Postulate)
6. PR = RT (Substitution)

1 PR= RT [Definition of Congruence)

i Given: @ is the midpoint of PR. § is the mid point of RT, and

OR = RS.

Prove: PT = 408

Proof:

Statements (Reasons)

1 ﬂ. i lhr.-:.midpuint of PR, § is the midpoint of &7, and
QR = RS. (Given)

. PQ = QR and RS = 5T (Definition of Midpoint)

. QR = RS |Definition of Congruence)

. PT=P0Q + OR + RS + 5T (Segment Addition Postulate)

. @R = 5T (Transitive Property)

. PT=0R + QR + OR 1 QR |Substitution)

1. PT = 408 (Simplify)

=BT I

12. Given: AB = EF, ED = HK, AB + BE + ED = EF + EH + HK

Prove: BF = EH

Proof:

Statements (Reasons

1. AB = EF ED = HK,AB + BE + ED = EF + EH + HK
(Given)

2. AB = EF, ED = HK |Definition of Congruence)

3. AB + BE + ED = AB + EH + HK (Substitution)

4 AB—AB + BE + ED=AB — AB + EH + HK
(Subtraction Property of Equality)

5. BE 4 ED = EH + HK (Simplification)
6. BE + ED = EH + ED (Substitution)

1. BE+ ED—ED=EH 4+ ED — ED
(Subtraction Property of Equality)

6598
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8. BE = EH (Simplification)
9. BE=EH (Definition of Congruence)

- } R -

13. X 2 {5 £
Sample answer: | placed an initial point 4 on a line £ and
constructed a point £ on the line so that AR is equal to PQ.
Using point B as an initial point, | marked point C on the line so
that BC is also equal to PQ. The length of the whole segment AC
is AR 1 BC according to the Additional Postulate and AB = BC
= PQ. Using substitution AC = PQ + PO, or AC = 2PQ, s0 AC
is twice as long as PO.

Ma. P C B A Q

14b. 8PC = PO
1. P C B Q

I can measure PC and mark off segments of that length
along PQ, and count how many segments were formed.

14d. P C B Q
— -+ &+ & =
BPC = PO

14e. Given: A is the midpoint of PO, 8 is the midpoint of P4, and C is
the midpoint of PE.

Prove: 8PC = PQ

Statements (Reasons

1. Aisthe midp?inlnf PO, B is the midpoint of P4, and € is the
midpoint of PE. [Given)

. PA=AQ, PB = BA, PC = CB (Def. of Midpoint)

- PC + CB = PB (Seq. Add. Post)

. PC + PC = PB {Subs)

. 2PC = PB (Subs))

. PB + BA = PA (Seq. Add. Post)

. PB -+ PB = PA (Subs.)

. 2PB = PA (Add. Prop.)

. 2{2PC) = PA (Subs.)

10. 4PC = PA (Subs.)

1. P4+ AQ = PO (Seg. Add. Post)

12. PA + PA = PQ (Subs)

13. 2PA = PQ (Subs))

14. 2{4PC) = PO (Subs.)

15. BPC = PQ (Subs.)

16. Given: ABCD is a rectangle. A
Prove: AC = BD ><
Statements (Reasons) o o

1. ABCD is a rectangle (Given)

2. AB = CD, AD = BC |Definition of a Rectangle)

3. (ACY = (4D} + (DC), (BDY = (BC)? + (DCY?
(Pythagorean Theorem)

W e =~ M & D R

4. (ACY: = (BC) + (DC) (Substitution)
5. (A0 = (BD)? (Substitution or Transitive)
6. AC== 1|,."{E'J‘.)‘]|2 {Square Root Property)

659C | Chapter 10 | Answer Appendix

1 AC =1/ (BD)2 (By definition, length must be positive )
8. AC = BD (Definition of Square Root)
9. AC = BD (Definition of Congruence)

18. True

19. ——_

A B c D

20. Paragraph proofs and two-column proofs both use deductive

reasoning presented in a logical order along with the postulates,

theorems, and definitions used to support the steps of the
proofs. Paragraph proofs are written as a paragraph with the
reasons for each step incorporated into the sentences. Two-
column proofs are numbered and itemized. Each step of the
proof is provided on a separate line with the support for that
step in the column beside the step.
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Student Handbook

This Student Handbook can help
you answer these questions.

What if | Forget a Vocabulary Word?

Glossary GL2

The Glossary provides definitions of important or
difficult words used throughout the textbook.

What if | Forget a Formula?

Trigonometric Functions and Identities, TF1
Formulas and Symbols
These are lists of Formulas, Identities, and Symbols

that are used in the book.
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Glossary/ gl

English

absolute value The distance a number is from
zero on the number line.

acute angle An angle with a degree measure
less than 90.

0<msA <90

acute triangle A triangle in which all of the
angles are acute angles.

thrae acuta angles

additive identity For any number a, a + 0 =
0+a-=a.

additive inverse Two integers, x and -x, are
called additive inverses. The sum of any number
and its additive inverse is zero.

adjacent angles Two angles that lie in the same
plane, have a common vertex and a common
side, but no common interior points.

algebraic expression An expression consisting
of one or more numbers and variables along
with one or more arithmetic operations.

alternate exterior angles In the figure,
transversal t intersects lines £ and m. £5 and
3, and £6 and £4 are alternate exterior
angles.

GL2 | Glossary/uesslal
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alternate interior angles In the figure at the bottom
of page R115. transversal t intersects lines £ and m.
Z1and £7, and £2 and £8 are alternate interior
angles.

altitude 1. In a triangle, a segment from a vertex of
the triangle to the line containing the opposite side
and perpendicular to that side. 2. In a prism or
cylinder, a segment perpendicular to the bases with
an endpoint in each plane. 3. In a pyramid or cone,
the segment that has the vertex as one endpoint
and is perpendicular to the base.

angle The intersection of two noncollinear rays at a
common endpoint. The rays are called sides and the
common endpoint is called the veriex.

angle bisector A ray that divides an angle into two
congruent angles.

J'-'h'-p the hiscctor of 2P

angle of rotation The angle through which a
preimage is rotated to form the image.

area 1. The measure of the surface enclosed by a
geometric figure. 2. The number of square units
needed to cover a surface.

arithmetic sequence A numerical pattern that
increases or decreases at a constant rate or value.
The difference between successive terms of the
sequence is constant.

asymptote A line that a graph approaches.

augmented matrix A coefficient matrix with an
extra column containing the constant terms.

auxiliary line An extra line or segment drawn in a
figure to help complete a proof.
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bar graph A graphic form using bars to make
comparisons of statistics.

base In an expression of the form x", the base is x.

base angle of an isosceles triangle See isosceles
triangle and isosceles trapezoid.

base of parallelogram Any side of a parallelogram.

best-fit line The line that most closely
approximates the data in a scatter plot.

between For any two points A and B on a line,
there is another point C between A and B if and
only if A, B, and C are collinear and AC + CB = AB.

betweenness of points See between.
bivariate data Data with two variables.

boundary A line or curve that separates the
coordinate plane into regions.

box-and-whisker plot A diagram that divides a set
of data into four parts using the median and
quartiles.

A box is drawn around the quartile values and
whiskers extend from each quartile to the extreme
data points.
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center The given point from which all points on
the circle are the same distance.

center of circle The central point where radii form
a locus of points called a circle.

center of dilation The center point from which
dilations are performed.

center of rotation A fixed point around which
shapes move in a circular motion to a new
position.

center of symmetry See point of symmetry.

chord 1. For a given circle. a segment with
endpoints that are on the circle. 2. For a given
sphere, a segment with endpoints that are on the
sphere.

circle The locus of all points in a plane equidistant
from a given point called the center of the circle.

P is the center of the circle.
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circle The set of all points in a plane that are
the same distance from a given point called the
center.

circle graph A type of statistical graph used to
compare parts of a whole.

circumference The distance around a circle.

circumscribed A circle is circumscribed about a
polygon if the circle contains all the vertices of
the polygon.

%___3\3
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I s clreumseribved abwoast

queadrilateral ABCIL

closed A set is closed under an operation if for
any numbers in the set, the result of the
operation is also in the set.

closed half-plane The solution of a linear
inequality that includes the boundary line.

coefficient The numerical factor of a term.

collinear Points that lie on the same line.
H——'_—F.'_'__'_H
P Q A

P, Q, and A/ ara collinear

common difference The difference between
the terms in an arithmetic sequence.

common ratio The ratio of successive terms of
a geometric sequence.

commen tangent A line or segment that is
tangent to two circles in the same plane.

complementary angles Two angles with
measures that have a sum of ?0.

complements One of two parts of a probability
making a whole.

composition of transformations The resulting
transformation when a transformation is applied
to a figure and then another transformation is
applied to its image.

compound inequality Two or more inequalities
that are connected by the words and or or.
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compound interest A special application of
exponential growth.

concave polygon A polygon for which there is a
line containing a side of the polygon that also
contains a point in the interior of the polygon.

concentric circles Coplanar circles with the same
center.

congruence transformations A mapping for which
a geometric figure and its image are congruent.

congruent Having the same measure.

congruent polygons Polygons in which all
matching parts are congruent.

conjugates Binomials of the form

av'b + cv/d and avbh — cvd.

consecutive integers Integers in counting order.

consecutive interior angles In the figure,
transversal t intersects lines £ and m. There are two
pairs of consecutive interior angles: 8 and A,
and 27 and £2.

consistent A system of equations that has at least
one ordered pair that satisfies both equations.

constant A monomial that is a real number.
constant function A linear function of the formy = bh.

constant of variation The number k in equations
of the form y = kx.

construction A method of creating geometric
figures without the benefit of measuring tools.
Generally, only a pencil, straightedge, and
compass are used.

continuous function A function that can be
graphed with a line or a smooth curve.

convex polygon A polygon for which there is no
line that contains both a side of the polygon and a
point in the interior of the polygon.

coordinate The number that corresponds to a
point on a number line.
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coordinate plane The plane containing the x-
and y-axes.

coordinate proofs Proofs that use figures in the
coordinate plane and algebra to prove geometric
concepts.

coordinate system The grid formed by the
intersection of two number lines, the horizontal
axis and the vertical axis.

coplanar Points that lie in the same plane.

corollary A statement that can be easily proved
using a theorem is called a corollary of that
theorem.

correlation coefficient A value that shows how
close data points are to a line.

corresponding angles In the figure, transversal ¢
intersects lines £ and m. There are four pairs of
corresponding angles: £5 and 21, £8 and £4, £6
and 2, and £7 and /3.

Pl

5 F
0

corresponding parts Matching parts of
congruent polygons.

counterexample A specific case in which a
statement is false.

cube root If a* = b, then a is the cube root of b.
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decreasing The graph of a function goes down
on a portion of its domain when viewed from
left to right.

deductive reasoning The process of using facts,
rules, definitions, or properties to reach a valid
conclusion.

defining a variable Choosing a variable to
represent one of the unspecified numbers in a
problem and using it to write expressions for
the other unspecified numbers in the problem.

degree A unit of measure used in measuring
angles and arcs. An arc of a circle with a
n'}easure of 1% is

6D of the entire circle.

dependent A system of equations that has an
infinite number of solutions.

dependent variable The variable in a relation
with a value that depends on the value of the
independent variable.

diameter 1. In a circle, a chord that passes
through the center of the circle. 2. In a sphere,
a segment that contains the center of the
sphere, and has endpoints that are on the
sphere. 3. The distance across a circle through
its center.

dilation A transformation that enlarges or
reduces the original figure proportionally. A
dilation with center C and positive scale factor
k, k # 1, is a function that maps a point Pin a
figure to its image such that

- if peint P and C coincide, then the image
and preimage are the same point, or

- if point P is not the center of dilation, then
P’ lies on CP and CP’ = k{CP).

If k <0, P’ is the point on the ray opposite cp
such that
CP’ = [k[{CP).

dimension The number of rows, m, and
the number of columns, n. of a matrix written
as m x mn

dimensional analysis The process of carrying
units throughout a computation.

direct isometry An isometry in which the image
of a figure is found by moving the figure intact
within the plane.

direct variation An equation of the form
y = kx, where k 2 0.
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discrete function A function of points that are not
connected.

distance between two points The length of the
segment between two points.

distribution A graph or table that shows the
theoretical frequency of each possible data value.

domain The set of the first numbers of the
ordered pairs in a relation.

element Each enfry in a mafrix.

elimination The use of addition or subtraction to
eliminate one variable and solve a system of
equations.

end behavior Describes how the values of a
function behave at each end of the graph.

enlargement An image that is larger that the
original figure.

equally likely The outcomes of an experiment are
equally likely if there are n outcomes and the
probability of each is —.
equation A mathematical sentence that contains
an equals sign, =.

equiangular polygon A polygon with all congruent
angles.

equiangular triangle A triangle with all angles
congruent.

equidistant The distance between two lines
measured along a perpendicular line is always the
same.

equilateral polygon A polygon with all congruent
sides.

equilateral triangle A triangle with all sides
congruent.
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equivalent equations Equations that have the
same solution.

equivalent expressions Expressions that denote
the same value for all values of the variable(s).

evaluate To find the value of an expression.

excluded values Any values of a variable that
result in a denominator of 0 must be excluded
from the domain of that variable.

exponent In an expression of the form x", the
exponent is n. It indicates the number of times x
is used as a factor.

exponential decay When an initial amount
decreases by the same percent over a given
period of time.

exponential equation An equation in which the
variables occur as exponents.

exponential function A function that can be
described by an equation of the form y = a,
wherea > 0 and a # 1.

exponential growth When an initial amount
increases by the same percent over a given
period of time.

exterior A point is in the exterior of an angle if it
is neither on the angle nor in the interior of the
angle.

e

A is in the exterior of XYL

exterior angles 1. An angle that lies in the region
that is not between two transversals that
intersect the same line. 2. An angle formed by
one side of a triangle and the extension of

another side.
& /\

M Is an cxterior anghe.

extraneous solutions Results that are not solutions

to the original equation.

-

extremes In the ratio = - ¢ and d are the

a
b
extremes.
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factors In an algebraic expression, the quantities
being multiplied are called factors.

family of graphs Graphs and equations of graphs
that have at least one characteristic in common.

finite plane A plane that has boundaries or does
not extend indefinitely.

flow proof A proof that organizes statements in
logical order, starting with the given statements.
Each statement is written in a box with the
reason verifying the statement written below the
box. Arrows are used to indicate the order of the
statements.

formula An equation that states a rule for the
relationship between certain quantities.

four-step problem-solving plan
S5tep 1 Explore the problem.
Step 2 Plan the solution.

S5tep 3 Solve the problem.
Step 4 Check the solution.

frequency table A chart that indicates the
number of values in each interval.

function A relation in which each element of the
domain is paired with exactly one element of the
range.

function notation A way to name a function that
is defined by an equation. In function notation,
the equation y = 3x - 8 is written as fix) = 3x - B.

Fundamental Counting Principle If an event M
can occur in m ways and is followed by an event
M that can occur in n ways. then the event M
followed by the event N can occur in m x n ways.

sl g pinall leaSI Lo Glhay qgpand) a3 Jalgs
Jalgall

Ll poe ) a¥slasg dslod) agu,)) Adled! gy ) Alle
A L sy deals W o rts 2l

¥ Lo J) ane ¥ oill gl sgas ol i) ganud) oLl peiuae
qribaie cos g ol lall plass ol gla B Juakals Gla
i L S R 0 Y L NRY. T by TGN | 0 SO
peaingil paus¥l pasinusy gyl Jaud sylall 5yl ol

aallall s 5

g sheeS o A3Mal) Bacld puag dlslas diiws

251 Cilgdasadl cith Wlagd Yo ddas
Al gy 1 agkas

cdod) dadass 2 aglas

cdlliaadl = 3 Gglns

wJodl G Gaml) 4 aglns

iia} E_,ﬂ J5 l?j F'-"-‘JI AL Treis gy Jgam J‘ﬁ 'I-T!'h-'

asly yuaias Jlnadl o3 aie JS Lged oyim 330 W3
el b s

jenys o8 lslags 38,000) AN dipuat) dayyde AN Gua
) = 3x - 8 dsaall LS5 Y - 3X - 8 alslaldl Lallal)

sda s ol g8 M sl gls 13] wl—t&l et | 1.\....
R saas chaog o) ol il N saall aacag gubdl e M
ol oSe N sl ga il M Gaaslls 53) g0l e

= sl e M ox Mases foams

_E .

general equation for exponential decay

y = C(1- Y, where y is the final amount, C is the
initial amount, r is the rate of decay expressed as
a decimal, and t is time.

general equation for exponential growth

y = C1 + nY, where y is the final amount, C is the
initial amount, r is the rate of change expressed
as a decimal, and t is time.

geometric sequence A sequence in which each
term after the first is found by multiplying the previous
term by a constant r, called the commoen ratio.
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glide reflection The composition of a
translation followed by a reflection in a line
parallel to the translation vector.

graph To draw, or plot. the points named by
certain numbers or ordered pairs on a number
line or coordinate plane.

half-plane The region of the graph of an
inequality on one side of a boundary.

height of a parallelogram The length of an
altitude of a parallelogram.

A B
) C
his the height of parallelogram ABCI.

histogram A graphical display that uses bars to
display numerical data that have been
organized into equal intervals.
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identity An equation that is true for every value
of the variable.

identity function The function y = x.

identity matrix A square matrix that, when
multiplied by another matrix, equals that same
matrix. f A is any n x n matrix and | is the n x
n identity matrix, then A - l=A and - A= A,

image A figure that results from the
transformation of a geometric figure.

included angle In a triangle. the angle formed
by two sides is the included angle for those two
sides.

included side The side of a polygon that is a
side of each of two angles.

inconsistent A system of equations with no
ordered pair that satisfy both equations.

increasing The graph of a function goes up on
a portion of its domain when viewed from left

to right.

independent A system of equations with exactly
one solution.
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independent variable The variable in a function
with a value that is subject to choice.

indirect isometry An isometry that cannot be
performed by maintaining the orientation of the
points, as in a direct isometry.

inductive reasoning A conclusion based on a
pattern of examples.

inequality An open sentence that contains the
symbol <, <, >, or =.

inscribed A polygon is inscribed in a circle if each
of its vertices lie on the circle.

ALMN is inscribed in2E

integers The set {.., =2, -1, 0, 1, 2, ..}

interior A point is in the interior of an angle if it
does not lie on the angle itself and it lies on a
segment with endpoints that are on the sides of
the angle.

I
M-
I K
M is i the interior of ZJKL.

interior angles Angles that lie between two
transversals that intersect the same line.

interquartile range The range of the middle half
of a set of data. It is the difference between the
upper quartile and the lower quartile.

intersection 1. The graph of a compound
inequality containing and; the solution is the set of
elements common to both inequalities. 2. A set of
points common to two or more geometric figures.

inverse variation An equation of the form xy = k,
where k # 0.

irrational number A number that cannot be
expressed as a terminating or repeating decimal.

irregular figure A polygon with sides and angles
that are not all congruent.
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isometry A mapping for which the original figure
and its image are congruent.

isosceles frapezoid A trapezoid in which the legs
are congruent, both pairs of base angles are
congruent, and the diagonals are congruent.

W . X
F4 ¥

isosceles triangle A triangle with at least two
sides congruent. The congruent sides are called

legs. The angles opposite the legs are base angles.

The angle formed by the two legs is the vertex
angle. The side opposite the vertex angle is the
base.

% worex angle

_base angles

base

kite A quadrilateral with exactly two distinct pairs

of adjacent congruent sides.
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legs of a right triangle The shorter sides of a right

triangle.

legs of a trapezoid The nonparallel sides of a
trapezoid.

legs of an isosceles triangle The two congruent
sides of an isosceles triangle.

like terms Terms that contain the same variables,
with corresponding variables having the same
exponent.

line A basic undefined term of geometry. A line is
made up of points and has no thickness or width.
In a figure, a line is shown with an arrowhead at
each end. Lines are usually named by lowercase
script letters or by writing capital letters for two
points on the line, with a double arrow over the
pair of letters.
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line of fit A line that describes the trend of the
data in a scatter plot.

line of reflection A line in which each point on
the preimage and its corresponding point on the
image are the same distance from this line.

line of symmetry A line that can be drawn
through a plane figure so that the figure on one
side is the reflection image of the figure on the
opposite side.

Al AR 1

L ¥ ]
‘\\- ¥
WC "C
D o8 -
AC iz a line of symimetry

line segment A measurable part of a line that
consists of two points, called endpoints, and all of
the points between them.

linear equation An equation in the form
Ax + By = C, with a graph that is a straight line.

linear extrapolation The use of a linear equation
to predict values that are outside the range of
data.

linear function A function with ordered pairs that
satisfy a linear equation.

linear interpolation The use of a linear equation

to predict values that are inside of the data range.

linear pair A pair of adjacent angles whose non-
common sides are opposite rays.

P 5 R
LP5Q and £ Q58 are a linear pair

linear regression An algorithm to find a precise
line of fit for a set of data.

linear transformation One or more operations
performed on a set of data that can be written as
a linear function.

literal equation A formula or equation with
several variables.

locus The set of points that satisfy a given
condition.

lower quartile Divides the lower half of the data
into two equal parts.
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4m_

mapping lllustrates how each element of the
domain is paired with an element in the range.

X

—&
l

matrix Any rectangular arrangement of
numbers in rows and columns.

maximum The highest point on the graph of a
curve.

mean The sum of numbers in a set of data
divided by the number of items in the data set.

mean absolute deviation The average of the
absolute values of differences between the
mean and each value in a data set. It is used to
predict errors and to judge equality.

means The middle terms of the proportion.

measures of central tendency Mumbers or
pieces of data that can represent the whole set
of data.

measures of position Measures that compare
the position of a value relative to other values
in a set.

measures of variation Used to describe the
distribution of statistical data.

median The middle number in a set of data
when the data are arranged in numerical order.
If the data set has an even number, the median
is the mean of the two middle numbers.

median fit line A type of best-fit line that is
calculated using the medians of the coordinates
of the data points.

metric A rule for assigning a number to some
characteristic or attribute.

midpoint The point on a segment exactly
halfway between the endpoints of the segment.

midsegment A segment with endpoints that are
the midpoints of two sides of a triangle.

midsegment of trapezoid A segment that
connects the midpoints of the legs of a
trapezoid.
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midsegment of triangle A segment with Ll L 20 dessa ) dabeal) bl Al Ciads

endpoints that are the midpoints of two sides of anlt ) el e cniatie ihan o Mis Blp
a triangle. ] )
minimum The lowest point on the graph of a el L) g J) 8 adazs ol g s deud
curve. ) ‘
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obtuse triangle A triangle with an obtuse angle.

e

43

one obiuse angle

odds The ratio of the probability of the success
of an event to the probability of its complement.

open half-plane The solution of a linear
inequality that does not include the boundary
line.

open sentence A mathematical statement with
one or more variables.

opposite rays Two rays BA and BC such that B
is between A and C.

A g C

opposites Two numbers with the same absolute
value but different signs.

ordered pair A set of numbers or coordinates
used to locate any point on a coordinate plane,
written in the form (x, y).

order of magnitude The order of magnitude of
a quantity is the number rounded to the nearest
power of 10.

order of operations

1. Evaluate expressions inside grouping
symbols.

2. Evaluate all powers.

3. Do all multiplications and/or divisions from

left to right.

4. Do all additions and/or subtractions from
left to right.

order of symmetry The number of times a
figure can map onto itself as it rotates from 0°
to 360°.

origin The point where the two axes intersect at
their zero points.

outliers Data that are more than 1.5 times the
interquartile range beyond the quartiles.
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parallel lines 1. Lines in the same plane that do
not intersect and either have the same slope or
are vertical lines.

B

_
Lﬁlﬂ L4

AB|l CD

parallel planes Planes that do not intersect.

parallelogram A quadrilateral with parallel
opposite sides. Any side of a parallelogram may
be called a base.

A B

]

D C
AB ||DC:AD |l BC

parameter A measure that describes a
characteristic of the population as a whole.

parent function The simplest of functions in a
family.

parent graph The simplest of the graphs in a
family of graphs.

percent A ratio that compares a number to
100.

percent of change When an increase or
decrease is expressed as a percent.

percent of decrease The ratio of an amount of
decrease to the previous amount, expressed as
a percent.

percent of increase The ratio of an amount of
increase to the previous amount, expressed as a
percent.
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percent proportion
parl.  percent a P
whole = 100 O b 100

perfect square A number with a square root that is
a rational number.

perimeter The distance around a geometric figure.

perimeter The sum of the lengths of the sides of a
polygon.

perpendicular lines Lines that intersect to form a
right angle.

perpendicular lines Lines that form right angles.

_iL

Line TH I line F1

pi (x) An irrational number represented by the ratio
of the circumference of a circle to the diameter of
the circle.

plane A basic undefined term of geometry. A plane
is a flat surface made up of points that has no depth
and extends indefinitely in all directions. In a figure,
a plane is often represented by a shaded, slanted
four-sided figure. Planes are usually named by a
capital script letter or by three noncollinear points
on the plane.

plane Euclidean geometry Geometry based on
Euclid’s axioms dealing with a system of points, lines,
and planes.

plane symmetry Symmetry in a three- dimensional
figure that occurs if the figure can be mapped onto
itself by a reflection in a plane.

point A basic undefined term of geometry. A point is
a location. In a figure, points are represented by a
dot. Points are named by capital letters.

point of symmetry A figure that can be mapped
onto itself by a rotation of 180°.

Ris a point of symmetry.
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point of tangency For a line that intersects a circle
in only one point, the point at which they intersect.

point—slope form An equation of the form

¥ — ¥, = mix — x ), where (x, y) are the coordinates
of any point on the line and m is the slope of the
line.

polygon A closed figure formed by a finite number
of coplanar segments called sides such that the
following conditions are met:

1. The sides that have a common endpoint are
noncollinear.

2. Each side intersects exactly two other sides, but
only at their endpoints, called the vertices.

positive A function is positive on a portion of its
domain where its graph lies above the x-axis.

positive correlation In a scatter plot, as x increases,
y increases.

positive number Any value that is greater than zero.

power An expression of the form x" read x fo the
nth power.

preimage The graph of an object before a
transformation.

principal square root The nonnegative square root
of a number.

principle of superposition Two figures are
congruent if and only if there is a rigid motion or a
series of rigid motions that maps one figure exactly
onto the other.

probability The ratio of the number of favorable
equally likely outcomes to the number of possible
equally likely outcomes.

probability graph A way to give the probability
distribution for a random variable and obtain other
data.

product In an algebraic expression, the result of
quantities being multiplied is called the product.

product rule If (x,, y,) and (x,, y,) are solutions to
an inverse variation, then y x, = y,x,.

proportion An equation of the form % =ﬁ .

where b, d 2 0, stating that two ratios are equivalent.
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quartile The values that divide a set of data into
four equal parts.

elirl day) L) bl o dcsers puis pd ket )
dsglinia

radical equations Equations that contain radicals
with variables in the radicand.

radical expression An expression that contains a
square root.

radical function A function that contains radicals
with variables in the radicand.

radicand The expression that is under the radical
sign.

radius 1. In a circle, any segment with endpoints
that are the center of the circle and a point on

the circle.

2. In a sphere, any segment with endpoints that
are the center and a point on the sphere.

range 1. The set of second numbers of the
ordered pairs in a relation. 2. The difference
between the greatest and least data values.

rate The ratio of two measurements having
different units of measure.

rate of change 1. How a quantity is changing
with respect to a change in another quantity. 2.
Describes how a quantity is changing over time.

rate problems Problems in which an object moves
at a certain speed, or rate.

ratio A comparison of two numbers by division.

rational exponent For any positive real number b

and any integers m and n > 1, bﬂﬂ = (/)"
or Vb™. 'ﬂn is a rational exponent.

rational expression An algebraic fraction with a
numerator and denominator that are polynomials.

rational function An equation of the form fix)} =

P{%), where p(x) and g{x) are polynomial

functions, and g(x) # 0.
rationalizing the denominator A method used to

eliminate radicals from the denominator of a
fraction.
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rational numbers The set of numbers expressed
in the form of a fraction % where a and b are
integers and

b #£0.

ray f’?j is a ray if it is the set of points
consisting of PQ and all points S for which Q is
between P and 5.

-
o & 5
real numbers The set of rational numbers and

the set of irrational numbers together.

reciprocal The multiplicative inverse of a
number.

rectangle A quadrilateral with four right angles.

] [

recursive formula Each term is formulated from
one or more previous terms.

reduction An image that is smaller than the
original figure.

reflection A transformation representing the flip
of a figure over a peint, line or plane. A
reflection in a line is a function that maps a
point to its image such that

- if the point is on the line, then the image and
preimage are the same point, or

- if the point is not on the line, the line is the
perpendicular bisector of the segment joining
the two points.

regular polygon A convex polygon in which all
of the sides are congruent and all of the angles
are congruent.

regular tessellation A tessellation formed by
only one type of regular polygon.

relation A set of ordered pairs.

remote interior angles The angles of a triangle
that are not adjacent to a given exterior angle.
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replacement set A set of numbers from which
replacements for a variable may be chosen.

residual The difference between an observed
y-value and its predicted y-value on a regression
line.

rhombus A quadrilateral with all four sides
congruent.

right angle An angle with a degree measure of
90.

A
mZA = 90

right triangle A triangle with a right angle. The
side opposite the right angle is called the
hypotenuse. The other two sides are called legs.

C

hypotenuse — leg

A leg
root The solutions of a quadratic equation.

rotation A transformation that turns every point of a
preimage through a specified angle and direction
about a fixed point, called the center of rotation. A
rotation about a fixed point through an angle of x° is
a function that maps a point to its image such that

- if the point is the center of rotation, then the
image and preimage are the same point, or

- if the point is not the center of rotation, then the
image and preimage are the same distance from
the center of rotation and the measure of the
angle of rotation formed by the preimage, center
of rotation, and image points
is X

rotational symmetry If a figure can be rofated
less than 360" about a point so that the image
and the preimage are indistinguishable, the figure
has rotational symmetry.

row reduction The process of performing

elementary row operations on an augmented
matrix to solve a system.
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sample space The list of all possible outcomes.

scale The relationship between the measurements
on a drawing or model and the measurements of
the real object.

scale factor of dilation The ratio of a length on an
image to a corresponding length on the preimage.

scale model A model used to represent an object
that is too large or too small to be built at actual
size.

scalene triangle A triangle with no two sides
congruent.

scatter plot A scatter plot shows the relationship
between a set of data with two variables, graphed
as ordered pairs on a coordinate plane.

o] = « ¥ x

scientific notation A number in scientific notation
is expressed as a ¥ 10" where 1< a <10 and n is
an integer.

segment See line segment.

segment bisector A segment, line, or plane that
intersects a segment at its midpoint.

semi-regular tessellation A uniform tessellation
formed using two or more regular polygons.

sequence A set of numbers in a specific order.

set-builder notation A concise way of writing a
solution set. For example, {t| t < 17} represents the
set of all numbers ¢ such that t is less than 17.

sides of an angle The rays of an angle.
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similarity transformation When a figure and its
transformation image are similar.

simplest form An expression is in simplest form
when it is replaced by an equivalent expression
having no like terms or parentheses.

skew lines Lines that do not intersect and are not
coplanar.

slope For a (nonvertical) line containing two points
(x; yp and (x,, y;), the number m given by the
formula

S &
. =X, where x, + x,.
slope The ratio of the change in the
y-coordinates (rise) to the corresponding change in
the x-coordinates {(run) as you move from one point

to another along a line.

slope-intercept form A linear equation of the
form y = mx + b. The graph of such an equation
has slope m and y-intercept b.

slope-intercept form An equation of the form
y = mx + b, where m is the slope and b is the
y-intercept.

solid of revolution A three-dimensional figure
obtained by rotating a plane figure about a line.

solution A replacement value for the variable in an
open sentence.

solution set The set of elements from the
replacement set that make an open sentence true.

solve an equation The process of finding all values
of the variable that make the equation a true
statement.

solving an open sentence Finding a replacement
value for the variable that results in a true
sentence or an ordered pair that results in a true
statement when substituted into the equation.

space A boundless three-dimensional set of all
points.
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square A quadrilateral with four right angles and
four congruent sides.

square root One of two equal factors of a number.

square root function Function that contains the
square root of a variable.

standard deviation The square root of the variance.

standard form The standard form of a linear
equation is Ax + By = C, where A = 0, A and B are
not both zero, and A, B. and C are integers with a
greatest common factor of 1.

statistic A quantity calculated from a sample.

statistical inference The statistics of a sample are
used to draw conclusions about the population.

stem-and-leaf plot A system used to condense a
set of data where the greatest place value of the
data forms the stem and the next greatest place

value forms the leaves.

substitution Use algebraic methods to find an exact
solution of a system of equations.

supplementary angles Two angles with measures
that have a sum of 180.

surface area The sum of the areas of all the
surfaces of a three-dimensional figure.

symmetry 1. A geometric property of figures that
can be folded and each half matches the other
exactly. 2. A figure has symmetry if there exists a
rigid motion—reflection, translation, rotation, or
glide reflection—that maps the figure onto itself.

system of equations A set of equations with the
same variables.

system of inequalities A set of two or more
inequalities with the same variables.
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term A number, a variable, or a product or
quotient of numbers and variables.

terms of a sequence The numbers in a
sequence.

tessellation A pattern that covers a plane by
transforming the same figure or set of figures so
that there are no overlapping or empty spaces.

transformation In a plane, a mapping for
which each point has exactly one image point
and each image point has exactly one preimage
point.

translation A transformation that moves a
figure the same distance in the same direction.
A translation is a function that maps each point
to its image along a vector such that each
segment joining a point and its image has the
same length as the vector, and this segment is
also parallel to the vector.

translation vector The vector in which a
translation maps each point to its image.

R o
i} m
|

Point i, is a translation of point
R along ranslation vector m.

transversal A line that intersects two or more
lines in a plane at different points.
4

Line [is a transversal.

trapezoid A quadrilateral with exactly one pair
of parallel sides. The parallel sides of a
trapezoid are called bases. The nonparallel sides
are called legs. The pairs of angles with their
vertices at the endpoints of the same base are
called base angles.

T base R

P base A
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tree diagram A diagram used to show the total
number of possible ocutcomes.

two-column proof A formal proof that contains
statements and reasons organized in two
columns. Each step is called a statement, and
the properties that justify each step are called
reasons.

undefined term Words, usually readily
understood, that are not formally explained by
means of more basic words and concepts. The
basic undefined terms of geometry are point,
line, and plane.

uniform motion problems Problems in which an
object moves at a certain speed, or rate.

uniform tessellations Tessellations containing
the same arrangement of shapes and angles at
each vertex.

union The graph of a compound inequality

containing or; the solution is a solution of either
inequality, not necessarily both.

unit analysis The process of including units of
measurement when computing.

unit rate A ratio of two guantities, the second
of which is one unit.

univariate data Data with one variable.

upper quartile The median of the upper half of
a set of data.
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variable 1. Symbols used to represent
unspecified numbers or values. 2. a
characteristic of a group of people or objects
that can assume different values

variance The mean of the squares of the
deviations from the arithmetic mean.

vertex angle of an isosceles triangle See
isosceles triangle.

vertex of an angle The common endpoint of an
angle.

vertex of a polygon The vertex of each angle of
a polygon.
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vertical angles Two nonadjacent angles formed o LeglS55 ot ajgleta i olisgl; ages Ll
by two intersecting lines. comshalats pplas g, ls

3 [T
£ 1and £ 3 are vertical angles. ages Llgs £34 £

£ 2 and £ 4 are vertical angles. Lages Llgj £4 4 L2
vertical line test If any vertical line passes L ) sae Al B oS gl ! dasudl L]
through no more than one point of the graph of rbedl pe Il e sasly Ao e wp Y L e )
a relation, then the relation is a function. cills Aa)) mas g Gpeg i3 Mal)
volume The measure of space occupied by a el dnlans e ts ol dsLandl elias pns

solid region.

weighted average The sum of the product of Sk i bl bl i ge gilans Jacagie
the number of units and the value per unit Mbai Fyomie . Sy flsy (] dacklly celieg )
divided by the sum of the number of units, M Lty ) slasgl)

represented by M.

whole numbers The set {0, 1. 2, 3, ..} L3210} o5 5csers  dowisuis slac

X

x-axis The horizontal number line on a i) gotws e Lad¥) slac) das X jgoned!

coordinate plane.

FTTTT] TTTT#TTT]
| . I
I/
I of | [] x 0 +
x-coordinate The first number in an ordered el zapl B Ja¥) saall X dlaasY)
pair. )
x-intercept The x-coordinate of a point where a pblaty 2l dball X JSla=¥ X sl g plalic
graph crosses the x-axis. X semel pa Sl g ) Lasse
y-axis The vertical number line on a coordinate ] gatwa Sle byl slac¥) das Yy sl
plane.
L11rier 11l . L 111
LTI Tk ,'“i_]; __ _ ,__:l—, _ __
0 I [ Jo) 1 1] 1
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y-coordinate The second number in an ordered
pair.

y-intercept The y-coordinate of a point where a
graph crosses the y-axis.

zero The x-intercepts of the graph of a
function; the points for which f{x) = 0.

zero exponent For any nonzero number a, a? =
1. Any nonzero number raised to the zero power

is equal to 1.
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Symbols

# is not equal to AB measure of AB
= is approximately equal to F.d angle
- is similar to N triangle
> = is greater than, is greater than or equal to i degree
<, = is less than, is less than or egual to ™ pi
a opposite or additive inverse of o sin x sine of x
lal absolute value of o cosx  cosine of x
o principal square root of o tan x tangent of x
a:b raticof o to b ! factorial
ix, ) ordered pair Pla) probability of a
fx) fof x, the value of fat x Pin, 1) permutation of n objects taken r at a time
AB line segment AR Clm. 1) combination of i objects taken r at a time
Algebraic Properties and Key Concepts
Identity Foranynumbero, o + 0 =0+ a=oando-1=1:-0=0.
Substitution (=) If o = b, then o may be replaced by b.
Reflexive (=) a=a
Symmetric (=) fa=b, then b = a.
Transitive (=) fo=bandb=c theno=c.
Commutative Forany numbersoandb, o +t b=b + candao-b=b+a
Associative For any numbers a, b, and ¢, (¢ + b) + c=a + (bt c)and(o-b)-c=0o-(b-c).
Distributive For any numbers g, b, and ¢, o(b + ¢} = ab + ocand a(b ~ ¢} = ab - oc.

Additive Inverse

,x*ﬂmemmmmmmfm{,a,andﬂ

For any number o, there is exactly one number

o such that o 4+ (—og) = 0.

Multiplicative Inverse For any number %, where o, b £ 0, there is exactly one rrumber%:iuch mat% . %: 1
Multiplicative (0] For any number o, 0 - 0 =0 - o= 0.
Addition (=) Forany numbersa, b, and ¢, if o = b, thena + c = b | ¢
Subtraction (=) Forany numbers g, b, and ¢, fa= b, theng —ec=b — ¢c.
::::F:::: e For any numbers g, b, and ¢, with ¢ # 0, if 0 = b, then ac = be and%=%
Addition [>)* Forany numbers o, b, and ¢, ifa > b, theng + c > b + C.
Subtraction (>=)* Forany numbers o, b, and ¢, if @ > b, theng —c > b — c.

o For any numbers a, b, and ¢, .
:i:::imand 1 fo>bandec > D,menu'r:}bcand%}f_

2 ifa>bandc <0 thenoc < be and £ <
! Zero Product For any real numbers o and b, if ob = 0, then 0 = 0, b = 0, or both o and b equal 0.

Square of a Sum @t b)>=(o+b)atb)=ac"+2ab + b2
Square of a Difference (@ — b)* = (o — b)la 2ab + b*
:T;:’tm::s"“' g [@ + blla — b} = (a — b){a + b) = g — b2




Formulas

V=¥
Slope m=%—x
Distance on a coordinate plane d= ‘g/{xj -5 + (ra— 1)
L A Yo nth
Midpoint on a coordinate plane M= T
Pythagorean Theorem 0?4 b2=¢?
B 2_
Quadratic Formula R
Perimeter of a rectangle P=204+2worP=2{f + W)
Circumference of a circle C=2nroC=md
Area
i 1
rectangle A=fw trapezoid A= Eh[bi k b,)
parallelogram A=ubh circle A= mr?
triangle A= 3bh
Surface Area
cube 5 =652 regular pyramid S=2PE4B
prism S=Phi 2B cone S =nrf + mr?
cylinder $=2mrh + 272
Volume
cube v=33 regular pyramid Ii"=%3h
pein V=8h cone V=1nrth
cylinder v=mrlh
A
Measures
Metric Customary
Length
1 kilometer (km) = 1000 meters {m) 1 kilometer (km) = 1760 meters {m)
1 meter = 100 centimeters (cm) 1 kilometer = 5280 meter (m)
1 centimeter = 10 millimeters (mm) 1meter = 3 meter
1 meter = 12 centimeters (cm)
1meter = 36 centimeters
Volume and Capacity
1liter (L) = 1000 milliliters {mL) 1 milliliter {mls) = 4 quarts (gt)
1 kilofiter (kL) = 1000 liters 1 milliliter = 128 fluid ounces [fl 0z)
1 guart = 2 pints [pt)
1 pint = 2 cups (c)
1 cup = B fluid ounces
Weight and Mass
1 kilogram (kg) = 1000 grams (g) 1ton (T) = 2000 kilograms (kyg)
1 gram = 1000 milligrams {mg) 1 pound = 16 ounces (oz)
\ 1 metric ton {t) = 1000 kilograms
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Formulas

|';_
Coordinate Geometry
- h
Slope =1,
Distance on a number line: d=|o - b|
Distance on a coordinate plane: = 'J(xz xy) 2.4 (¥2 _ﬁ}z
Distance in space: d= 1](12 11]2 b (2 _'ﬁ]z k(23 11)2
Distance arc length: = 3;1] « 27r
Midpoint on a number line: mM==2 -; &
n+x, pty
Midpoint on a coordinate plane: M= ( ! 3 2, ! 3 z]
XX, Yoty L+z
Midpoint in space: M=(122, 12 2. 12 ?)

Perimeter and Circumference

ducation

rawi-HIil

G

opyright & Mc

L

| square P=4s rectangle P=2F + 2w circle C=2nrorC=mnd
Area
square A=s? | triangle - ;bh
rectangle A=fword=bh regular polygon A= ;P‘u
parallelogram A= bh circle A=l
trapezoid A= ;Mﬁn + b5 sector of a circle A= SEI} « 7r?
rhombus A= 3dd; 0r A= bh
Lateral Surface Area
prism L =Ph pyramid =3P
cylinder L =27wrh | cone L =7k
Total Surface Area
prism S=Fh+ 28 :cnm: §=7rf + r?
cylinder § = 27rh + 27wt sphere § = 47r?
pyramid S=2PE+ B
| Unm
cube =5 pyramid V= 13.E‘h
rectangular prism V= fwh cone V= 131':: ’h
prism V=EBh sphere V= ;-‘Tl’f A
cylinder V=mrh :
Equations for Figures on a Coordinate Plane
slope-intercept form ofaline y=mx 1+ b . circle [x f.|]2 kv .irfl2 =2
point-slope form of a line ¥ — 1= mix — xq)
Trigonometry
| Law of Sines A o Enf ST L“il'l;'nfll'.'usines a’=1b% 4+ 2 - dbrcos A
" b £ b2=0? 4 ¢ - 20c cos B

-..\Fgrthagnﬂ:an Theorem g+ pl=¢2 d=o?4 b2 - 20bcosC




Symbols

2 ; —=2 magnitude of the vector
+ is not equal to Il is parallel to | AB I e N
= is approximately equal to Kk is not parallel to A the image of preimage A
= is congruent to 1 is perpendicular to * is mapped onto
is similar to A tiangle =4 circle with center A
is greater than, is greater = ;
L8 angle, angles == than or equal to pi
e degree measure of ZA <. < is less than, s less than or AR minor arc with endpoints A4
equal to and 8
e degree P parallelogram ABC major arc with endpoints A
and C
s line containing points A and 8 n-gon polygon with n sides mAB degree measure of arc A8
AB z:;n;ent i chipoints A a:h ratio of o to b f{x) f of x, the value of fat x
AR pi WT“T edgom/ (x, ¥) ordered pair ] factorial
containing 8
measure of A‘H distance . permutation of n objects
Al between points A and B .y 2) ondeced friple oPr taken r at a time
) , . combination of n objects
p negation of p, not p sin x sine of x alr SR i
pAg conjunction of p and g o5 X cosine of x PlA) probability of A
fisiind Dea the probability of A given that
pv g disjunction of p and g tan x tangent of x PiA|B) B has already occured
conditional statement, i
2 T i p then g g Lol
| pasyg blCDI'II:IIlIEIInﬂl statement, p if A5 it e At
\ and only if g
Measures
Metric Customary
Length
1 kilometer (km) = 1000 meters (m) 1 kilometer (km) = 1760 meters (m)
1 meter = 100 centimeters {cm) 1 kilometer = 5280 meter (m)
1 centimeter = 10 millimeters (mm) 1 meter = 3 meter
1 meter = 36 centimeters (cm)
1 meter = 12 centimeters
Volume and Capacity
1liter (L) = 1000 milliliters (mL) 1 milliliter (mls) = 4 quarts (gt)
1 kiloliter (kL) = 1000 liters 1 milliliter = 128 fluid ounces (fl oz)
1 guart = 2 pints (pt)
1 pint = 2 cups (g)
1 cup = 8 fluid ounces
Weight and Mass
1 kilogram (kg) = 1000 grams (g) 1ton (T) = 2000 kilograms (km)
1 gram = 1000 milligrams (mg) 1 kilogram = 16 ounces {oz)
1 metric ton (t) = 1000 kilograms
\
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Formulas

Coordinate Geometry
Dista d= - x)2 4 2
Midpoint M= [‘LHZ y‘1+h) "'“’ el
- ] ¥:— ¥
Slope m=?~:i“rxz#n
Matrices
_ a b e fl_Jo+e b+f Multiplying {u b]_[lm' kb
Aiding [c d]*[g h]_[c+g d+ﬂ] byaScalar L¢ d1Tlkc kd
i a b] e f] [H—E D—f] L a b]_ e f] [ﬂb+b§|' af — bh
Subtracting c d g tT—g d—h Multiplying c d]°|g ce+dg cf—dh
Polynomials
Quadratic - —b +Vb® — dac §E0 Square of a (@ — b2 = (g — b)ig — b)
Formula - 2a : Difference =a’— 2ab + b?
Square of a (o + .ti:l2 = (o + b)le + b) i (@ + b)jo — b) = |o — bjlg + b)
Sum =g? + 2ab + b? 1 g = g? - b?
Difference
Logarithms
Product Power
log, ob = log, o + log, b log, m* = p log, m
Property O 00 00y Property og, P 109
Quotient a_ Change of kg, n
P log, = logya — log, b, b # 0 Basa log, gt
Conic Sections
2 2
Parabola =afx— h? + korx=oly — K2+ h Elli Bl e i Eovussn
¥ Ipse 2 B r~3 o2 » 0,
. 2,.2_ .2 2 o3 e
Circle Fyi=rlorpe—h2 4y —Ki=r Hyperbola G- a=ta h,_1,a.bqﬁﬂ
a
Sequences and Series
mth term, = nth term, o
Arithmetic s TP Geometric Oa =0y
iuﬁ:nfeﬁc 5, = (“‘ 2) or S, = 220, + (0 — 1 :umﬂ:nic g D o oS Ey
.m p— N 7 or ﬂ—j{ 1 ‘ﬂ'_ Jdl azm n 1 r 0 g 1—r "r:f:
_Senes Series
Trigonometry
Law of Sines A _MB_ME ohe0
b C
Law of Cosines g2=5b% 42— 2bccos A b2=0% 4 c2— 20ccos B tf=a? 4 b% - 2obcosC
. o, Opp __adj _opp _ sin®
snnﬂ—m cnse—hw I:a.nﬂ—Mj-—mﬂ:|I
Trigonometric Functions
H_“]’P 1 B_ﬂllf]_:'__ 1_ o= adi  cosdl
SCY=0pp = gino U= o ™ s oL o= e ™ m @

. Pythagorean ldentities
.

cos?@ 4 sinf @ =1

tanZ B+ 1=sec? @

cot2 @4 1=rscl @
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)

Inx

piecewise-defined function
absolute value function
function of greatest integer not greater than o

fof x and y, a function with two variables,
xand y

vector AR

the imaginary unit

fof g of x, the composition of
functions fand g

inverse of flx)

nth root of b
logarithm base b of x
common logarithm of x

natural logarithm of x

PiB4)

nPr

nCr

Sin Ty
Cos

Tan 1x

sigma, summation
mean of a sample

mean of a population

standard deviation of a sample

standard deviation of a population

the probability of 8 given that A has already
occurred

permutation of n objects taken r at
d time

combination of n objects taken r at
a time

Arcsin x
Arccos x

Arctan x

Parent Functions

Linear Functions

=

i

Exponential and
Logarithmic Functions
¥

Absolute Value Functions

¥

i

Square Root Functions

¥

y=vex=0

y=00,% b=1

Quadratic Functions
¥

b=

Reciprocal and
Rational Functions

¥

y=;—,x¢u

o X

TF-6 | Trigonometric Functions and Identities, Formulas and Symbols

[H-Me AW 3 ubfdon

Udgeanp



	2018-01-11_12-23-16
	2018-01-11_12-23-17
	2018-01-11_12-23-19
	2018-01-11_12-23-24
	2018-01-11_12-23-26
	2018-01-11_12-23-28
	2018-01-11_12-23-30
	2018-01-11_12-23-31
	2018-01-11_12-23-35
	2018-01-11_12-23-38
	2018-01-11_12-23-41
	2018-01-11_12-23-44
	2018-01-11_12-23-47
	2018-01-11_12-23-49
	2018-01-11_12-23-51
	2018-01-11_12-23-54
	2018-01-11_12-23-56
	2018-01-11_12-23-58
	2018-01-11_12-24-00
	2018-01-11_12-24-02
	2018-01-11_12-24-04
	2018-01-11_12-24-06
	2018-01-11_12-24-29
	2018-01-11_12-24-31
	2018-01-11_12-24-34
	2018-01-11_12-24-37
	2018-01-11_12-24-39
	2018-01-11_12-24-43
	2018-01-11_12-24-45
	2018-01-11_12-24-48
	2018-01-11_12-24-50
	2018-01-11_12-24-52
	2018-01-11_12-24-55
	2018-01-11_12-24-57
	2018-01-11_12-24-58
	2018-01-11_12-25-02
	2018-01-11_12-25-04
	2018-01-11_12-25-05
	2018-01-11_12-25-07
	2018-01-11_12-25-08
	2018-01-11_12-25-10
	2018-01-11_12-25-12
	2018-01-11_12-25-15
	2018-01-11_12-25-20
	2018-01-11_12-25-23
	2018-01-11_12-25-26
	2018-01-11_12-25-29
	2018-01-11_12-25-32
	2018-01-11_12-25-36
	2018-01-11_12-25-39
	2018-01-11_12-25-42
	2018-01-11_12-25-44
	2018-01-11_12-25-47
	2018-01-11_12-25-50
	2018-01-11_12-25-53
	2018-01-11_12-25-57
	2018-01-11_12-25-59
	2018-01-11_12-26-02
	2018-01-11_12-26-04
	2018-01-11_12-26-07
	2018-01-11_12-26-10
	2018-01-11_12-26-12
	2018-01-11_12-26-31
	2018-01-11_12-26-35
	2018-01-11_12-26-37
	2018-01-11_12-26-39
	2018-01-11_12-26-42
	2018-01-11_12-27-15
	2018-01-11_12-27-18
	2018-01-11_12-27-22
	2018-01-11_12-27-26
	2018-01-11_12-27-29
	2018-01-11_12-27-32
	2018-01-11_12-27-34
	2018-01-11_12-27-37
	2018-01-11_12-27-39
	2018-01-11_12-27-41
	2018-01-11_12-27-44
	2018-01-11_12-27-48
	2018-01-11_12-27-51
	2018-01-11_12-27-54
	2018-01-11_12-27-57
	2018-01-11_12-28-00
	2018-01-11_12-28-03
	2018-01-11_12-28-05
	2018-01-11_12-28-08
	2018-01-11_12-28-10
	2018-01-11_12-28-13
	2018-01-11_12-28-16
	2018-01-11_12-28-18
	2018-01-11_12-28-21
	2018-01-11_12-28-24
	2018-01-11_12-28-26
	2018-01-11_12-28-29
	2018-01-11_12-28-32
	2018-01-11_12-28-34
	2018-01-11_12-28-37
	2018-01-11_12-28-42
	2018-01-11_12-28-52
	2018-01-11_12-28-54
	2018-01-11_12-28-56
	2018-01-11_12-28-59
	2018-01-11_12-29-01
	2018-01-11_12-29-03
	2018-01-11_12-29-06
	2018-01-11_12-29-08
	2018-01-11_12-29-11
	2018-01-11_12-29-13
	2018-01-11_12-29-16
	2018-01-11_12-29-18
	2018-01-11_12-29-21
	2018-01-11_12-29-23
	2018-01-11_12-29-26
	2018-01-11_12-29-29
	2018-01-11_12-29-32
	2018-01-11_12-29-36
	2018-01-11_12-29-38
	2018-01-11_12-29-41
	2018-01-11_12-29-43
	2018-01-11_12-29-45
	2018-01-11_12-29-48
	2018-01-11_12-29-50
	2018-01-11_12-29-52
	2018-01-11_12-29-55
	2018-01-11_12-29-57
	2018-01-11_12-29-59
	2018-01-11_12-30-01
	2018-01-11_12-30-03
	2018-01-11_12-30-05
	2018-01-11_12-30-07
	2018-01-11_12-30-09
	2018-01-11_12-30-12
	2018-01-11_12-30-13
	2018-01-11_12-30-15
	2018-01-11_12-30-17
	2018-01-11_12-30-19
	2018-01-11_12-30-21
	2018-01-11_12-30-23
	2018-01-11_12-30-24
	2018-01-11_12-30-26
	2018-01-11_12-30-28
	2018-01-11_12-30-31
	2018-01-11_12-30-34
	2018-01-11_12-30-36
	2018-01-11_12-30-41
	2018-01-11_12-30-43
	2018-01-11_12-30-45
	2018-01-11_12-30-47
	2018-01-11_12-30-50
	2018-01-11_12-30-52
	2018-01-11_12-30-55
	2018-01-11_12-30-57
	2018-01-11_12-31-01
	2018-01-11_12-31-04
	2018-01-11_12-31-07
	2018-01-11_12-31-09
	2018-01-11_12-31-13
	2018-01-11_12-31-15
	2018-01-11_12-31-18
	2018-01-11_12-31-20
	2018-01-11_12-31-23
	2018-01-11_12-31-26
	2018-01-11_12-31-29
	2018-01-11_12-31-32
	2018-01-11_12-31-35
	2018-01-11_12-31-39
	2018-01-11_12-31-42
	2018-01-11_12-31-44
	2018-01-11_12-31-47
	2018-01-11_12-31-50
	2018-01-11_12-31-52
	2018-01-11_12-31-57
	2018-01-11_12-31-59
	2018-01-11_12-32-02
	2018-01-11_12-32-04
	2018-01-11_12-32-07
	2018-01-11_12-32-09
	2018-01-11_12-32-11
	2018-01-11_12-32-13
	2018-01-11_12-32-15
	2018-01-11_12-32-17
	2018-01-11_12-32-19
	2018-01-11_12-32-21
	2018-01-11_12-32-23
	2018-01-11_12-32-28
	2018-01-11_12-32-30
	2018-01-11_12-32-33
	2018-01-11_12-32-36
	2018-01-11_12-32-39
	2018-01-11_12-32-42
	2018-01-11_12-32-46
	2018-01-11_12-32-48
	2018-01-11_12-32-51
	2018-01-11_12-32-54
	2018-01-11_12-32-56
	2018-01-11_12-32-59
	2018-01-11_12-33-01
	2018-01-11_12-33-04
	2018-01-11_12-33-07
	2018-01-11_12-33-10
	2018-01-11_12-33-12
	2018-01-11_12-33-15
	2018-01-11_12-33-17
	2018-01-11_12-33-19
	2018-01-11_12-33-22
	2018-01-11_12-33-25
	2018-01-11_12-33-27
	2018-01-11_12-33-30
	2018-01-11_12-33-32
	2018-01-11_12-33-34
	2018-01-11_12-33-37
	2018-01-11_12-33-39
	2018-01-11_12-33-41
	2018-01-11_12-33-44
	2018-01-11_12-33-46
	2018-01-11_12-33-48
	2018-01-11_12-33-50
	2018-01-11_12-33-53
	2018-01-11_12-33-55
	2018-01-11_12-33-57
	2018-01-11_12-34-00
	2018-01-11_12-34-02
	2018-01-11_12-34-06
	2018-01-11_12-34-10
	2018-01-11_12-34-13
	2018-01-11_12-34-15
	2018-01-11_12-34-18
	2018-01-11_12-34-21
	2018-01-11_12-34-23
	2018-01-11_12-34-26
	2018-01-11_12-34-28
	2018-01-11_12-34-39
	2018-01-11_12-34-42
	2018-01-11_12-34-45
	2018-01-11_12-34-48
	2018-01-11_12-34-52
	2018-01-11_12-34-56
	2018-01-11_12-35-14
	2018-01-11_12-35-18
	2018-01-11_12-35-20
	2018-01-11_12-35-23
	2018-01-11_12-35-26
	2018-01-11_12-35-28
	2018-01-11_12-35-31
	2018-01-11_12-35-34
	2018-01-11_12-35-36
	2018-01-11_12-35-39
	2018-01-11_12-35-42
	2018-01-11_12-35-45
	2018-01-11_12-35-48
	2018-01-11_12-35-51
	2018-01-11_12-35-53
	2018-01-11_12-35-56
	2018-01-11_12-35-59
	2018-01-11_12-36-03
	2018-01-11_12-36-06
	2018-01-11_12-36-09
	2018-01-11_12-36-12
	2018-01-11_12-36-15
	2018-01-11_12-36-18
	2018-01-11_12-36-20
	2018-01-11_12-36-23
	2018-01-11_12-36-25
	2018-01-11_12-36-30
	2018-01-11_12-36-32
	2018-01-11_12-36-36
	2018-01-11_12-36-39
	2018-01-11_12-36-43
	2018-01-11_12-36-47
	2018-01-11_12-36-50
	2018-01-11_12-36-54
	2018-01-11_12-36-57
	2018-01-11_12-37-00
	2018-01-11_12-37-04
	2018-01-11_12-37-08
	2018-01-11_12-37-11
	2018-01-11_12-37-14
	2018-01-11_12-37-18
	2018-01-11_12-37-21
	2018-01-11_12-37-24
	2018-01-11_12-37-28
	2018-01-11_12-37-30
	2018-01-11_12-37-33
	2018-01-11_12-37-35
	2018-01-11_12-37-38
	2018-01-11_12-37-40
	2018-01-11_12-37-43
	2018-01-11_12-37-45
	2018-01-11_12-37-47
	2018-01-11_12-37-49
	2018-01-11_12-37-51
	2018-01-11_12-37-53
	2018-01-11_12-37-55
	2018-01-11_12-37-57
	2018-01-11_12-37-59
	2018-01-11_12-38-01
	2018-01-11_12-38-04
	2018-01-11_12-38-06
	2018-01-11_12-38-08
	2018-01-11_12-38-11
	2018-01-11_12-38-13
	2018-01-11_12-38-16
	2018-01-11_12-38-18
	2018-01-11_12-38-22
	2018-01-11_12-38-26
	2018-01-11_12-38-29
	2018-01-11_12-38-32
	2018-01-11_12-38-34
	2018-01-11_12-38-37
	2018-01-11_12-38-40
	2018-01-11_12-38-43
	2018-01-11_12-38-46
	2018-01-11_12-38-49
	2018-01-11_12-38-51
	2018-01-11_12-38-54
	2018-01-11_12-38-56
	2018-01-11_12-38-59
	2018-01-11_12-39-02
	2018-01-11_12-39-06
	2018-01-11_12-39-08
	2018-01-11_12-39-12
	2018-01-11_12-39-15
	2018-01-11_12-39-18
	2018-01-11_12-39-21
	2018-01-11_12-39-24
	2018-01-11_12-39-26
	2018-01-11_12-39-28
	2018-01-11_12-39-31
	2018-01-11_12-39-34
	2018-01-11_12-39-36
	2018-01-11_12-39-40
	2018-01-11_12-39-43
	2018-01-11_12-39-46
	2018-01-11_12-39-49
	2018-01-11_12-39-52
	2018-01-11_12-39-55
	2018-01-11_12-39-59
	2018-01-11_12-40-01
	2018-01-11_12-40-03
	2018-01-11_12-40-07
	2018-01-11_12-40-11
	2018-01-11_12-40-14
	2018-01-11_12-40-18
	2018-01-11_12-40-21
	2018-01-11_12-40-24
	2018-01-11_12-40-27
	2018-01-11_12-40-30
	2018-01-11_12-40-33
	2018-01-11_12-40-36
	2018-01-11_12-40-39
	2018-01-11_12-40-41
	2018-01-11_12-40-48
	2018-01-11_12-40-50
	2018-01-11_12-40-54
	2018-01-11_12-40-56
	2018-01-11_12-41-00
	2018-01-11_12-41-02
	2018-01-11_12-41-04
	2018-01-11_12-41-06
	2018-01-11_12-41-08
	2018-01-11_12-41-11
	2018-01-11_12-41-13
	2018-01-11_12-41-15
	2018-01-11_12-41-17
	2018-01-11_12-41-19
	2018-01-11_12-41-22
	2018-01-11_12-41-24
	2018-01-11_12-41-27
	2018-01-11_12-41-30
	2018-01-11_12-41-33
	2018-01-11_12-41-36
	2018-01-11_12-41-39
	2018-01-11_12-41-42
	2018-01-11_12-41-45
	2018-01-11_12-41-49
	2018-01-11_12-41-53
	2018-01-11_12-41-56
	2018-01-11_12-41-59
	2018-01-11_12-42-03
	2018-01-11_12-42-06
	2018-01-11_12-42-09
	2018-01-11_12-42-11
	2018-01-11_12-42-14
	2018-01-11_12-42-17
	2018-01-11_12-42-19
	2018-01-11_12-42-21
	2018-01-11_12-42-24
	2018-01-11_12-42-26
	2018-01-11_12-42-28
	2018-01-11_12-42-31
	2018-01-11_12-42-34
	2018-01-11_12-42-37



